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APPROXIMATION OF FUNCTIONS IN A WEIGHTED LEBESGUE
SPACE BY MEANS OF THE PICARD SINGULAR INTEGRAL

ABHAY PRATAP SINGH AND UADAY SINGH

(Communicated by I. Rasa)

Abstract. The integral transforms, particularly singular integrals, play an important role in ap-
proximation theory. In this paper, we study the approximation properties of the Picard singular
integral in a weighted Lebesgue space and weighted Holder space. We also show that many
of the theorems in the literature dealing with approximation of functions by the Picard singular
integral are the special cases of our results.

1. Introduction

For 1 < p < e and given positive weight function W, we denote by LV, the set
of all real valued functions f defined on IR for which |[W f|? is Lebesgue integrable
on IR. For p = o and given weight function W, we denote by LW | the set of all real
valued functions f for which W is a uniformly continuous and bounded function on
IR.

For 1 < p < oo, thenormof f € LPY is defined as

(S W @) f@)[Pdx)' /P, 1< p < oo

supW (x)|f (x)1, p=-co.
x€IR

A lpw =

Throughout the paper, we consider those weight functions W which satisfy the follow-
ing conditions.

1. W(x) is an even function on IR and non-increasing for x > 0.

2. L(s)= [y e’S’WL(t)dt < oo,

3. sup (MM < L pe R
xeg( W) ) ")

For f € LW, its modulus of smoothness of order 2 is defined by

o (f,LPY 1) = sup ||A7 £ (%) p.w,

<t
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where A7 f(x) = f(x+h)+ f(x—h) —2f(x).
We denote by Q2 the set of all real valued functions @ which satisfy the following
conditions.
1. o is continuous on [0, o).
2. o is increasing and ®(0) =0.

3. % is decreasing on [0,00).

For a given 1 < p < e and o € Q?, we define the weighted Holder space H?":© to
be the set of all functions f in LW for which

2
110 = S0 (7’A”‘Z((Z)""W> <
The norm in H?W:© space is defined by
A llpw.o = [1£1lpw + f1pw.0- (1)
We note that for f € HPW:@,
an(f,.L"Y. 1) <o)\ f1]w.0- 2)
In particular, if W (x) = e~ g > 0, then LPW = Lr4, HPW:® = HP:4® and the cor-

responding norms are defined by [ = |l |-l = g0 [5].
The Picard singular integral P,(f,x) of a function f € LP" is defined by

1
P(f,x) = —F/IRf(x—I—t)e*@dt, x€IR, r>0 and r— 0. 3)

We obtain the following important upper estimates for the norm of P,(f,x).
Using properties of W, for f € LV, we have

1P (f 1) || oo = sup (W)[P(f,x)])
< ()<t
<! ( I WL@er’dt) 11l

-
1 1

<L (—) 1Tl
r r

For f € LY | 1 < p < o, using the generalized Minkowski inequality and properties
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of W, we have

2l = ( x>|f’dx)%
(/’ 2r/fx+t Yo~ di dx)
<%</}R/IR'%W(M)f(u)er dtdu)%

7))

Thus for 1 < p < oo, we have

1
1Pl < 23] 11l @

~

Now for f € HPW:© 1 < p < oo, we have

145 (P (f,)) | pw
o(h

122 o w0 = sup
h>0

h>0 (

LY )
<‘L<?>Z‘i‘é Col)

1 /1 .
=1 (3) Il ®

)
x)
)

Combining (4), (5) and (1), we get

1 1
12w < 1L (1) Al ©

From (4) and (6), it can be observed that for each r > 0 wherever L (%) exists, the
Picard singular integral given in (3) is well defined for all f € LP"W and for all f €
HPY@ as L(L) > 0.

The rate of approximation by using singular integrals for different function classes
has been studied by various researchers. Mohapatra and Rodriguez [9] studied the rate
of convergence of Picard, Cauchy and Gauss-Weierstrass singular integrals for Holder
continuous functions on IR and [—m, 7]. Gal [7, 0] investigated the degree of approxi-
mation of continuous functions by means of three singular integrals for periodic func-
tions of single and double variable. Firlejy and Rempulska [5] proved the similar results
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for the generalized Holder norm. Further estimates were studied by Rempulska and
Walczak in [10] using modified Picard and Gauss-Weierstrass singular integrals. The
study has further been extended to the weighted spaces [1,2,3, 8,4, 11, 12] in different
directions. More precisely, Lesniewicz et al. [8] has used the Lebesgue weighted space
with W (x) = e~ g > 0 and Bogalska et al. [4] has extended the results for the func-
tion of two variables. Yilmaz [11] has studied the problem for Gauss-Weierstrass sin-
gular integrals in weighted space with W (x) = ekl g > 0. Some authors [1,12,2,3]
have suggested some slight modifications to the definitions of singular integrals and
studied their convergence.

