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SOME INEQUALITIES ON THE CONVERGENT
ABSCISSAS OF LAPLACE-STIELTJES TRANSFORMS

HONG YAN XU AND ZU XING XUAN*

(Communicated by M. Krni¢)

Abstract. By making use of the basic properties of Laplace-Stieltjes transform, we establish
some inequalities concerning the abscissa of convergence, the abscissa of absolute convergence
and the abscissa of uniform convergence of Laplace-Stieltjes transform [;° e” do() . Moreover,
we point out that our formulas for the three abscissas of convergence are consistent with the
previous results given by Yu [26] for Laplace-Stieltjes transform under some conditions.

1. Introduction and some basic lemmas

Let o(x) be a bounded variation on any finite interval [0,Y] (0 <Y < +o0) and
o,t € R, then we call the following integral

o0
/ e™do(x), s=0+it, (1)
0

as a Laplace-Stieltjes transform, which is first named for Pierre-Simon Laplace and
Thomas Joannes Stieltjes. Clearly, we can rewrite (1) as the form

oo R
/ f'da(t) = lim edo(t). )
0 R—+e /o

If this limit in (2) exists for a given s, we say that the integral (1) converges for the
value s, denote

~+oo
Fls) = / M da(t). 3)
0
If the limit (2) does not exist, then we say that the integral (1) diverges. If o/(¢) satisies
ot)=ar+ar+--+an, A<t <Ay,
O{(Z) = 07 = 07

a(I)ZW’ t>0,

“)
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where
0SS << <A< ooy Ay — Foo(n— +o0). 5)

then (1) can become the Dirichlet series
B
f(s) =" ane™”. (6)
n=1

As is known to all, the study of the Laplace-Stieltjes transforms can be tracked
back to about ninety years ago or even earlier (see [4, 18]). Nowadays, we can find that
Laplace-Stieltjes transforms are widely and closely related to functional equation and
analysis, theoretical and applied probability, optimization and queuing theory, machin-
ery and control theory and so on.

In 1963, Yu [26] considered the convergence of Laplace-Stieltjes transforms

oo
/ e “da(x),
0

which is different from (1), and obtained the Valiron-Knopp-Bohr formula concerning
the associated abscissas of bounded convergence, absolute convergence and uniform
convergence of Laplace-Stieltjes transforms. After that, many scholars had paid lots of
attention to exploring the growth and the value distribution of entire (analytic) functions
defined by such Laplace-Stieltjes transforms converges in the whole (half) plane, and
obtained a number of important and meaningful results (see [1, 2, 3, 11, 16, 5]). The
results about the singular points (singular directions) of analytic functions (entire func-
tions) represented by such Laplace-Stieltjes transforms can be found in [13, 14, 24, 25];
and a series of results of the growth of such Laplace-Stieltjes transforms can refer to
Refs. [1, 6,7, 8, 12, 15, 19]. Since 2012, M. M. Sheremeta,Y. Y. Kong, X. Luo, H.
Y. Xu have studied the growth of Laplace-Stieltjes transform (1), by applying the max-
imum term and the centre indexes of maximum terms of (1) (see [10, 9, 22]); G. S.
Srivastava, Y. Y. Kong, S. Y. Liu, etc. have discussed the approximation of Laplace-
Stieltjes transform (1), and obtained a series of the condition of equivalence concerning
the error, the coefficients and the growth indexes (see [17, 20, 21, 23]).

However, to the knowledge of authors, there were seldom references focusing on
the convergence of Laplace-Stieltjes transform (1). Naturally, this paper is devoted to
investigate this problem, which will give an supplement of those references mentioned
in the above.

The paper is organized as follows. In Section 2, we will introduce three definitions
of the convergent abscissas of Laplace-Stieltjes transform (1) including the convergent
abscissas, absolute convergent abscissas and uniform convergent abscissas. In Section
3 we analyze the relationship between three convergent abscissas, and point out that our
formulas of the convergent abscissas are consistent with the Valiron-Knopp-Bohr for-
mula given by Yu [26]. The calculation formulas and properties of the three convergent
abscissas will be discussed in Section 4, Section 5 and Section 6, respectively.

Before the formal discussion, we first introduce some lemmas on the basic prop-
erties of Laplace-Stieltjes, which are used in this paper.
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LEMMA 1.1. (see [18]). If f(x) is of bounded variation and o. is continuous in
(a,b), then the Stieltjes integral of f(x) with respect to o(x) from a to b exists and

b b
[ fwdat) =)ot - f@eta) - [ o f).

LEMMA 1.2. (see [18]). If f(x) is continuous and o is of bounded variation in
[a,b], then

- /Xf(t)doc(t), a<x<b

is also of bounded variation in [a,b] and

0 < [ 1f@)ldact)

where Vg (x) is the total variation of G(x) in [0,x], and
Glx+) = Gx) = fW[a(x+) —ax)], (a<x<b),
G(x) = Gx—) = fW[alx) —a(x—)], (a<x<b).

