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FRACTIONAL QUANTUM ANALOGUES

OF TRAPEZOID LIKE INEQUALITIES
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MUHAMMAD ASLAM NOOR AND KHALIDA INAYAT NOOR

(Communicated by J. Pečarić)

Abstract. We derive two new fractional quantum integral identities. Using these identities we
obtain several new fractional quantum estimates of trapezoid like inequalities essentially using
the class of preinvex functions.

1. Introduction and preliminaries

The theory of convexity has played a vital role in the development of the theory
of inequalities. Many results in the theory of inequalities are direct consequences of
the applications of convexity, for details, see [12, 13, 14]. This fact also leads us to a
full-fledged area of study which is called inequalities involving convex functions. In
this regard, Hermite-Hadamard’s inequality (also known as trapezium-like inequality)
which provides us with a necessary and sufficient condition for a function to be convex
is one of the most studied results. It reads as:

Let Λ : I ⊂ R → R be a convex function, then

Λ
(

a+b
2

)
� 1

b−a

b∫
a

Λ(x)dx � Λ(a)+ Λ(b)
2

.

In recent years, several authors have obtained new analogues of the classical Hermite-
Hadamard’s inequality. Sarikaya et al. [15] used the concepts of fractional calculus
and obtained the fractional analogues of Hermite-Hadamard’s inequality. Using the
concepts of quantum calculus introduced by Tariboon and Ntouyas [18] Alp et al. [2]
obtained quantum analogue of Hermite-Hadamard’s inequality.

Since Hermite-Hadamard’s inequality can be obtained using the convexity prop-
erty of the functions then it is a natural problem for research to check the refine-
ments and variants of Hermite-Hadamard’s inequality using generalizations of con-
vexity. Noor [9] obtained Hermite-Hadamard-Noor type of inequality using the class
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of preinvex functions which is a significant generalization of classical convexity. Iscan
[5] obtained the fractional version of Hermite-Hadamard-Noor type of inequality and
Noor et al. [11] obtained quantum analogue of similar inequality. For some recent
investigations on quantum analogues of classical inequalities, see [1, 4, 8, 10, 16, 22].

Recently Kunt and Aljasem [7] obtained fractional quantum analogue of Hermite-
Hadamard’s inequality. They have also obtained some fractional quantum estimates of
trapezoid like inequalities. This motivated us to check the fractional quantum analogue
of trapezoid type inequalities using the preinvexity property of the functions. We hope
that the ideas and techniques of the paper will inspire interested readers working in this
field.

We now discuss some previously known concepts and results. First we recall the
concept of q-derivative which was introduced and studied by [18, 20].

DEFINITION 1. ([18, 20]) For a continuous function Λ : [a,b]→R the q-derivative
of Λ at x ∈ [a,b] is defined as:

aDqΛ(x) =
Λ(x)−Λ(qx+(1−q)a)

(1−q)(x−a)
, x �= a. (1.1)

q-definite integral is defined as:

DEFINITION 2. ([18, 20]) Let Λ : [a,b] → R be a continuous function. Then the
q-definite integral on [a,b] is defined as:

x∫
a

Λ(t)adqt = (1−q)(x−a)
∞

∑
n=0

qnΛ(qnx+(1−qn)a), (1.2)

for x ∈ [a,b].

Interesting and more details of the following concepts can be found in [17, 19].

[m]q =
1−qm

1−q
, m ∈ R. (1.3)

The q-analogue of power function is defined as, if γ ∈ R , then

(r−m)(γ) = rγ
∞

∏
n=0

r−qnm
r−qγ+nm

, r �= 0. (1.4)

The q-gamma function is defined as:

Γq(t) =
(1−q)(t−1)

(1−q)t−1 , t ∈ R/{0,−1,−2, . . .}. (1.5)

For any s, t > 0, the q-beta function is defined as:

Bq(s,t) =
1∫

0

u(s−1)(1−qu)(t−1)dqu, (1.6)

and

Bq(s,t) =
Γq(s)Γq(t)
Γq(s+ t)

.
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The q-pochhammer symbol is defined as:

(m;q)0 = 1, (m;q)k =
k−1

∏
n=0

(1−qnm), (1.7)

here k ∈ N∪{∞}.

THEOREM 1.1. ([3]) Suppose λ ,μ ∈ R, then

lim
q→1−

(qλ x;q)
(qμx;q)

= (1− x)μ−λ , (1.8)

uniformly on {x∈ C : |x|� 1}, if μ � λ , λ + μ � 1 , and uniformly on compact subset
of {x ∈ C : |x| � 1,x �= 1} for other choices of μ and λ .

q-shifting operator as:

aΦq(m) = qm+(1−q)a. (1.9)

For any positive integer k , one has:

aΦk
q(m) = aΦk−1

q (aΦq(m)), aΦ0
q(m) = m. (1.10)

The following properties for q-shifting operator are as follows:

THEOREM 1.2. ([17, 19]) For any r,m ∈ R and for all positive integer k, j, one
has:

1. aΦk
q(m) = aΦqk(m);

2. aΦk
q(aΦ j

q(m)) = aΦ j
q(aΦk

q(m)) = aΦ j+k
q (m);

3. aΦq(a) = a;

4. aΦk
q(m)−a = qk(m−a);

5. m− aΦk
q(m) = (1−qk)(m−a);

6. aΦk
q(m) = m a

m
Φk

q(1) , for m �= 0 ;

7. aΦq(m)− aΦk
q(r) = q(m− aΦk−1

q (r)) .