In this paper, we shall study the problem for a more general weighted function
space LPW | 1 < p < oo and HPW-®_ We give some direct and inverse approximation
theorems dealing with approximation properties of the Picard singular integral of f €
PV 1< p<oo.

2. Direct approximation theorems

In this section, we prove the following direct approximation theorem for the func-
tions belonging to class L”" | 1 < p < e and obtain the upper estimates for the devi-
ation ||P-(f,x) — f(x)||p,w. We shall denote by sy the maximum value of r for which
L(1) existanduse £(r) = 1L (1) — 5L/ (1) + 51" (L), r>0.

THEOREM 2.1. Let f € LPY, 1 < p < oo. Then
o (f, L7V 1)

> L(r), (7

B-(fx) = f)[pw <

Sforevery r € (0,s0].

For proving this theorem, we need the following lemma.

LEMMA 2.2. Let f € LPY, 1 < p < oo. Then

(DZ(vamwvx’t) < (1 +A’)2W(D2(fvl‘p7wvt) forany Awt > 0. (3

Proof. We have

o (f,LPW .nt) = sup ||AZf]|pw = sup [|AZ, fllpw -

|h|<nt |m]|<t
Now using the identity [[8], p. 234],
A f () = T KALf (6 — (n— k)m) + 337 (n — k)AL f (x+ km),
we have,

n—1

i kg, f (x — (n—k)m) + Y (n — k) Ap, f (x + km)

k=1 k=1

sup [|A7,.f1pw = sup
|m|<t |m|<t

A4
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Therefore,

|p7W

n—1

oo (f, L7V nt) < sup <2k}|A —(n—k)m HPW E(n—k)HAfnf(x—ka)
k=1

)

|m|<t \ k=

Now using properties of W, for 1 < p < oo, we have

1056 =)o = ( W335 = v )

_ (/1R|W(u+(n—k)m)A,2n (u)de/L)p

-(, \W\ W(M)Aﬁqf(u)”du> ”

(/ W ()AL £( Pdu>

< 7|\A3nf s (10)

W((n—k)m)

and

|| A% f (x+ mk) Anf

lpw < WH lpw- (11)

Similarly for p = oo, we have

[1A0f (= (n—k)m )wa—suPW ) |45, f (x = (n— k)m))|

=supW(u+ (n—k)m) |Af,,f(u) |
uclR

B W(u—+ (n—k)m)
Tk W

1
< WHA o

W (u) | A7 ()|

and

1
s Gt mb)l ey < s 18l (12)

Collecting the estimates from (10) to (12) and using (9), we get

a)z(vap7W7nt) < sup (ikm|A2f|PW+z n k ( )|A2f|PW>

[m|<t \k=1
n—1
2k n
< sup + sup || A7, f1]p.w
|m|<t (;’1 W((n—k)m) W(0)> |m|<t !

<(W((n—l)t) 2 +W((n—1)z))“’2(f7U”W7t)-
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So finally, we get

_
W((n—1)t)

Let n be the largest integer not exceeding A > 0, i.e, n < A < n+ 1. Then by using
(13), we get our result. [J

Proof of Theorem 2.1. We have

a)z(f,Lp’W,nt) <n? a)z(f7Lp7W7t), for any natural number n.  (13)

P~ ) = 5 [ (e Far

Therefore, using Lemma 2.2 and derivatives of L (1), we have
I [~
1AL =Sl < o7 [ HIAR @) lpavas

I [ :
< 2_/ 0)2(f7Lp’W7l)€_;dl

1 :
< PW / 7
o (f,L t)e dt
1 t 2t 1 :
p,W - v = -
o (f,L rz/ <1+r2+r> (t)e dt
o7t (L (DY Lo (L) 2y (1
2 r r? r r r
LF’W

Hence proof is completed. [J
The following corollaries can be derived from Theorem 2.1.

COROLLARY 2.3. Let f € HPW:® 1 < p <ooand o€ Q2. Then

/115,
1B(f.0) = f@lpw < =552 L(P)a(r), (14)
for every r € (0,s0].
Proof. We can easily prove this result by using (7) of Theorem 2.1 and (2). O

COROLLARY 2.4. Let f € L9, 1 < p < co. Then

5 _
HPr(fJC) _f(x)Hpg < ) (1—s0q) } o (f, L), (15)

whereO<r<so<é.
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This corollary is Theorem 1 of [[8], p. 238].
Proof. For W(t) = el qg>0, L(%) exists for 0 < r < %1

(1) ()= () #(6) ()

5 5 1
E(l—rq)73<§(l—soq)73 for O<r<so<5. (16)

Using (16) in Theorem 2.1, we get (15). O

and
L(r)=

COROLLARY 2.5. Let f € HP%? 1 < p <o, and ® € Q*. Then
1P-(f,2) = f(0)]|p.g < 3(1=509) P (r)]|f]}4.00
Sforall r € (0,1]N(0,s0], where 0 < sy < é
This corollary is Corollary 1 of [[8], p. 238].
Proof. By using (14) and (16), we get the result. [

Now we shall give an analogue of Theorem 2.1 in the weighted Holder space
specified by moduli of smothness.

