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A NEW HILBERT-TYPE INEQUALITY IN THE WHOLE PLANE

DONGMETI XIN, BICHENG YANG* AND LEPING HE

(Communicated by Q.-H. Ma)

Abstract. By means of the weight coefficients and the idea of introduced parameters, a new
discrete Hilbert-type inequality in the whole plane is given, which is an extension of Hardy-
Hilbert’s inequality. The equivalent form is obtained. The equivalent statements of the best
possible constant factor related to several parameters, the operator expressions and a few partic-
ular inequalities are considered.

1. Introduction

Suppose that p > 1, 117—1—31 =1, an, by >0,0< Y5 _aly <ccand 0 <Y b <
oo, We have the following Hardy-Hilbert’s inequality with the best possible constant

factor S /p (cf. [4], Theorem 315):

1

oo oo T oo oo q

- ab bl . (1)
g‘ g‘ m+n sm(n/p) mg‘l ,Zfl

For p = g = 2, inequality (1) reduces to the well known Hilbert’s inequality.

If f(x),g(y) 20,0< fy° fP(x)dx <eo and 0 < [;°g%(y)dy < o, then we still have
the integral analogue of (1) named in Hardy-Hilbert’s integral inequality:

[ /: %giy)d’“dy < % ( /:fp(x)dx)% ( /0 wg%y)dy) %, 2)

sin n/p (cf. [4], Theorem 316).

In 1998, by introducing an independent parameter A > 0, Yang [31,29] gave an
extension of (2) (for p = g = 2) with the best possible constant factor. Inequalities
(1) and (2) with their extensions play an important role in analysis and its applications
(cf. [32,30,15,20,11,5,28,25,41,26,2,1]).
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The following half-discrete Hilbert-type inequality was provided in 1934 (cf. [4],
Theorem 351): If K(x) (x> 0) is a decreasing function, p > 1, % + é =1,0<¢(s)=

Jo K(1)t*"dt < oo, then for a, >0, 0 < ¥, | ah < oo, we have

3 o p o
/ xP~2 (Z K(nx)an> dx < ¢? <£> Y ab. 3)
0 n=1 q n=1

Some new extensions of (3) were provided by [23,36,21,22, 14,33].

In 2016, by the use of the technique of real analysis, Hong et al. [10] considered
some equivalent statements of the extensions of (1) with the best possible constant
factor related to several parameters. The other similar results about the extensions of
(1)—(3) were given by [7,9,27,8,13,6,34,39,24,38,19,12,37,18,35].

In this paper, following the way of [10], by means of the weight coefficients and
the idea of introduced parameters, a new discrete Hilbert-type in the whole plane is
given as follows: for r > 1, %4—% =1,

1

(ilnzlb,’z), )

[n|=1

==

i i amby, < 2 (i |m€1a’1171>

oYt |m|+ |n| ~ sin(z/7) ot

which is an extension of (1). The general form as well as the equivalent form are ob-
tained. The equivalent statements of the best possible constant factor related to several
parameters, the operator expressions and a few particular inequalities are considered.

2. An example and some lemmas

EXAMPLE 1. (i) In view of the following expression (cf. [3]):

cotx:l—ki( ! + ! )(xE(O,oo)7

x S \x—nk x+mk

for b € (0,1), by Lebesgue term by term theorem (cf. [17], we obtain

oo b1 1 b1 oo b1
u u u
Ay ::/ du = du+/ du
0 0 1

1—u 1—u 1—u
1,,b—1 o ,—b 1,b—1_ ,,—b
= u du—|—/ Y dv=/ udu
0o 1l—u 1 1—v 0 1—u

1o S|

:/ 2(uk+b—l_uk—b)duzz/ (W1 DV ay
0 k=0 k=070

S(L_ 1

S\k+b k+1-b

1+i 1 n 1
nb S \nb—nk wb+wk

= mcotmh € R = (—eo,00).

=T
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Note. For b € (0,1), Ay > 0; for b € (%,1), Ay < 0. We also have Ay =0.
(ii) For A,n > 0, we set the homogeneous function of degree —A as follows:

_xrl _yrl

(m) —
k3 (x,y) == XA — yAen

(x,y>0),

satisfying k;n)(ux, uy) = u”lk;n)(x,y) (u,x,y > 0) and

- o Ayt N1~
k. (vv) _,lclgé'x/lm_vlm _)lclgé'(k+n)xl+nf1
n
“ T 0

It follows that k&n) (x,y) is a positive and continuous function with respect to x,y > 0.
For x # y, we find

d _
ak&n)(x,y) =X Tl(lerTI —lern)(P(x;)’)a

where, we set the following differentiable function:
Q(x,y) 1= AT — A+ )y +myt T (x,y > 0).