The power of q-shifting operator is defined as, if γ ∈ R , then

a(r−m)(γ)
q = (r−a)γ

∞

∏
n=0

r− aΦn
q(m)

r− aΦγ+n
q (m)

. (1.11)

THEOREM 1.3. ([17, 19]) For any γ,r,m ∈ R, r �= a and k ∈ N , one has:

1. a(r−m)(k)q = (r−a)k
(

m−a
r−a ;q

)
k
;

2. a(r−m)(γ)
q = (r−a)γ

∞
∏
n=0

1−m−a
r−a qn

1−m−a
r−a qn+γ = (r−a)γ (m−a

r−a ;q)∞
(m−a

r−a qγ ;q)∞
;
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3. a(r− aΦk
q(r))

(γ)
q = (r−a)γ (qk;q)∞

(qγ+k;q)∞
.

DEFINITION 3. ([17, 19]) Let α � 0 and Λ be a continuous function on [a,b] .
Then the Riemann-Liouville type fractional quantum integral is given by (aJ0

q Λ)(t) =
Λ(t) and

(aJ
α
q Λ)(x) = (aJ

α
q Λ(t))(x) (1.12)

=
1

Γq(α)

x∫
a

a(x− aΦq(t))
(α−1)
q Λ(t)adqt

=
(1−q)(x−a)

Γq(α)

∞

∑
n=0

qn
a(x− aΦn+1

q (x))(α−1)
q Λ(aΦn

q(x)), (1.13)

where α > 0 and x ∈ [a,b].

2. Main results

In this section, we will discuss our main results.

2.1. Key Lemmas

LEMMA 2.1. Let Λ : [a,a+ζ (b,a)]→ R be a continuous function and α > 0 . If
aDqΛ is q -integrable on (a,a+ ζ (b,a)) , then

Γq(α +1)
ζ α(b,a)

(aJ
α
q Λ)(a+ ζ (b,a))− ([α +1]q−1)Λ(a)+ Λ(a+ ζ (b,a))

[α +1]q

=
ζ (b,a)
[α +1]q

1∫
0

(
[α +1]q 0(1− 0Φq(t))

(α)
q −1

)
aDqΛ(a+ tζ (b,a))0dqt. (2.14)

Proof. Let

ζ (b,a)
[α +1]q

1∫
0

(
[α +1]q 0(1− 0Φq(t))

(α)
q −1

)
aDqΛ(a+ tζ (b,a))0dqt

= ζ (b,a)
1∫

0

0(1− 0Φq(t))
(α)
q aDqΛ(a+ tζ (b,a))0dqt

− ζ (b,a)
[α +1]q

1∫
0

aDqΛ(a+ tζ (b,a))0dqt

= S1 −S2. (2.15)
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Now

S1 = ζ (b,a)
1∫

0

0(1− 0Φq(t))
(α)
q aDqΛ(a+ tζ (b,a))0dqt

= ζ (b,a)
1∫

0

0(1− 0Φq(t))
(α)
q

Λ(a+ tζ (b,a))−Λ(a+qtζ (b,a))
(1−q)ζ (b,a)t 0dqt

=
1

1−q

1∫
0

0(1− 0Φq(t))
(α)
q

Λ(a+ tζ (b,a))
t 0dqt

− 1
1−q

1∫
0

0(1− 0Φq(t))
(α)
q

Λ(a+qtζ (b,a))
t 0dqt

=
∞

∑
n=0

qn
0(1− 0Φn+1

q (1))(α)
q

Λ
(
a+ 0Φn

q(1)ζ (b,a)
)

0Φn
q(1)

−
∞

∑
n=0

qn
0(1− 0Φn+1

q (1))(α)
q

Λ
(
a+q0Φn

q(1)ζ (b,a)
)

0Φn
q(1)

=

⎡
⎢⎣

∞
∑

n=0

(qn+1;q)∞
(qα+n+1;q)∞

Λ(a+qnζ (b,a))

−
∞
∑

n=0

(qn+1;q)∞
(qα+n+1;q)∞

Λ
(
a+qn+1ζ (b,a)

)
⎤
⎥⎦

=

⎡
⎢⎣

∞
∑

n=0
(1−qα+n) (qn+1;q)∞

(qα+n;q)∞
Λ(a+qnζ (b,a))