For o, u € Q2, let us assume that ¢(¢) = %, ¢t > 0 is an increasing function so
that HP"W-® c HP-W:H_ With this notation we state our next theorem as follows.

THEOREM 2.6. Let f € HPW:® 1 < p <oo. Then there exists a function M(r) >

0 such that
1P-(f,x) = FC [pwu S M) f]pw.0(r), 7

forevery r € (0,50] N (0,1].

For the proof of Theorem 2.6, we need the following lemma.

LEMMA 2.7. Let f € LPY | 1 < p < oo. Then
1f G+ Dlpw < gllfllpw, heR.

Proof. For 1 < p <o, we have

e+l =, IW(x)f(x+h)|pdx> %
</ W= |pdu)%
</ ‘W ‘W (u>|1’du) ’

X WHJCHP,Wy
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in view of the properties of W.
Similarly, for p = oo, we have

1 R |oowr = sgﬂgW(X) [f(x+h)l

= supW(u—h)|f(u)]

uclR
= sup| " )

1
X WHJCH‘X’,W

Thus proof is completed. [J

Proof of Theorem 2.6. Let r be a fixed pointin (0,s9] N (0,1]. Then, as in [[8], p.
241], by using definition of the weighted Holder spaces and (1), we can write

145 (Pe(f %) = f(x)

|p7W

HPr(pr) ( ) |P7WH HP (fa ) (X)Hp,W +hzl(l£r] ,LL(h)
HA% (Pr(f7x)_f(x))”p.,w 18
+hil<lfu p(h) ' (18)

Now we calculate estimates for (18) by using Corollary 2.3 and Lemma 2.7. We have

1P-(fx) = FOO)pw < Hf”gwwﬁ(r)u(rw(r), 19)
||AG (Pr(f,%) = f(X) [|pw 1 (1 .
and
147 (Pr(f%) = £ () [l pw
hil(lfl] p(h)
~ sup 1P (fsx+h) = f (xR || pw+ | P (f s x—h) = f (=) || pw = 2[| P (f s ) — f () [
he(nl] p(h)
1 1P (fsx) = f ()]l pw
SWO LA s
1 *
< Wﬁ(rw(r)\lfl\p,wm- 1)

Collecting all the estimates from (19) to (21) and using (18), we obtain (17), where
M(r):max{%ﬁ(r)u(r)7}L(;)H,ﬁcm}. O
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COROLLARY 2.8. Let f € HP%? 1 L p < oo. Then for sy € <0a é) there exists
a constant M = M(p,q,so, 1) > O such that

HPV(fvx)_f(x)HP:l]:H <M‘|f”;,q,w¢(r‘)7 (22)
Sforall r € (0,s0]N(0,1].

This corollary is Theorem 3 of [[8], p. 241].

Proof. Using the definition of ||.||, 4w, we have

EA(fx) = F g = 1BA(f2 %) = F O [ p.w -

Using Corollary 2.5 and Lemma 2.7, we can easily find the estimates

5 -
1B (f ) = FOlpaw = 1B (%) = £ lpg < 5 (1= 500) ™ 1(s0) 1 /1] .0 (1), (23)

2
|AZ (P f.x) — FC) [lpw 1A% (Pe(f %) = f()) ] p.q
he(or] u() = heio] w(h)
1 *
(1 #1) Wlhaot). @9
and
18 (B(F0) = ) o A (Bf10) = () llpg
hzlil;?l] p(h) a hzl(lrl?l] p(h)
1 *
<10 (=Y Ml @9

Putting the values of the estimates (23), (24) and (25) in (18), we get (22). U

3. Inverse approximation theorem

Now we shall prove the results that are related to inverse approximation by means
of the Picard singular integral P-(f,x).

THEOREM 3.1. Let f € LW | 1 < p < oo, satisfy the following condition
o}

B(fx) = fFO)[pw <

where ® is a given function belonging to Q2. Then there exists a constant ¢ > 0 such
that

(r), forevery r>0, (26)

1
o (f.LPY 1) < er? [ S,

forall t € (0, %) N (0,so].