We find that for 0 <x <y,

d
S p(x2) = (4 M -y <0

for x > y. %(p(x, v). It follows that ¢(x,y) is strictly decreasing (resp. increasing)

with respect to x <y (resp. x > y). Since @(y,y) = miny @(x,y) =0 (y > 0), then

o(x,y) >0 (x#y), namely %k&n)(x,y) <0 (x#y). Therefore, in view of kgtm(x,y)

is continuous at x =y, we conform that kf{')()@y) (y > 0) is strictly decreasing with

respect to x > 0. In the same way, we can show that k;n) (x,y) (x> 0) is also strictly

decreasing with respect to y > 0.
(iii) For A; € (0,A) C (0,A+mn) (i=1,2), since k;n)(x,y) > 0, by (i), we obtain

oo




1524 D. XIN, B. YANG AND L. HE

In what follows, we suppose that p > 1 (¢ > 1), %—k}j =1, -1<ao,pB <1,
A,n >0, 4;€(0,1]N(0,4) (i=1,2), k; 5(4;) is indicated by (5). We still assume that
am,bn 20 (ml,|n] € N={1,2,---}), such thatfor c:=24 —4; — A2, 0<EL,_ (|m|+

am)P[l_Al)_C_lalr:l < oo and
0< Y (In[+ Byt 2= 1p1 < oo,
[n|=1
where, ZEI:I R 2;:71 ...+z;°:1 - (j=m,n).

LEMMA 1. For y> 0, we have the following inequalities:

71/[(1—05)‘7_14—(14—06)‘7‘1] < i (|m| + am) =71
|m|=1
< 71/[(1 —a) " 1+ o) T (y+1). (©6)

Proof. By the decreasing property of series, we find

oo —oo

Y (mtam)y " = 3 [(1—o)(-m)] 7+ 3 (1t a)m] T

[m|=1 m=—1 m=1

= i [(1—o)m] "1+ i (14 o)m] 71
m=1 m=1

=[(1—o) "+ (1+a) 7] (1 > m—H)

m=2
<[(l—a) "'+ (14+a) (1 +/1°<, x‘V—ldx)

- %{(1 —a)y T (L) Y (),

oo —oo

Y (ml+am)y™ =3 [(1—a)(=m)] "'+ i[(lﬂx)m]_y_1

|m|=1 m=—1 m=1
=[(1-a) "'+ (1+a) Y m !
m=1

>[(1-0) "'+ (1+a) " /100 x " ldx

1
—-[(1-o) "'+ (1+a) .
Y
Hence, we have (6).

The lemma is proved. [
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DEFINITION 1. We set

k(m,n) = K" (|| + oom, || + Bn)
_ (ml+am)" = (in + )"
([ + om)* = (|n| + Bn)A+n

(Iml, ] € N),

and define the following weight coefficients:

@(A2,m) = (|m]|+ om)* % i k(m,n)(In+Bn)>~" (jm| € N).

|n|=1

o(A,n) = (|n]+pn)*H i k(m,n)(Jm|+am) =1 (|n| € N).

|m|=1

LEMMA 2. The following inequalities are valid:

0< 1_ﬁ2k;“1(k2)( — 0(Aa,m)) < B(Ay,m)

ﬁzkz n(A2) (Im| €N),

where, we indicate that

L+ |B]

1 v (1 —uM)ut2~! ( 1 )
O(Aa,m) = / L ju=o(—— ) >o.
( 2 m) kl,n (12) 0 1 — yAtn u (|m| _|_am)lz

Proof. For fixed |m| € N, we set

where from, for y > 0, k1) (m, —y) = ksln)(|m| +am,(1—f)y). We find

@(Ay,m) = (|m| + om)*~ M{ Z k) 1= B)(=m))!
n=—1
+ Y KD )1 +ﬁ>nw—1}
n=1
= (|m| + am)*~ M{i )[(1—B)n)!