LEMMA 1.3. (see [18]). If f(x) and @(x) are continuous and o is of bounded
variation in [a,b], and if

_ /Ox(p(t)doc(t), (a<x<b),

[ reapt) = [ rotdats.

LEMMA 1.4. (see [18]). If f(x) is continuous and @ is of bounded variation in
[a,b], then for any c in (a,b),

/fdoc /fdoc—i—/fdoc
/fda

where Vi (x) is the total variation of o(x) in [a,x].

then

< [ 170lava(e) < max 709Va(0)

2. Some concepts of abscissas of convergence of (1)

Let GCF s 0'5 s G,f be the abscissas of convergence, absolute convergence and uni-
form convergence of Laplace-Stieltjes transform (1), respectively, which are defined
by

Gf = sup {0y : (1) converges in Rs < 0y, 0p € R},
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F

o, =sup{oy : (1) converges absolutely in Rs < 01, 0 € R},

F

o, =sup{o : (1) converges uniformly in Rs < 03, 02 € R}.

For the abscissas 6/ of convergence of Laplace-Stieltjes transform (1), we have

THEOREM 2.1. Let s = 0y + ity and

Bl = [ evaat), w>o)

/ SV da(r)
0

then (1) converges for every s = ¢ + it such that ¢ < 0y, and

/O " etda(r) = (so ) /O " B ()t

the integral on the right hand side of (9) converges absolutely.

If

sup |B(u)| = sup =M < oo,

O0<u<+oo 0<u<—+oo

Proof. By Lemma 1.3, we have

/0 " tdar) = /0 )

With the analysis of integration by part, it follows that

/ * tdat) = &5 IRB(R) — (s —s0) / * o=t B (1ar
0 0

Since

[eCT0RB(R)| = el R B (R,

thus by combining with (8), we can get

1 (S S()R .
Jim e B(R)=0, o <oy

On the other hand, the condition (8) can lead to

oo oo
/ 550 B (1)t </ (0=00)r| B (1) |\dt\<M/ (0=00)t gy —
0 0

This shows that the integral [, e(=*0)7 B(r)dt converges absolutely for ¢ < 0.

Therefore, this completes the proof of Theorem 2.1. [

From Theorem 2.1, we have

M

(7

®)

€))

(10)

(1)

12)

oy)— 0

COROLLARY 2.1. If (1) converges for sy = 0o+ iTy, then (1) converges for all

s = 0 +i7 satisfying o < 0y.
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REMARK 2.1. From Corollary 2.1, we can see that the convergence region of
(1) must be a half plane or whole plane. For example, the abscissa of convergence
f0+°° ee dt is —oo, the abscissa of convergence f0+°° ee=¢dt is +oo, the abscissa of
convergence [, e"dt is 0.

Let V(x) denote the total variation of ¢t(x) in [0,x]. If s = o +iT and

oo oo
/ %'ldot)| = / %' av (x)
0 0

converges, then we say that Laplace-Stieltjes transform (1) converges absolutely at s =

~+oo
o +it. Similarly, if o(r) is stated as in (4), and the series Y, |an\e’1"‘y converges, then
1

n=

~+oo
we say that Dirichlet series Y, ane’ln
n=1

fixed oy and ¢ < op, we have

¥ converges absolutely for s = ¢ +it. For any

oo oo
/ v (1) < / GV (1), (13)
0

0

For the abscissa of absolute convergence of Laplace-Stieltjes transform (1), we
have

THEOREM 2.2. If (1) converges absolutely at the point sy = 0y + ity, then (1)
converges absolutely for all s = ¢ +1iT satisfying o < 0p.

REMARK 2.2. We can get from (13) that (1) converges uniformly for all s = ¢ +
it satisfying o < 0yp.

The following example show that the abscissa of convergence of (1) can be differ-
ent from the abscissa of absolute convergence of (1).

EXAMPLE 2.1. Let Fi(s) = [y "e"e% sine%dr (6 <0), in view of

, ' 1+ |si
e e sine?| < OO, / |sine® |dr = —/ Mdu = oo,
0 0 J1 u

thus it follows that G,f ' < —0. And in view of

T . 1 [T sinu
/ e e sine®dr = —/ ——du,
0 0/ u*.\/k

then we have o' = 0.

EXAMPLE 2.2. Let Fy(s) = [, e~ e sinet'dr. Set u= e, in view of

oo ' ' oo i
Fa(s) :/ Ve sine? dr :/ Lu_du,
0 e (logu)=

thus we have chF2 =0 and 052 = —oo,
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For the uniform convergence of Laplace-Stieltjes transform (1), we have

THEOREM 2.3. If (1) converges uniformly for sy = 0y +iT, —co < T < +oo, then
(1) converges uniformly for all s = ¢ +iT satisfying ¢ < 0y.

