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Abstract. If p is a positive Borel measure on the interval [0,1), we let .7, be the Hankel
matrix ), = (Up i )ni=0 With entries [, x = Uy and @, = f[o‘l)t”du(t). Using .7, , Ye and
Zhou first defined the Derivative-Hilbert operator as '

DA u(f)(z) = i <i .unﬁkak> (n+1)7", zeD,

n=0 \k=0

where f(z) = Y_yanz" is an analytic function in D). In this paper, we characterize the measure
u for which 2.7¢, is a bounded (resp., compact) operator from Besov space B, into Bloch
space A with 1 < p < oeo.

1. Introduction

If u is a positive Borel measure on the interval [0,1), we let .77, be the Hankel
matrix S, = (U, x)nx=0 With entries W, = W, and p, = f[OJ)t”du(t). For any
analytic functions f(z) = X, asz", generalized Hilbert operator is defined as

=3

S (f)(@) =, Upray | 2", z€D,
n=0 \ k=0

on the space of analytic functions in . In recent decades, in complex setting, gener-
alized Hilbert operator .77}, has been studied extensively. For example, Galanopoulos
and Peldez [7] characterized the Borel measure pu for which the Hankel operator is a
bounded (resp., compact) operator on Hardy and Bergman space. Girela and Merchan
[6] extended the study of Hilbert operator to all the conformally invariant spaces. Li
and Zhou [10] studied the essential norm of generalized Hilbert matrix from Bloch type
spaces into BMOA and Bloch space.

In 2020, Ye and Zhou [13] defined the Derivative-Hilbert operator for the first time
using Hankel matrix. They defined it as

20D =3 3 tingar | (112, z€D,

n=0 \k=0

Mathematics subject classification (2020): 30H25, 30H30, 65E05.
Keywords and phrases: Derivative-Hilbert operator, Besov spaces, Bloch space, Carleson measure.
* Corresponding author.

© deav., Zagreb 1229

Paper JIMI-16-82


http://dx.doi.org/10.7153/jmi-2022-16-82

1230 L. ZHAO, Z. WANG AND Z. SU

on the space of analytic functions in . Since

DK u(f)(2) = @ (f)(2),

DA |, is called the Derivative-Hilbert operator. Another generalized integral operator
related to 2.7, (denoted by .7, a € NT) is defined by

Sulp@= [ L

o.1) (1 —tZ)"‘d“(t)'

Ye and Zhou [13] characterized the measure u for which %, and 2.7 is
bounded (resp., compact) on Bloch space. They did the similar research on Bergman
spaces in [14].

In this paper, we consider the operators

DAy, Sy By — B, 1 < p <oo.

The aim is to study the boundedness (resp.,compactness)of .#,, and 2.7, .

The rest of this paper is organized as follows. In section 2, we state some notation
and preliminaries which will be used in the sequel. Section 3 gives the sufficient con-
dition such that 2.¢,, and .9, (oc € NT) are well defined in B,,. Section 4 devotes
to study the boundedness (resp., compactness) of .#, and 2.7, .

NOTATION. Throughout this paper, C denotes a positive constant which may be
different from one occurrence to the next.

2. Notation and preliminaries

Let D and dD = {z: |z| = 1} denote respectively the open unit disc and the unit
circle in the complex plane C. Let H(ID) be the space of all analytic functions in D
1

and dA(z) = zdxdy the normalized Lebesgue area measure on D).

For 1 < p < e, the analytic Besov space B, consists of functions f € H(ID) with

1£1l8, = (LFO) P+ pp(f)?) 7 < oo

where

oot = ( [y aran) )

We refer to [1, 5, 8, 16, 18] for the theory of Besov spaces.
If 0 < p < oo, the Bergman space A? is the set of all f € H(ID) such that

1716 = [ 17@PdAR) <o

We refer to [18] for the notation and results regarding Bergman spaces.
The Bloch space 4 is the set of functions f € H(DD) with

1£1lz = 17(0)] +S§§,(1 —[z)f (2)] < oo
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It is known that 2 is a Banach space with the norm || f
Bloch space is [17].

For an arc I C dD, let |I| = 5~ [;|d&| be the normalized length of I and S(I) is
the Carleson box based on I with

2, a classical reference for the

S(H)y={z=re":e" c1-|I|<r<1}.

Clearly, if I = 0dD, then S(I) =D.
For 0 < s < oo, we say that a positive Borel measure on I is a s-Carleson measure
(see [4]) if
u(s())

1CoD |1\S

If s =1, 1-Carleson measure is the classical Carleson measure. When the positive
Borel measure p on DD satisfies the following equation

p(s())
-0 I|*

:0’

U is a vanishing s-Carleson measure. If s = 1, the vanishing 1-Carleson measure is
the vanishing Carleson measure.