+ 3 K (m,n)[(1+ ﬁ)nw—l}

1525
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_ (|m‘ +am>ﬂ,—ﬂ,2 [ 7[,2 1 zk Az 1

1+ﬁl212k lz 1]

It is evident that for fixed |m| € N, A, < 1, by Example 1 (ii), both k(1) (m, —y)y*~!

and k@ (m,y)y* ! are strictly decreasing with respect to y € (0, o). By the decreasing
property of series, we have

B(A2,m) < (Jm| + om)* [(1 —ﬁ)bil/wk(”(m,—y)y’b’ldy
0
“F(l+ﬁ7tz—l/ook(2)(m7y)y7tz—1:|7
0
©(Aa2,m) > (|m|+ am)* [(1 —ﬁ)AZ_l/wk(l)(m,_y)ylz—ldy
1

B[R .

Setting u = \(nlz| Ly (resp. u= IS‘:@Z ) in the above first (resp. second) integrals, we

obtain

@(a,m) < [(1=B) "+ (14+B)") [ K (L = 2?%(;22)

o(A2,m) >

s kﬁn)(l,u)ulrldu

1 + ﬁ [m]+am

2 00
1 [32 1 kﬁn)(l7”)”127ld”

Ralltl
[m]+om

>

18] »
where, 0(4,m) = mfo‘mwm %du, satisfying

1+

0< /"”‘*“’” K (1, )i du
0
1+[B]

[m[-+oum _
</0 KD(1,0)ut2 du

1+ A
= /‘m‘wm w2l dy = 11+ Bl ) ’
0 Ao |m| +am
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Hence, we have (9).
The lemma is proved. [J
Note. In the same way, by the symmetric property, we still have

0< ﬁl%n(kl)(l — 9 (,n)) < B(An)

2
< 1_—062]%11@1) (In| €N, (10)

where, we indicate that

1+ Ar—1
1 B (1 —um)u’ B 1
O(A1,n) = km(xl)/o T du=0 (

LEMMA 3. The following inequality follows:

= i i k(m,n)anb,

[n|=1|m|=1

2k (A2)? (knp (M »5[w : %qﬂlé
1/ "

<

(1-BH)Vr(1—oa2)/a Z (|m‘+am)1’[1 A1)

[m|=1

[i (In| + Br)alt—22)=e= lbqr. (12)

|n|=1

Proof. By Holder’s inequality with weight (cf. [2]), we find

o oo n n) =1/
He S S k| L0lB) P]

In[=1 |m|=1 (|m| + am)M=D/a "

(|m| +am)(/1rl>/qb
(Inf+ Brn) =D/ ™"
1

P (B ]
< [ 2 2 k(m’n)(‘m|_|_am)(7bl—1)(17—1)am

1
- (| + )@ 7
k b
Xl;%ﬁzlom@(m+ﬁm@rww4>"

1
P

_ [i @ (A, m) (|| + aom) Pl ap]

1

X li w(llan)(n|—|—ﬁn)‘1[1lz)clbz‘|

|n|=1

Then by (9) and (10), we have (12).
The lemma is proved. [
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REMARK 1. (i) By (12), for A; + A, = 4, we find

TL')LQ )]
A+n)l’

() = kg () = 5 [cot<“1n> + t(

=

0< Y (jm|+am)Pl=")71gh < co,

m[=1

0< Y (In[+Bn)1' 27151 < oo,

[n|=1

==

and the following inequality:
e 1/4[2 (I + com)? 1401

> Zk)L’n()Ll
2: (m,n)amb, < (1—ﬁ2)1/P(

1

HMS

x [ i (|n| +ﬁn)’1[”2>1bz] (13)
[n|=1

In particular, for o = =0, a_,, = aw, b—, =b, (m,n € N) in (13), we have (cf. [40])

1

l
< kyp (A1) lEmP“ M) m] [Enqll A le] (14)
n=1

m=1
(i) For A =1, A = 5, A =1 in (14), we have
n_,n
S S ot
n=lm= m N —p
1 1
T b T hd i !
< cot + cot ab bl (15)
L+n [ q(1+mn) p(1+n)} (El ) (gl )

forA=1,A4 = % L'in (14), we have
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for p = g =2, both (15) and (16) reduce to