−
∞
∑

n=0
(1−qn+1) (qn+2;q)∞

(qα+n+1;q)∞
Λ
(
a+qn+1ζ (b,a)

)
⎤
⎥⎦

=

⎡
⎢⎣

∞
∑

n=0

(qn+1;q)∞
(qα+n;q)∞

Λ(a+qnζ (b,a))

−
∞
∑

n=0

(qn+2;q)∞
(qα+n+1;q)∞

Λ
(
a+qn+1ζ (b,a)

)
⎤
⎥⎦

=

⎡
⎢⎣

∞
∑

n=0
qα+n (qn+1;q)∞

(qα+n;q)∞
Λ(a+qnζ (b,a))

−
∞
∑

n=0
qn+2 (qn+2;q)∞

(qα+n+1;q)∞
Λ
(
a+qn+1ζ (b,a)

)
⎤
⎥⎦

=
(q1;q)∞

(qα ;q)∞
Λ(a+ ζ (b,a))−Λ(a)−

⎡
⎢⎣

∞
∑

n=0
qα+n (qn+1;q)∞

(qα+n;q)∞
Λ(a+qnζ (b,a))

−
∞
∑

n=1
qn (qn+1;q)∞

(qα+n;q)∞
Λ(a+qnζ (b,a))

⎤
⎥⎦

=
(q1;q)∞

(qα ;q)∞
Λ(a+ ζ (b,a))−Λ(a)−

⎡
⎢⎢⎢⎢⎣

∞
∑

n=0
qα+n (qn+1;q)∞

(qα+n;q)∞
Λ(a+qnζ (b,a))

−
∞
∑

n=0
qn (qn+1;q)∞

(qα+n;q)∞
Λ(a+qnζ (b,a))

+ (q1;q)∞
(qα ;q)∞

Λ(a+ ζ (b,a))

⎤
⎥⎥⎥⎥⎦
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= −Λ(a)+ (1−qn)
∞

∑
n=0

qn (qn+1;q)∞

(qα+n;q)∞
Λ(a+qnζ (b,a))

= −Λ(a)+ [α]q(1−q)
∞

∑
n=0

qn (qn+1;q)∞

(qα+n;q)∞
Λ(a+qnζ (b,a))

= −Λ(a)+
[α]qΓq(α)
ζ α (b,a)

(
(1−q)ζ (b,a)

Γq(α)

∞

∑
n=0

qnζ α−1(b,a)

× (qn+1;q)∞

(qα+n;q)∞
Λ(a+qnζ (b,a))

)

= −Λ(a)+
Γq(α +1)
ζ α(b,a)

(
(1−q)ζ (b,a)

Γq(α)

∞

∑
n=0

qnζ α−1(b,a)

× (qn+1;q)∞

(q(α+1)+(n+1);q)∞
Λ(a+qnζ (b,a))

)

= −Λ(a)+
Γq(α +1)
ζ α(b,a)

(
(1−q)ζ (b,a)

Γq(α)

∞

∑
n=0

qn
a(a+ ζ (b,a))

− aΦn+1
q (a+ ζ (b,a))(α−1)

q Λ
(

aΦn
q(a+ ζ (b,a))

))

= −Λ(a)+
Γq(α +1)
ζ α(b,a)

(
1

Γq(α)

a+ζ (b,a)∫
a

a(a+ ζ (b,a)− aΦq(t))
(α−1)
q Λ(t) adqt

)

= −Λ(a)+
Γq(α +1)
ζ α(b,a)

(aJ
α
q Λ)(a+ ζ (b,a)). (2.16)

Similarly

S2 =
ζ (b,a)
[α +1]q

1∫
0

aDqΛ(a+ tζ (b,a))0dqt

=
ζ (b,a)
[α +1]q

1∫
0

Λ(a+ tζ (b,a))−Λ(a+qtζ (b,a))
(1−q)ζ (b,a)t 0dqt

=
1

(1−q)[α +1]q

1∫
0

Λ(a+ tζ (b,a))
t 0dqt− 1

(1−q)[α +1]q

1∫
0

Λ(a+qtζ (b,a))
t 0dqt

=
1

[α +1]q

[
∞

∑
n=0

Λ(a+qnζ (b,a))−
∞

∑
n=0

Λ(a+qn+1ζ (b,a))

]

=
Λ(a+ ζ (b,a))−Λ(a)

[α +1]q
. (2.17)

Using (2.16) and (2.17) in (2.15) completes the proof. �
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LEMMA 2.2. Let Λ : [a,a+ζ (b,a)]→ R be a continuous function and α > 0 . If
aDqΛ is q -integrable on (a,a+ ζ (b,a)) , then

Λ
(

([α +1]q−1)a+(a+ ζ (b,a))
[α +1]q

)
− Γq(α +1)