1560

A.P. SINGH AND U. SINGH
We need the following lemmas for proving this result

LEMMA 3.2. Let f€ PV, 1< oo, Then all the derivatives of P.(f,x) be-
long to LPY and satisfy the following relation

g m>uw<W“L()vum

(27)
Sforevery n€ N and r € (0,s0]

Proof. Using successive derivatives of P.(f,x) and induction, we get

P (f,x) = r P(f, ). (28)
Taking ||.||,,w norm in both sides of (28) and using (4), we obtain (27). Hence proof
is completed. [

LEMMA 3.3. Let f € LPY, 1 < p < oo. Then

1 1
2Rl <L (3 )il

(29)
Sforevery r € (0,s0].

Proof. For 1 < p < e, we have

p P

IA2E, (f,2) | pay = (/' / P! (fox+t +12)dndny dx)
1

p b

( / / / , dtldtzdu> .

Using the generalized Minkowski inequality and properties of W, we get

1 h h
7 2 1
el < ([ wrcara) ([ gt
[[ARP(f )| [ pw < ( W ()P ()] du 2] p W tn) 7
5ok 1
=|P/(f, //7dtdt
H r(fx)|P7W<O 0 W(tl-i-tz) 14t2

1 21| p!
< p—rr Y P )
W(l’l)h H r(f x)Hp,W

1 1
< —3L - h2—
r (V) W(h)HfHPW’

1

_tl

W11 =02) P ()
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in view of (27) for n = 2.
Similary, for p = e, we have

AP (f ) |oor = sup (W()IARE(f.0)])

“sup (o )
< oo o) ([ [ (52 )

boho
e [ [
1B (f,%)|[oow o Jo W) dhde

1 21| p!!
< ——h°||P (f,x)]||e
NP ) e

1 1
<L = | P—— oo
() gl

Hence proof is completed. [J

h h
j, /j, P!(f,x 411 +1)dnde
)

Proof of Theorem 3.1. We can find two natural numbers m and n such that 0 <
3 < 37 < so. Forall x,h € IR and f € L»"" | we can write

n—1

ALF(x) = ApPo(f,) + 3 AR (Py-i1 (f.X) = Py-i(f,%)) + A7 (f(x) — Py-n(f ).

i=m
(30)
Using Lemma 3.3, we get

1853Psn (f )| paw < L (52m) 22" 1 g | £l paw -
Now
A (Pyica (f,%) = Pyei(f,x)) = ApPy-ict (f = Po-i(f),X) + A3Py-i (Py-ic1 () = [x)
so that
A7 (Pyi1(f,%) = Py-i(f,)) || pw < [|AGPy-i-1 (f = Py-i(f), %) || p.w
| APy (Pyia (f) = £.3) [[pw- 3D

Using Lemma 3.3, we get

W ()

1 1
182 Py 1 (f3) — Py i(f, >>|pw<z3'+3L( l_1>h2—||f—sz(f)|p7W
L )|P2~<f> Fllpaw

( )

+L<%)>mh2 253270,
(32)
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Now from Lemma 2.7 and (26), we have

187 (f(x) = Py (F,20) llpw
SFGe+h) = Pon(fox+B) | pw + [1f (x = h) = Pon(f,x = 1) || pw
= 2|f () = Prn (S, 2) | pw

1 1

< Wﬂf(x) =Py ()l pw + W(—n) 1£(x) = Py (£, )| pw
+2mw(27")

1 —n 1 —n —n

< Ww(Z )+ mw(Z )+20(27")
1 —n
<2<W+1> 0(27"). (33)
Using (30) to (33), we get
n—1
143 (F @) [pw < % (23m+3Kh2|f o +1°K ¥, 2027 + Ko™ |,

(34)
where K = max {L(#) L(5) +L(2,%> } and K’ =1+ W(0).

m<i<n—1
If € (0,4) N (0,s0], || <t, m<n and n be a natural number such that 27" <
t < 27" then from (34), we obtain

n—1
o (f£,L7V 1) <d <t2 +12Y 25027 + a)(t)) , (35)

i=m

where d =  max #{23m+3K\|f|\p,W7K7K’}.

27n<[<27n+1 W(t)

. [0} . . . .
Since % is non-increasing for x > 0, we can write

nl o ; 1 Mok
2ip(27) < —/ O%) . 36
i_me()lnztﬁx (36)
It is easy to find constants ¢; and ¢; such that

1
e <ol <er [ oW (37
¢ Xt
forall r € (0,4) N (0,s0] and w € Q.
Collecting (35), (36) and (37), we obtain our result, where ¢ = d (1 + % + cz) . O

REMARK. Theorem 2 of [[8], p. 239] can also be derived similarly by using

- 1
Wx)=e M, g>0and L(L) = -
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