}Zt 2=4 mitn — i+ n1+n Ambn

2 T >
T3 (2 2b> : (17)

@iii) For A=NeN, n=1, i+4 =24 =N in (14), we have ky (A1) =

VT (cot 133:[1 1 cot 227 ) and

N+1

2 Z amby,
SN o N—j,j

n=1m=1 Om In

q

1
P oo
< kni(Mr) [2 mPl=A)= 1 S n‘f“lz)lbz] . (18)
n=1
ForN=1,A = é, A= ;; in (18), we have (1). Hence, (18) is an extensions of (1).
(iviForao=B=0,A=n=1,A = %, lg:% (r>1, %—F% =1), (12) reduces
(5);forr=q, s=p, a_y=amw, by =b, (m,n €N), (5) reduces to (1). Hence, (12)
is an extension of (1).

2k (M)

W in (13) is the besl‘possible.

LEMMA 4. The constant factor

Proof. Forany 0 < € < pA;, we set

G = (Jm|+amy 571 By = (In|+ Bn)2 757 (|m],n| € N).

2k (M)

m), such that (13) is valid when we

If there exists a constant M (<

2ky (A ) .
in () 77; by M, then in particular, we have

replace W

1 1

- = 0
e [ )Y (|m+am)p[1_kl)_lag‘] lz (|n| + Br) 11 -4~ lbq] .

By Lemma 1, we obtain

=

H< M[ S (|m]+am) !

|m|=1

< 2o DI —@) 4 (14 o) (1= B) 6+ (14+B) .
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By (8) (for (A; — %) + L+ Ig—,) =), (10) and Lemma 1, we find

A=Y S kmn)(m|+am)= 5 (|| + pny* 5!

[n|]=1|m|=1
= S (- En)(inl + By
In|=1 p
2y (M —%) & ( 1 )
> —— P 1-0 E n|+pBn
I-o |n|2=1 (<|n\+ﬁn>ll—ﬁ) (nl+ P
2k (A —£) l - L = 1 ]
= n|+ Bn — o(————————
-0 |n|2=1(” : wE:l (<\n|+ﬁn>“+ﬁ“)

. Zk)L,n()Ll - %)
 eg(l-a?)

[(1=B) '+ (1-B) ! —eO(1)].

In view of the above results, we have
2]%11@1 - %)
1—o?
1
<M+ D[(1-0) "+ (14+a) e [(1-B) <+ (1+B) 0.

[(1=B) '+ (1-B) ' —e0(1)] <eH

For € — 0", by Fatou lemma (cf. [17]), we find that

4Ky (M) M
(I—a?)(1-p2) = (1—o)l/r(1—p2)l/a’
2k (A1)

2k 1 (A1) . .
namely, w < M. Hence, M = a7 is the best possible

constant factor of (13).
The lemma is proved. [J

REMARK 2. For Mz%—l—%, Mz%—l—%,weﬁnd

2'_2'24_&4_@4_&:},,
q q
0<7Ll,lz<l.

11 —|-/7\Lz =

and by Holder’s inequality (cf. [16]), we obtain

0 > A=A A
O<kk7n@2>:khn(ll)=km( p 2+?1)

A

o A=A
:/ K0, D 7 d
0

Adp—l Al

:/()Nk;’”(u,l)(u P (T Ydu
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1 1
< (/ kﬁn)(m l)ullzldu) ! (/ ky’)(u,l)ullldu) !
0 0

1
= (/0 kﬁn)(lm)vlzldv) ! (/0 kﬁn)(m l)ullldu> ’

— (kan(22)) 7 (kg (M) T < oo (19)

==

For ¢ <min{p(1—211),q(1 —A2)}, we have n<1 (i=1,2), and then we can reduce
(12) as follows:

2k (A2)) P (kan (A))7 [ & . v
e Ef;”ézjf/)p((lflfzfﬂl [zumwmr’“—“—laz]

|m|=1
1

=3

v 2(|n+ﬁn)q“—12>—lbg] . (20)

[n|=1
LEMMA 5. If ¢ < min{p(1 — A1),q(1 — A2)}, the constant factor

2(k (A2)) 7 (kg (A1) 7
(1—BY)V/r(1—o2)1/a

in (12) (or (20) is the best possible, then we have A + 2, = A.