ζ α(b,a)
(aJ

α
q Λ)(a+ ζ (b,a))

= ζ (b,a)

⎡
⎢⎢⎢⎢⎣

1
[α+1]q∫

0

(
1− 0(1−Φq(t))

(α)
q

)
aDqΛ(a+ tζ (b,a))0dqt

+
1∫
1

[α+1]q

− 0(1−Φq(t))
(α)
q aDqΛ(a+ tζ (b,a))0dqt

⎤
⎥⎥⎥⎥⎦ . (2.18)

Proof. Let

S3 =

1
[α+1]q∫
0

aDqΛ(a+ tζ (b,a))0dqt

=

1
[α+1]q∫
0

Λ(a+ tζ (b,a))−Λ(a+qtζ (b,a))
(1−q)ζ (b,a)t 0dqt

=
1

(1−q)ζ (b,a)

1
[α+1]q∫
0

Λ(a+tζ (b,a))
t 0dqt− 1

(1−q)ζ (b,a)

1
[α+1]q∫
0

Λ(a+qtζ (b,a))
t 0dqt

=
1

ζ (b,a)[α +1]q

∞

∑
n=0

qn
Λ
(
a+ qn

[α+1]q
ζ (b,a)

)
qn

[α+1]q

− 1
ζ (b,a)[α +1]q

∞

∑
n=0

qn
Λ
(
a+ qn+1

[α+1]q
ζ (b,a)

)
qn

[α+1]q

=
1

ζ (b,a)

[
∞

∑
n=0

Λ
(

a+
qn

[α +1]q
ζ (b,a)

)
−

∞

∑
n=0

Λ
(

a+
qn+1

[α +1]q
ζ (b,a)

)]

=
1

ζ (b,a)

[
Λ
(

([α +1]q−1)a+(a+ ζ (b,a))
[α +1]q

)
−Λ(a)

]
. (2.19)

Similarly

S1 = ζ (b,a)
1∫

0

0(1− 0Φq(t))
(α)
q aDqΛ(a+ tζ (b,a))0dqt

= −Λ(a)+
Γq(α +1)
ζ α(b,a)

(aJ
α
q Λ)(a+ ζ (b,a)). (2.20)



38 Y.-M. CHU, M. U. AWAN, S. TALIB, M. A. NOOR AND K. I. NOOR

Using (2.19) and (2.20) in the following integral, we have

ζ (b,a)

⎡
⎢⎢⎢⎢⎣

1
[α+1]q∫

0

(
1− 0(1−Φq(t))

(α)
q

)
aDqΛ(a+ tζ (b,a))0dqt

+
1∫
1

[α+1]q

− 0(1−Φq(t))
(α)
q aDqΛ(a+ tζ (b,a))0dqt

⎤
⎥⎥⎥⎥⎦

= ζ (b,a)

⎡
⎢⎢⎢⎣

1
[α+1]q∫

0
aDqΛ(a+ tζ (b,a))0dqt

−
1∫
0

0(1−Φq(t))
(α)
q aDqΛ(a+ tζ (b,a))0dqt

⎤
⎥⎥⎥⎦

= ζ (b,a)

⎡
⎣ 1

ζ (b,a)

[
Λ
(

([α+1]q−1)a+(a+ζ (b,a))
[α+1]q

)
−Λ(a)

]
− 1

ζ (b,a)

[
−Λ(a)+ Γq(α+1)

ζ α (b,a) (aJα
q Λ)(a+ ζ (b,a))

]
⎤
⎦

= Λ
(

([α +1]q−1)a+(a+ ζ (b,a))
[α +1]q

)
− Γq(α +1)

ζ α (b,a)
(aJ

α
q Λ)(a+ ζ (b,a)).

This completes the proof. �

2.2. Fractional quantum estimates

Before we move to our next section of the paper, let us recall the definitions of
invex set and preinvex function.

DEFINITION 4. ([6]) A non-empty set K ⊆ R is said to be invex with respect to
the bivariate function ζ : R×R → R if

a+ μζ (b,a) ∈ K

for all a,b ∈ K and μ ∈ [0,1] .

DEFINITION 5. ([21]) Let K ⊆ R be an invex set with respect to the bivariate
function ζ : R×R → R . Then the real-valued function Λ : K → R is said to be
preinvex with respect to ζ if

Λ(a+ μζ (b,a)) � (1− t)Λ(a)+ tΛ(b)

for all a,b ∈ K and t ∈ [0,1] .