For 0 < o0 < e and 0 < s < oo, we say that a positive Borel measure on D is a
o -logarithmic s-Carleson measure (see [15]) if

u(S(D)(log )7
SUp ————————— < oo
IcodD |1\

If a positive Borel measure p on 1D satisfies the following equation

U is a vanishing o -logarithmic s-Carleson measure (see [11]).
Suppose U is a s-Carleson measure on D, the Carleson norm of u is

Hi(u) = sup B,
1coD

we use .4 (1) denote the norm of identity mapping i from A! into L'(ID,u). More
important, .41 () is equivalentto A2(u). Set dp,(z) = Zpc ;<1 (£)dp(t). Then p is
a vanishing s-Carleson measure if and only if

lim A1 (u) =0 or lil}lie/i/z(‘ur) =0. (2.1)

r—1-

A positive Borel measure on [0, 1) can be seen as a Borel measure on D by iden-
tifying it with the measure fi defined by

A(E) = u(ENI0,1)),
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for any Borel subset E of D). Then a positive Borel measure ¢ on [0,1) can be seen
as an s-Carleson measure on D, if

u(lr,1)
oy =y =

On the interval [0, 1), we have similar statements for vanishing s-Carleson measure, o -
logarithmic 8 -Carleson measure and vanishing o -logarithmic [ -Carleson measure.

3. Conditions such that .77, and .7,,, are well defined in B,

In this section, we find the sufficient condition such that .#,, and 2.7, are well
defined in B, (1 < p < o) and obtain that 27, (f) = S, (f), for all f € B,,, with
the certain condition.

THEOREM 3.1. Suppose 1 < p < oo =1 and let U be a positive Borel

1
q

1
vyt
2

1
measure on [0,1). If U satisfies Jon (log %) 7 du(t) < oo, then for any f € By,
aeNT, 7, (f)(z) uniformly converges on any compact subset of .

<

Proof. Let M = f[O,l) (log &)
ists a positive constant C, such that

du(t), it follows from Holland [8] that there ex-

Q)< CfIIB,,<10g |)E, feB, (3.1)

Forany fe€B,,0<r<1, |z] <r,using (3.1) we have

/()] 1
/[071) ‘1 _tz|ad.u(t) < (1 —I’)O‘ /[071)‘f(t)|d‘u(l‘)

1
Clfllz 2 \7
< z log —
(1-r) /[071> ( %81 —f> au(t)
CM||f,

S

Hence ., (f)(z) uniformly converges on any compact subset of . [

THEOREM 3.2. Suppose 1 < p < oo, I%—l—é =1, oo € NT and let u be a positive
Borel measure on [0,1). If the operator .7, is well defined in B, then for any y < é,

we have [, 1) (log =) du(r) <

Proof. Let y < é, note that the function F(z) = (log l%z)y belongs to B, (see
[8], Theorem 1). From the suppose, ., (F)(z) is well defined for every z € . Take
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z=0, we have

S0~ [ (g %)ydu(t),

itis a complex number. Since u is a positive Borel measure on [0,1) and (log &)y >
0 forall 7 € [0,1), we obtain that

2 Y
log—— | du(t) <eo. 0O
/[071)<0g1—f) #o)

The following two lemmas will be used in finding the condition such that 2.7,
is well defined in B),.

LEMMA 3.3. [6] Suppose that 0 < o0 < B, s > 1 and let U be a positive Borel
measure on [0,1) which is a B -logarithmic s-Carleson measure. Then

t(tog 22 auy = o [ 1202 3
/[O,l)t (logl—z du(r) =0 & , as k — oo,

LEMMA 3.4. (I) [8] Suppose that 1 < p < 2. Then there exists a positive con-
stant C, such that if f € B, and f(z) = Y ga*(z € D), then g kP~ Hay|P <
Co(pp(f))P

(IT) [12] Suppose that 2 < p < oo. Then there exists a positive constant C,, such
that if f € B, and f(z) = 35 gz (z € D), then 37, Klay|? < Cp(pp(£))P.

THEOREM 3.5. Suppose 1 < p < oo,
Borel measure on [0,1).
NIfl<p<2andy;_ B oo then the operator D5, is well defined in
k=1"% 1
B,.
II) If2<p<ooand Yy ”—"qq < oo, then the operator P3¢, is well defined in
k=1 u
Bp.