Q=

kg (A2)) P (kg ()
(-2 /P (1—a2)1/a

o~

sible, then in (20) and (13) (for A; = A; (i = 1,2)), we have the following inequality:

Proof. 1f the constant factor

in (12) (or (20)) is the best pos-

2kan ()7 (ki ())T 2 (h)
1/

(1B r(1—ad) e < (= phr(i—ada < )

_ =

1 ~
namely, (k n(A2))7 (kp n(A1))4 < ky (A1), which follows that (19) keeps the form
of equality.

We observe that (19) keeps the form of equality if and only if there exist constants

A and B, such that they are not both zero and (cf. [16])
A2 = BM 1 ae.in R;.
Assuming that A # 0, it follows that w2 = % ae.in Ry,and A — 4, — 24, =0,

namely, A+, = 4.
The lemma is proved. [
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3. Main results

THEOREM 1. Inequality (12) is equivalent to the following inequality

- ol
L:= [Z(|n+ﬂn) plAp+e)—c= (2 k(m,n)a ) ]
n|=1

|m|=1
2k (22)7 (g (W) [ & ’
A.n(A2 A (A )
(l—nﬁz)l/ﬁ(l—zxz)l/q [Z (Jm|+ cm)P(=4) 1aﬁ] 2D
Proof. Suppose that (21) is valid. By Holder’s inequality (cf. [16]), we find
= > |(n|+Bn) Aﬁw 2 k(m,n)ap \n|—|—[3n) —ha— qb]
[n|=1 |m|=1
1
s q
<L [ 2 (|n| +ﬁn)q[1kz)c1bzl ) 22)
[n|=1

Then by (21), we obtain (12).
On the other hand, assuming that (12) is valid, we set

p—1
= (|n| + Bn)Phatel e (2 k(m,n)a ) , |n| €N.

|m|=1
Then we have

=3

L’ =Y (|n|+Bn)dt=R)=~1pt = H. (23)
[n|=1

If L =0, then (21) is naturally valid; if L = o, then it is impossible that makes (21)
valid, namely, L < eo. Suppose that 0 < L < eo. By (12), it follows that

i (n] + Byl 2=~ 1

2(ky. oy (A2)) 7 (kg (A1) 7
—U=H< (ll—nﬁz)l/p(l i11x2)11/11

1

5 1

- . '

- [ 2, (il am)"t =007 ] [Z (In| + Byl A2~ w] :
|m|=1

|n|=1

[n|=1

- [ S (i +ﬁn>q“—lz>—c—lbz] ;

2(ky. (%2
(1-5%)

==

<

(| + com)1 =0
P(1—o2)l/a m|2=1

D)7 (kg (M) 7 l - ]
1/ ‘
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namely, (21) follows, which is equivalent to (12).
The theorem is proved. [J

THEOREM 2. Thefollowmg statements (i), (ii), (iii), (iv) and (v) are equivalent:

(i) Both k)L n(?Lz)k)L n(ll) and k; T,(7L by M) are independent of p,q;
(ii)

1 1 A A Py
kf,n(lz)k;tqm(h)ék;w( = z+;1);

(iii) A+ A = 4;

1 1
(iv) for ¢ < min{p(1 —2A1),q(1 — A2)}, the constant factor 2(22;;2))1)/5((&”22(;111/)[])[]
in (12) is the best possible constant factor;

1 1
. 2(kp . (W) P (k. (M) 4

(v) for ¢ <min{p(1 —Ay),q(1 — A1)}, the constant factor ((?fézz))l)/l,((lfgz()ll/)q)
in (21) is the best possible constant factor.
If the statement (iv) follows, namely, A + A = A (or ¢ = 0), then we have

(13) and the following equivalent inequality with the best possible constant factor
2k, (A1) )
(1*132)'/’7(1*062)'” '

li (Jn] + Br)P- 1<2kmn )T

|n|=1 m[=1

1

2% 1 (A - ;
G —ﬁ2>$g((1 l—)a2>‘/'f L 2 (ml +am>”“‘“_laﬁ] ' (24)

m|=1

In particular, for a = =0, a_,, = am, b_, = b, (m,n € N) in (24), we have the
Sollowing inequality equivalent to (14):

1

K
Enm 1 2 m' —n'l a
A+ — phtn "

m=1

1
< kp (M) [Empl M- ] . (25)

m=1

Proof. (i) = (ii). Since both k" (Ag) (A1) and &y ,7(7L p}” + )L‘) are inde-
pendent of p,q, we find