THEOREM 2.3. Let Λ : [a,a+ ζ (b,a)] → R be a continuous function and α > 0
and aDqΛ is q -integrable on (a,a+ζ (b,a)) . If |aDqΛ| is preinvex on [a,a+ζ (b,a)] ,
then ∣∣∣∣Γq(α +1)

ζ α (b,a)
(aJ

α
q Λ)(a+ ζ (b,a))− ([α +1]q−1)Λ(a)+ Λ(a+ ζ (b,a))

[α +1]q

∣∣∣∣
� ζ (b,a)

[α +1]q
(A1|aDqΛ(a)|+A2|aDqΛ(b)|), (2.21)
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where

A1 =
1∫

0

∣∣∣[α +1]q 0(1− 0Φq(t))
(α)
q −1

∣∣∣(1− t)0dqt,

and

A2 =
1∫

0

∣∣∣[α +1]q 0(1− 0Φq(t))
(α)
q −1

∣∣∣t 0dqt.

Proof. Using Lemma 2.14, property of modulus and preinvexity of |aDqΛ| , we
have∣∣∣∣Γq(α +1)

ζ α(b,a)
(aJ

α
q Λ)(a+ ζ (b,a))− ([α +1]q−1)Λ(a)+ Λ(a+ ζ (b,a))

[α +1]q

∣∣∣∣
� ζ (b,a)

[α +1]q

1∫
0

∣∣∣([α +1]q 0(1− 0Φq(t))
(α)
q −1

)
aDqΛ(a+ tζ (b,a))

∣∣∣ 0dqt

� ζ (b,a)
[α +1]q

1∫
0

∣∣∣[α +1]q 0(1− 0Φq(t))
(α)
q −1

∣∣∣[(1− t)|aDqΛ(a)|+ t|aDqΛ(b)|] 0dqt

=
ζ (b,a)
[α +1]q

⎡
⎢⎢⎣
|aDqΛ(a)|

1∫
0

∣∣∣[α +1]q 0(1− 0Φq(t))
(α)
q −1

∣∣∣(1− t)0dqt

+|aDqΛ(b)|
1∫
0

∣∣∣[α +1]q 0(1− 0Φq(t))
(α)
q −1

∣∣∣t 0dqt

⎤
⎥⎥⎦

=
ζ (b,a)
[α +1]q

(|aDqΛ(a)|A1 + |aDqΛ(b)|A2),

which completes the proof. �

THEOREM 2.4. Let Λ : [a,a+ ζ (b,a)] → R be a continuous function and α > 0
and aDqΛ is q -integrable on (a,a+ζ (b,a)) . If |aDqΛ|r is preinvex on [a,a+ζ (b,a)]
for r > 1 and p−1 + r−1 = 1 , then the following inequality holds:∣∣∣∣Γq(α +1)

ζ α (b,a)
(aJ

α
q Λ)(a+ ζ (b,a))− ([α +1]q−1)Λ(a)+ Λ(a+ ζ (b,a))

[α +1]q

∣∣∣∣
� ζ (b,a)

[α +1]q
A

1
p
3

(
q|aDqΛ(a)|r + |aDqΛ(b)r

1+q

) 1
r

, (2.22)

where

A3 =
1∫

0

∣∣∣[α +1]q 0(1− 0Φq(t))
(α)
q −1

∣∣∣p 0dqt.
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Proof. Using Lemma 2.14, Hölder’s integral inequality and preinvexity of |aDqΛ|r ,
we have∣∣∣∣Γq(α +1)

ζ α (b,a)
(aJ

α
q Λ)(a+ ζ (b,a))− ([α +1]q−1)Λ(a)+ Λ(a+ ζ (b,a))

[α +1]q

∣∣∣∣
� ζ (b,a)

[α +1]q

1∫
0

∣∣∣[α +1]q 0(1− 0Φq(t))
(α)
q −1

∣∣∣ |aDqΛ(a+ tζ (b,a))|0dqt

� ζ (b,a)
[α +1]q

⎛
⎝ 1∫

0

∣∣∣[α +1]q 0(1− 0Φq(t))
(α)
q −1

∣∣∣p 0dqt

⎞
⎠

1
p

×
⎛
⎝ 1∫

0

|aDqΛ(a+ tζ (b,a))|r 0dqt

⎞
⎠

1
r

� ζ (b,a)
[α +1]q

⎛
⎝ 1∫

0

∣∣∣[α +1]q 0(1− 0Φq(t))
(α)
q −1

∣∣∣p 0dqt

⎞
⎠

1
p

×
⎛
⎝|aDqΛ(a)|r

1∫
0

(1− t)0dqt + |aDqΛ(b)|r
1∫

0

t 0dqt

⎞
⎠

1
r

=
ζ (b,a)
[α +1]q

⎛
⎝ 1∫

0

∣∣∣[α +1]q 0(1− 0Φq(t))
(α)
q −1

∣∣∣p 0dqt

⎞
⎠

1
p

×
(

q|aDqΛ(a)|r + |aDqΛ(b)|r
1+q

) 1
r

,

which completes the proof. �

THEOREM 2.5. Let Λ : [a,a+ ζ (b,a)] → R be a continuous function and α > 0
and aDqΛ is q -integrable on (a,a+ζ (b,a)) . If |aDqΛ|r is preinvex on [a,a+ζ (b,a)]
for r � 1 , then the following inequality holds:∣∣∣∣Γq(α +1)