+ - =1 and let 1 be a finite positive

141
P4

Proof. Forany f € By, let f(z) = Xp axz*(z € D). Since

s == [ 1= 1)dp() <0,
[0.,1)
the non-negative sequence {f,},_, is decreasing, we have

oo oo

D tnallar] < lullaxl,  n>0. (32)
k=1 k=1

First, we prove (I):
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Let 1 <p<2and ¥, “T"q < oo, Using (3.2), Holder inequality and Lemma
3.4(I), we obtain that

=

N tnrillar] <Y el a]
far] =1

So in this condition, 2.7, is well defined in B, .
Second, we prove (II):

Let2<p<eoand Xy % < oo. Applying (3.2), Holder inequality and Lemma
kP
3.4(II), we have

2 [tnalla] < 3 Lbaella]
k=1 k=1
© N
= 2 kl’ ‘ak|“l—l|
k=1 P

1 1
oo 4 oo q q
k=1 k=1 kP

=

<Cpp(f) (Z ”"'q> q

q
k=1 kP

In this case, we see also .77, is well definedin B,. [

THEOREM 3.6. Suppose that 1 < p < oo and let |I be a positive Borel measure
on [0,1). If u is a 1-Carleson measure, then the operator 9.5¢ is well defined in
By.

Proof. Since u is a 1-Carleson measure, using Lemma 3.3 with ¢« =0 and 8 =

0, we have
1
k
= t'du(t)=01\ - |, k— oo.
s /[071) u() (k) -
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Hence there exists a positive constant C and a positive integer N such that

C

”k<E7 k>N.

When 1 < p<2andg= ﬁ,using (3.3), we have

St S S W
—_— = —+ PR,
Sk TEE
N q oo
M 1
<Y™% 40y
< oo,

then by Theorem 3.5(I), 2.5¢, is well defined in B,,.
When 2 < p <o and g = p%l,using (3.3), we have

T T A
L, - L o
IZI k% IZI k% k—%—&-l k%
N q oo 1
<YH+4c ¥
k=1 k» k=N41 kTP

=
<
8
—_

Il
M=
TR -:

A
38T
»

then Theorem 3.5 (1I) yields that 2.7, is well definedin B,. [

1235

(3.3)

THEOREM 3.7. Suppose 1 < p < oo, %—Fé =1,s>1, « e N" andlet u be the

positive Borel measure on [0,1). If 1 is a é-logarithmic s-Carleson measure, then
the operator 25, and %, are well defined in B, and 2, (f) = Iy, (f), for all

fE€Bp.

1
Proof. Let dv(t) = (log %)% du(t). Proposition 2.5 of [6] gives that v is a
s-Carleson measure. From the definition of s-Carleson measure, we know that there

exists a positive constant C, such that

2\ S
/[0,1) (logl——z) du(t) = v([0,1)) <C(1-0)"<C,

then

1

n 2 \«¢
/[071) " f@O)ldp () < /[071) |f(@)ldu(t) < Clflls, /[071) (10g :) du(r) <

C.
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Thus for all n € N, the integral [ )" f(r)di(t) converges absolutely. From the proof
of Theorem 3.1, we know the integral [ %du(t) converges absolutely. We

NI n

Hence, from the given condition we can imply that .#,, is well defined in B, and

have

=3

I ()@) =Y, (/[Oﬂl)t"f(t)du(t)> (n+1)7"

n=0

Since u is a 1-logarithmic s-Carleson measure on [0,1), Theorem 3.6 gives that
2%, is well defined in B),. From the proof of Theorem 3.5 and Theorem 3.6, we
get that 37" ( |Unxax| < C, hence we can interchange the order of summation in the
expression defining 2.5, (f)(z).

Therefore, forany f € B, let f (z) = 0 akzk, using Fubini’s theorem, we obtain
that

D5 u(f 2 (Z,anak) (n+1)"
Zak/ "Rau (e ) (n+1)7"

x(
( oy <Z“"t> e ><n+1>z"
(o

dp( )) (n+1)"

| |
M HMS

3
Il
=]

I
M s

I
=
=L

,(f) (Z

The proof is complete. []

4. Boundedness and compactness of 2.7, and .7,

The following two lemmas will be very useful in the proof of the boundedness and
compactness of 2., and .7, .

LEMMA 4.1. Suppose that .9, is a bounded operator from B, (1 < p < eo) into
AB. Then Fy, is compact if and only if for any bounded sequence { f,}+_, C B, which
converges to 0 uniformly on every compact subset of D, we have Jy,(f,) — 0 in .

The proof of Lemma 4.1 is referred to the Proposition 3.11 of [3]. From [9] and
the closed graph theorem we can easy obtain the following result.