(7L2) (/11) = lim lim k" (/12) (/11) ky n (A1),

p—nx)ngl
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and by Fatou lemma, we have the following inequality:

kyn (A_)LZ +&) = lim lim &, , (7L ;)Lz +&>

p q p—eog—1t q

1 1
> k(M) = K], (B2)k] (M)

1 1
(it) = (i) . T k] | (A2)ki (A1) < kg (B2 +2L), then (19) keeps the form of
equality. Based on the proof of Lemma 5, it follows that A; +4; = A.
(iif) = (i). If A1 + 22 = A, then we have

A—2y A
2 4 ;‘> — k(M)

1 1
K k] ) =

Both k” (12) (A1) and &y ,ﬂ,(’l p’lz + 7“) are independent of p,q.

Hence it follows that (i) < (i) & (m)

(iif) < (iv). By Lemma 4, 5, we obtain the conclusions

(iv) < (v). If the constant factor in (12) is the best possible, then so is constant
factor in (21). Otherwise, by (22), we would reach a contradiction that the constant
factor in (12) is not the best possible. On the other-hand, If the constant factor in (21) is
the best possible, then so is constant factor in (12). Otherwise, by (23), we would reach
a contradiction that the constant factor in (21) is not the best possible.

Therefore, the statements (i), (ii), (iii), (iv) and (v) are equivalent.

The theorem is proved. [J

4. Operator expressions

We set functions

o(m) := (Im|+ om)?' =407y () 1= (|n| 4 Br) 7RI

where from,
Y P (n) = (In| + Br)P P2t (|m| [n| €N).

Define the following real normed spaces:

1
P

lpo = a—{am}|m\ i:lallp.e (2 |amp> <o,

o a
lgy = § 0= A{ba}ja =1 |1bllg.w (va )|bn ") <o,

[n|=1

1
oo P
lP:V/l*p = C_{C"}lnl I’HCHP yl=r <2 W Cn|p> < oo

|n|=1
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Assuming that a € [, ¢, setting

c= {cn}ffll:l, cn = Z k(m,n)ay, |n| €N,

|m|=1
we can rewrite (21) as follows:
1
2(kan(A2)) 7 (ky, n(/h))
lellpyt-r < <7 g2y 71— otz 19llme <>

namely, ¢ € llw,lfp.

DEFINITION 2. Define a Hilbert-type operator T : [ ¢ — [, ,1-p as follows: For
any a € lp ¢, there exists a unique representation Ta = ¢ € lp yl-r> satisfying for any
[n| €N, Ta(n) = c,. Define the formal inner product of Ta and b € [,y , and the norm
of T as follows:

(Ta,b) : Z(kan ) =H,
[n|=1 \|m|=1

T 1-
7)== sup —— 2L
a(#0)€ly o llallp.e

By Theorem 1 and Theorem 2, we have

THEOREM 3. If a€lp g, b E€lyy, ||allpe, |b]lq,y >0, then we have the follow-
ing equivalent inequalities:
1
2k (22)) 7 (ki g (A1) 9
Ta,b) < ’ 26
S = e 20
1
2(ka n(R2))? (kx n(h))
T o < ’ 27
1 1
Moreover, if A1+ Ay = A, then the constant factor 2(12)1117/(3};2))1)/:((1ki52(;:1/?q in (26) and
(27) is the best possible, namely,
7 = ) :
)T o) (1= (i - a)1
T A Ay
— t| ——— t . 28
X7L+77 [co <7L+n)+co <7L+77>} (28)
1 1
On the other hand, if the constant factor 2k (R2) P (kg (A1))7 in (26) or (27) is the

(1-p2)/r(1-a2)l/a
best possible, then for ¢ < min{p(1 —2;),q(1 —A2)}, we have A; + 1, = A.
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5. Conclusions

In this paper, by means of the weight coefficients and the idea of introduced param-
eters, a new discrete Hilbert-type inequality in the whole plane is obtained in Lemma
2, which is an extension of (1). The equivalent form is given in Theorem 1. The equiv-
alent statements of the best possible constant factor related to several parameters are
considered in Theorem 2. The operator expressions, some particular inequalities are
provided in Theorem 3 and Remark 1. The lemmas and theorems provide an extensive
account of this type of inequalities.
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