ζ α (b,a)
(aJ

α
q Λ)(a+ ζ (b,a))− ([α +1]q−1)Λ(a)+ Λ(a+ ζ (b,a))

[α +1]q

∣∣∣∣
� ζ (b,a)

[α +1]q
A

1− 1
r

4

(
A1|aDqΛ(a)|r +A2|aDqΛ(b)r) 1

r , (2.23)

where A1,A2 are given in Theorem 2.3 and A4 is given as:

A4 =
1∫

0

∣∣∣[α +1]q 0(1− 0Φq(t))
(α)
q −1

∣∣∣ 0dqt.
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Proof. Using Lemma 2.14, power mean integral inequality and preinvexity of
|aDqΛ|r , we have∣∣∣∣Γq(α +1)

ζ α(b,a)
(aJ

α
q Λ)(a+ ζ (b,a))− ([α +1]q−1)Λ(a)+ Λ(a+ ζ (b,a))

[α +1]q

∣∣∣∣
� ζ (b,a)

[α +1]q

1∫
0

∣∣∣[α +1]q 0(1− 0Φq(t))
(α)
q −1

∣∣∣ |aDqΛ(a+ tζ (b,a))|0dqt

� ζ (b,a)
[α +1]q

⎛
⎝ 1∫

0

∣∣∣[α +1]q 0(1− 0Φq(t))
(α)
q −1

∣∣∣ 0dqt

⎞
⎠

1− 1
r

×
⎛
⎝ 1∫

0

∣∣∣[α +1]q 0(1− 0Φq(t))
(α)
q −1

∣∣∣ |aDqΛ(a+ tζ (b,a))|r 0dqt

⎞
⎠

1
r

� ζ (b,a)
[α +1]q

⎛
⎝ 1∫

0

∣∣∣[α +1]q 0(1− 0Φq(t))
(α)
q −1

∣∣∣ 0dqt

⎞
⎠

1− 1
r

×
⎛
⎝ 1∫

0

∣∣∣[α +1]q 0(1− 0Φq(t))
(α)
q −1

∣∣∣[|aDqΛ(a)|r(1− t)+ |aDqΛ(b)|rt] 0dqt

⎞
⎠

1
r

� ζ (b,a)
[α +1]q

⎛
⎝ 1∫

0

∣∣∣[α +1]q 0(1− 0Φq(t))
(α)
q −1

∣∣∣ 0dqt

⎞
⎠

1− 1
r

×

⎡
⎢⎣ |aDqΛ(a)|r

1∫
0

∣∣∣[α +1]q 0(1− 0Φq(t))
(α)
q −1

∣∣∣(1− t)0dqt

+|aDqΛ(b)|r
∣∣∣[α +1]q 0(1− 0Φq(t))

(α)
q −1

∣∣∣t 0dqt

⎤
⎥⎦

1
r

=
ζ (b,a)
[α +1]q

A
1− 1

r
4

(
A1|aDqΛ(a)|r +A3|aDqΛ(b)|r) 1

r ,

which completes the proof. �

THEOREM 2.6. Let Λ : [a,a+ ζ (b,a)] → R be a continuous function and α > 0
and aDqΛ is q -integrable on (a,a+ζ (b,a)) . If |aDqΛ| is preinvex on [a,a+ζ (b,a)] ,
then ∣∣∣∣Λ

(
([α +1]q−1)a+(a+ ζ (b,a))

[α +1]q

)
− Γq(α +1)

ζ α(b,a)
(aJ

α
q Λ)(a+ ζ (b,a))

∣∣∣∣
� ζ (b,a)

[
(A5 +A7)|aDqΛ(a)|+(A6 +A8)|aDqΛ(b)|] , (2.24)

where

A5 =

1
[α+1]q∫
0

∣∣∣1− 0(1−Φq(t))
(α)
q

∣∣∣(1− t)0dqt
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A6 =

1
[α+1]q∫
0

∣∣∣1− 0(1−Φq(t))
(α)
q

∣∣∣ t 0dqt

A7 =
1∫

1
[α+1]q

|− 0(1−Φq(t))
(α)
q |(1− t)0dqt

A8 =
1∫

1
[α+1]q

|− 0(1−Φq(t))
(α)
q |t 0dqt.