LEMMA 4.2. Let 1 <m < n < oo, then A" C L"(D,dw) if and only if W is a
%” -Carleson measure.
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THEOREM 4.3. Suppose 1 < p < oo
measure on [0,1).

(DIfuisa - -logarzthmzc 2-Carleson measure, then %, is a bounded operator
from B, into .

(II) If w is a vanishing 1 -logarithmic 2-Carleson measure, then Hy, s a com-
pact operator from B, into 5.

++ =1 and let U be a positive Borel

141
P g

1

Proof. Let M = [ (log %) du(t), since u is a é—logarithmic 2-Carleson
measure, by the proof of Theorem 3.7, we know that M < e and .%,;, is well defined
in B,,. Using (3.1), we obtain that

[ 1£0)du(e) < M| 1la,
[0,1)

IfO<r<l1,forany f€B), g c Al let g,(z) = g(rz), z € D, by Theorem 11.6 of
[18], we get that ||g,| 41 < ||g]|41 , then we have

fohoo 5

du(z)dA(z)

CM
Ul [ epancy

l—rtz
:CMHfIIB,,H H
(1—rp &

= (1—7r)2 Ellat-

4.1

For 0 < k < 1, the Bergman kernel function of kD = {kz:z €D} is K(z,&) = ; L
K

The reproducing property is
1= [_FOKEEAE). fea (42)

When 0<r<1, f€ A, gcAl, using (4.1), Fubini’s theorem and (4.2), we imply
that

/m (r2)dA(z /f 2(P1)du(r), (4.3)

which is referred to the proof of Theorem 2.3 in [13].

Now we begin the proof of (1):

Let dv(r) = (log %)édu (1), by Proposition 2.5 of [6], v is a 2-Carleson mea-
sure. From Lemma 4.2, we obtain that A' C L'(ID,dv). Hence there exists C > 0,
such that for any g € A,

S f 00 < [le@)iav <€ [ s0laa@) =Clglly (44

)
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For any f € B, g € A', combining (4.3) and (3.1) with (4.4), we get

/juz )(rz)g(rz)dA(z

'/ Fs(P0du )

2 \7
<cliln, [ Je?0)] (10w ) i)
=ClIli, f, lgt)|av() @3)

<Cl £z, l1gllar

we know that (A')* = % (see [17]), under the pairing
(f.g) = lim A f(r2)g(r2)dAz), fe B, geA. (4.6)

Combining (4.5) with (4.6), we have that

(Sa(£).) = lim | [ F(F)r2)g(r2)dA()

<Clfllz, 18]l ar-

Hence, .#,,, is a bounded operator from B, into .
Next we start the proof of (II):

Let dv(t) = (log %)édu (1), since  is a vanishing é-logarithmic 2-Carleson
measure, then by Proposition 2.5 of [6], v is a vanishing 2-Carleson measure. For
0<r<1,let dv,(z) = Z<1(t)dv(t) and 4" be the norm of identity mapping
i from A! into L'(D,dv), by (2.1), A (v;) =0 (r— 17). Suppose {f,}>_, isa
bounded sequence in B, which converges to 0 uniformly on every compact subset of
D. Forany g € A', r€[0,1), we have

S FOll8)idu )
= [ 1nOlg0ldu) + [ 1x0lg)lan)
[0,r) 1)

< [, 10N@ldn©+Clsls, [ 1s0) (toe 7 ) duto

r7

- /[o,n [fa@)llg@)|du(e) +Cl full, /[071) g (1)|dv, (1)
</ fa(0)]g(0)|dwe(2) +Cll full B, A (V)| gLa1 -
0.)

Then 4 (v,) — 0 (r — 17) and the condition {f,} — 0(n — 0) uniformly on every
compact subset of I imply that

lim Ollg@)ldu(r) =0, geAl, (4.7)

n—soo [071
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)

combining (4.7) with (4.3), we get that

lim (7, (f,),g) = lim (Hm ‘ /D T Un) )8 (r2)dA()

n—soo n—oo \ p—]—

n—oo \ p_1—

= lim (Hm

| B0sPau)
[0,1)

lim a(@)llg(@)ldu (z)
[0.1)

N

n—o0

=0.

Hence when n — 0, ., (f,) — 0 in %. Then, Lemma 4.1 implies that .7, is a
compact operator from B, into %. [

Using Theorem 3.7 and Theorem 4.3, we obtain the following corollary.

COROLLARY 4.4. (I) If p is a L-logarithmic 2-Carleson measure, then 95
is a bounded operator from B), into %.

(II) If u is a vanishing é-logarithmic 2-Carleson measure, then 93, is a
compact operator from B, into .