Proof. Using Lemma 2.18 and the preinvexity of |aDqΛ| , we have∣∣∣∣Λ
(

([α +1]q−1)a+(a+ ζ (b,a))
[α +1]q

)
− Γq(α +1)

ζ α (b,a)
(aJ

α
q Λ)(a+ ζ (b,a))

∣∣∣∣

� ζ (b,a)

⎡
⎢⎢⎢⎢⎣

1
[α+1]q∫

0
|1− 0(1−Φq(t))

(α)
q ||aDqΛ(a+ tζ (b,a))|0dqt

+
1∫
1

[α+1]q

|− 0(1−Φq(t))
(α)
q ||aDqΛ(a+ tζ (b,a))|0dqt

⎤
⎥⎥⎥⎥⎦

� ζ (b,a)

⎡
⎢⎢⎢⎢⎣

1
[α+1]q∫

0
|1− 0(1−Φq(t))

(α)
q |[(1− t)|aDqΛ(a)|+ t|aDqΛ(b)]0dqt

+
1∫
1

[α+1]q

|− 0(1−Φq(t))
(α)
q |[(1− t)|aDqΛ(a)+ t|aDqΛ(b)|]0dqt

⎤
⎥⎥⎥⎥⎦

= ζ (b,a)

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

|aDqΛ(a)|
[ 1

[α+1]q∫
0

|1− 0(1−Φq(t))
(α)
q |(1− t)0dqt

+
1∫
1

[α+1]q

|− 0(1−Φq(t))
(α)
q |(1− t)0dqt

]

+|aDqΛ(b)|
[ 1

[α+1]q∫
0

|1− 0(1−Φq(t)
(α)
q )|t 0dqt

+
1∫
1

[α+1]q

|− 0(1−Φq(t))
(α)
q |t 0dqt

]

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

This completes the proof. �

THEOREM 2.7. Let Λ : [a,a+ ζ (b,a)] → R be a continuous function and α > 0
and aDqΛ is q -integrable on (a,a+ζ (b,a)) . If |aDqΛ|r is preinvex on [a,a+ζ (b,a)] ,
then the following inequality holds for p−1 + r−1 = 1 :
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∣∣∣∣Λ
(

([α +1]q−1)a+(a+ ζ (b,a))
[α +1]q

)
− Γq(α +1)

ζ α(b,a)
(aJ

α
q Λ)(a+ ζ (b,a))

∣∣∣∣

� ζ (b,a)

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

A
1
p
9

(
|aDqΛ(a)|r

(
(1+q)[α+1]q−1
(1+q)([α+1]q)2

)

+|aDqΛ(b)|r
(

1
(1+q)([α+1]q)2

)) 1
r

+A
1
p
10

(
|aDqΛ(a)|r

(
q

1+q −
(1+q)[α+1]q−1
(1+q)([α+1]q)2

)

+|aDqΛ(b)|r
(

1
1+q − 1

(1+q)([α+1]q)2

)) 1
r

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (2.25)

where

A9 =

1
[α+1]q∫
0

∣∣∣1− 0(1−Φq(t))
(α)
q

∣∣∣ 0dqt

A10 =
1∫

1
[α+1]q

|− 0(1−Φq(t))
(α)
q |0dqt.

Proof. Using Lemma 2.18, Hölder’s inequality and the preinvexity of |aDqΛ|r ,
we have∣∣∣∣Λ

(
([α +1]q−1)a+(a+ ζ (b,a))

[α +1]q

)
− Γq(α +1)

ζ α (b,a)
(aJ

α
q Λ)(a+ ζ (b,a))

∣∣∣∣

� ζ (b,a)

⎡
⎢⎢⎢⎢⎣

1
[α+1]q∫

0
|1− 0(1−Φq(t))

(α)
q ||aDqΛ(a+ tζ (b,a))|0dqt

+
1∫
1

[α+1]q

|− 0(1−Φq(t))
(α)
q ||aDqΛ(a+ tζ (b,a))|0dqt

⎤
⎥⎥⎥⎥⎦

� ζ (b,a)

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

( 1
[α+1]q∫

0
|1− 0(1−Φq(t))

(α)
q |p 0dqt

) 1
p

×
( 1∫

1
[α+1]q

|aDqΛ(a+ tζ (b,a))|r 0dqt
) 1

r

+
( 1∫

1
[α+1]q

|− 0(1−Φq(t))
(α)
q |p 0dqt

) 1
p

×
( 1∫

1
[α+1]q

|aDqΛ(a+ tζ (b,a))|r 0dqt
) 1

r

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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� ζ (b,a)

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

( 1
[α+1]q∫

0
|1− 0(1−Φq(t))

(α)
q |p 0dqt

) 1
p

×
⎡
⎣|aDqΛ(b)|r

1
[α+1]q∫

0
(1− t)0dqt + |aDqΛ(b)|r

1
[α+1]q∫

0
t 0dqt

⎤
⎦

1
r

+
( 1∫

1
[α+1]q

|− 0(1−Φq(t))
(α)
q |p 0dqt

) 1
p

×
⎡
⎣|aDqΛ(a)|r

1∫
1

[α+1]q

(1− t)0dqt + |aDqΛ(b)|r
1∫
1

[α+1]q

t 0dqt

⎤
⎦

1
r

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

= ζ (b,a)

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

( 1
[α+1]q∫

0
|1− 0(1−Φq(t))

(α)
q |p 0dqt

) 1
p

×
(
|aDqΛ(a)|r

(
(1+q)[α+1]q−1
(1+q)([α+1]q)2

)
+ |aDqΛ(b)|r

(
1

(1+q)([α+1]q)2

)) 1
r

+
( 1∫

1
[α+1]q

|− 0(1−Φq(t))
(α)
q |p 0dqt

) 1
p

×
(
|aDqΛ(a)|r

(
q

1+q −
(1+q)[α+1]q−1
(1+q)([α+1]q)2

)

+|aDqΛ(b)|r
(

1
1+q − 1

(1+q)([α+1]q)2

)) 1
r

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

This completes the proof. �

THEOREM 2.8. Let Λ : [a,a+ ζ (b,a)] → R be a continuous function and α > 0
and aDqΛ is q -integrable on (a,a+ ζ (b,a)) . If |aDqΛ|r,r � 1 is preinvex on [a,a+
ζ (b,a)] , then∣∣∣∣Λ

(
([α +1]q−1)a+(a+ ζ (b,a))

[α +1]q

)
− Γq(α +1)

ζ α(b,a)
(aJ

α
q Λ)(a+ ζ (b,a))

∣∣∣∣
= ζ (b,a)

[
A

1− 1
r

9

[
A5|aDqΛ(b)|r +A6|aDqΛ(b)|r] 1

r

+A
1− 1

r
10

[
A7|aDqΛ(a)|r +A8|aDqΛ(b)|r] 1

r ,

]

(2.26)
where

A9 =

1
[α+1]q∫
0

∣∣∣1− 0(1−Φq(t))
(α)
q

∣∣∣ 0dqt

A10 =
1∫

1
[α+1]q

|− 0(1−Φq(t))
(α)
q |0dqt.
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Proof. Using Lemma 2.18, power mean integral inequality and the preinvexity of
|aDqΛ|r , we have∣∣∣∣Λ

(
([α +1]q −1)a+(a+ζ (b,a))

[α +1]q

)
− Γq(α +1)

ζ α (b,a)
(aJ

α
q Λ)(a+ζ (b,a))

∣∣∣∣

� ζ (b,a)

⎡
⎢⎢⎢⎢⎣

1
[α+1]q∫
0

|1− 0(1−Φq(t))
(α)
q ||aDqΛ(a+ tζ (b,a))|0dqt

+
1∫
1

[α+1]q

|− 0(1−Φq(t))
(α)
q ||aDqΛ(a+ tζ (b,a))|0dqt

⎤
⎥⎥⎥⎥⎦

� ζ (b,a)

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

( 1
[α+1]q∫

0
|1− 0(1−Φq(t))

(α)
q |0dqt

)1− 1
r

×
( 1∫

1
[α+1]q

|1− 0(1−Φq(t)
(α)
q )||aDqΛ(a+ tζ (b,a))|r 0dqt

) 1
r

+
( 1∫

1
[α+1]q

|− 0(1−Φq(t))
(α)
q |0dqt

)1− 1
r

×
( 1∫

1
[α+1]q

|− 0(1−Φq(t))
(α)
q ||aDqΛ(a+ tζ (b,a))|r 0dqt

) 1
r

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

� ζ (b,a)

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

( 1
[α+1]q∫

0
|1− 0(1−Φq(t))

(α)
q |0dqt

)1− 1
r

×
( 1

[α+1]q∫
0

|1− 0(1−Φq(t)
(α)
q )|[(1− t)|aDqΛ(b)|r + t|aDqΛ(b)|r] 0dqt

) 1
r

+
( 1∫

1
[α+1]q

|− 0(1−Φq(t))
(α)
q |0dqt

)1− 1
r

×
( 1∫

1
[α+1]q

|− 0(1−Φq(t))
(α)
q |[(1− t)|aDqΛ(a)|r + t|aDqΛ(b)|r] 0dqt

) 1
r

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

= ζ (b,a)

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

( 1
[α+1]q∫

0
|1− 0(1−Φq(t))

(α)
q |0dqt

)1− 1
r

×
[
|aDqΛ(b)|r

1
[α+1]q∫

0
|1− 0(1−Φq(t))

(α)
q |(1− t)0dqt

+|aDqΛ(b)|r
1

[α+1]q∫
0

|1− 0(1−Φq(t)
(α)
q )|t 0dqt

] 1
r

+
( 1∫

1
[α+1]q

|− 0(1−Φq(t))
(α)
q |0dqt

)1− 1
r

×
[
|aDqΛ(a)|r

1∫
1

[α+1]q

|− 0(1−Φq(t))
(α)
q |(1− t)0dqt

+|aDqΛ(b)|r
1∫
1

[α+1]q

|− 0(1−Φq(t))
(α)
q |t 0dqt

] 1
r

.

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.
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This completes the proof. �
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