THEOREM 4.5. Suppose 1 < p < oo, =1 and let U be a positive Borel

g
measure on [0, 1) which satisfies [ ;) (log &)%lu (1) < oo.

(I) If 25 is a bounded operator from B, into %, then | is a y-logarithmic
2-Carleson measure. (y < Ll])

(I If 95€ is a compact operator from B, into 98, then U is a vanishing y-
logarithmic 2 -Carleson measure. (y < i)

1
Proof. Since u satisfies f[071)(10g %)Edu(t) < oo, it follows from Theorem 3.1

that .7, is well defined in B),. Let f(z) = X, ai?* € A, the proof of Theorem 2.3
in [6] gives that 3 |tnxax| < || fll%- B, C % implies that for every f =5 (axdt €
Bp. Yi_o|Unrak| < C. Then by the similar proof of Theorem 3.7, we get that

D5 u(f) = I, (f) forall fe€B,.

(1) From the given condition and the above proof, we know that .7, is a bounded
operator from B), into %. For b € (0, 1), we take two test functions Fj(z) = (log %bz)y
and gp(z) = (%)2, z € D. We already mention that the function F(z) = (log I%Z)V
belongs to B),.

Let ¢(z) = bz, z€ D, then ¢ is a analytic function from D into D and Fj(z) =
F(¢(z)). Using the Theorem 11.6 in [18], we have

1B, = )1+ [ 1@ (1~ [P 2dA)

= |F(0)|+ b”/D IF(@()IP (1 [z*)P2dA(2)
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< |F(0)|+/D|F/(<P(Z))\p(1 —[2*)P7?dA(2)
< |F(0)|+/D|F/(Z)|p(1 —[2*)P72dA(2)
— 71
Hence ||Fp|p, < ||F||s, and ||gp||,1 = 1, this implies that F,(z) € B,, g»(z) € A’

and
sup [|Fplls, < |IFlls,, sup [lgpllar = 1.
0<b<1 0<b<1

Combing (4.3) with (4.6), due to the boundedness of .7, , there exists a positive con-
stant C such that

| e
[0,1)

Hence, we have

<ClIfls,lI8llar, 0<r<1, feB, geAl.

> C sup [|F|g, sup [lgplla1
0<b<1 0<b<1

> Fy(1)gs(r’1)dp(t)

[0.1)

-0 \? 2\
2/[1771) ((l—br2t)2) (10gl—bt> dut)

(102 27)"
>CW#(U’»1))»

thus, u is a y-logarithmic 2-Carleson measure.
(II) Since 2 (f) = Zu,(f), Hu, is a compact operator from B, into %.
Take any sequence {b,} C (0,1) and lim,—.b, = 1. Set

-2\’
8b,(2) = (ﬁ) )
thus ||gp, |41 = 1 and g;,, € A, forall n € N. Let f;, (z) = logéz(log ==)7"" and
— »

1—by

F,(2) = (log %hnz)y, from the proof of (), we know F;,, € B,. Let

by (y+1) (log H}—hnz\> !

-2
1— 722" .
\l—bnz\logﬁ ( )

M=1f,, @I (1= |z)P 2 =

When |z| < by,

7—1
by (y+1) (log ”_2—an‘>
‘1 —bnz‘

p

(1— 272 = ClFy, )P (1 - [27)" 2.

M <
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Since
16, )15, = 1f6, (0)] + MdA(z) + MdA(z)
|| <bn bn<z|<1
)
< O1+C [ 1B,@F (1= a0+ [ MaAR)
|| <bn bn<lz<1
-2
<C|an(0)|+C/ IF, ()P (1— |22)" 2 dA() + MAA(2)
D hn<lz‘§l
<ClIFy g, + [ MaAG),
r hn<lz‘§l

we obtain

Tim [1fy |15, < C lim [1Fy, 15 = CIF[5.

The above calculations show that f;,, € B, and sup,-, || fy, ||, < o°. Then {f3,} is a
bounded sequence in B, and {f3,} converges to 0 uniformly on any compact subset
of . Lemma 4.1 implies that .#,;, (f,) convergesto 0 in #. Using (4.3), we have

tim [ T @, (P1)au (1)

= lim [ 775 025, (r)dA()

n—oo

= 0.

Now we imply that

| @, (Pr)dp(0)
[0,1)

-2 \* 1 2\ 7!
> a lo du(t
/[bml)((l—bnrzt)z) log%h%< gl—bnt> K

(log 127)7
= Wﬂ(wm 1)).

Since {b,} C (0,1) and limy—b, =1,

lim (log ﬁ)y

b—l- m”([l’» 1)) =0.

It is clear that u is a vanishing y-logarithmic 2-Carleson measure. [
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