Proof. In view of Theorem 2.3, we should prove that for any € > 0, there exists
ro > 0 independent of o, 7 such that r > rg,

doo
/ O o (r)| < €,

holds for 0 < 0y, —o0 < T < o0,
Since (1) converges uniformly for sy = 6y +iT, —eo < T < +oo, then for any
€(>0), there exists ry > 0 such that

oo .
[ ertiviaale

€
<§, r>ry, —oo< T < Hoo. (14)

Let N
ﬁ(lff) _ / e(O'()JriT)Yda(y), r> 07 —00 < T < o0,
t

thus for any ¢ > ry, —oo < T < 400, it follows that

B7)l <3, (15)

and

J

r _ r
/ T o (1) = —/ TG B(1,T), ¥ >r —eo<T< oo, (16)
Since

I ) ,
[ e aan) =~ B, m)el ) + B z)elo

r

'J

+ (06— 0) / (o0 B¢, 7)d, 17
r

and let 7' — 4o, by combining with ¢ < oy, [B(r,7)| < § and elo=00)r 5 oo

7’ — oo, we obtain

oo oo

/ T do(r) = B(r, r)e("*"O)’ﬂL(G—GO)/ TR T)dr. (18)

r r

In view of (15) and (18), we can deduce that for any rg > 0,

oo .
/ e(o‘+z‘r)tda(t)

r

o0
< ; —~ %(G —~ Go)/ 070 g L g

Therefore, this completes the proof of Theorem 2.3. [



INEQUALITIES ON THE CONVERGENT ABSCISSAS OF L-S TRANSFORMS 169

3. Results

From Theorems 4.1, 5.1-6.1, we can obtain

THEOREM 3.1. For Laplace-Stieltjes transform (1), if o(t) satisfies (4), and A,
satisfies (5), then the abscissas of , o', ol of convergence of (3) satisfy

I log |ox( log otz
—nmmp%m_nmwpﬁﬂﬁﬂ<05<05<05<_hmwpOQ?UL

N—s oo A f—s oo t f—r-o0

19)

Here, we give a brief proof of this result. From the assumptions of Theorem 3.1,
we have the fact that

()~ o(0)| = | [t <Aw),

X
<| [ 1ermaatn
0

If o(0) exists, then it follows that ¢ < o .
On the other hand, in view of Lemma 1.4, for any T € (—oo,4-o0), we have

Bl < | Ce®|av () < V),

that is, A(x) < V(x). By combining with Theorem 5.1 and Theorem 6.1, we have
of < ol . Thus, we can get by Theorem 5.2 that the conclusions of Theorem 3.1.

We can see that the conclusion (19) is very similar to the Valiron-Knopp-Bohr
formula given by Yu [26]. Let us first recall the Valiron-Knopp-Bohr formula. If the
sequence {A,} satisfies (5),

limsup(A,y1 — Ay) < oo, (20)
n— oo
and 1
limsup 2" — D < 4o, Q1)
n—-+oo A‘n

then the abscissa GCF of convergence, the abscissa Gf of absolute convergence, the
abscissa o} of uniform convergence of (1) satisfy

1 logA logA
_limiup (j{gn —limiup o;gL "<olf < —limiup o;gL =, (22)
n— oo n n— oo n Nn—r-0oo n
I logA, logA,
— limsup OER —limsup O8%n ol < —limsup o8 ; (23)
n—s oo A’n n——+oo xn n—-oo 2fn
1 logA* logA;j;
— limsup ogn — limsup 082 < of < —limsup o8 , (24)
n— oo A«n n—-+oo zrn n— oo zrn

where
Ap= sup  Jo(x)—o(A)],

An<x< )L)Hr 1
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At
i, = /A e =V i) V),

/je”yda(y)’.

In view of the proof of the conclusion (22) given by Yu in [26], we know that the
hypothesis of c(4,) being finite is the premise. For any x > 0, we have

()] < lee(r) — o (An) [+ | (An)], () — 0x(An)] < lex(r)] + | (An)],

A= sup

n
An <X Ay g1, —o0<t<oo

thus we can prove that the conclusions of the abscissa of convergence ¢/ of Laplace-
Stieltjes transform (1) in (19) and (22) are consistent.
From the definitions of A(x),A,, A} and V(x), we have

A, < V(x) < n max Xk, A, <A(x) <n max A}
1<k<n 1<k<n

If

logA log A’ 1
limsup O8n _ —oo, (limsup 088 _ —<><>7) limsup 98" _p< +oo,  (25)

n—-oo z/n n—oo A«n n—-+oo z,n

thus we can deduce from (19) and (23) that 65 = +oo (G,f = H-o0).
If

logA, logA* _ 1
lim sup 8 =0, <1imsup Oi L :O,> lim sup ogn =0, (26)

n—oo An n——-oo n n——-oo zfn

thus we can deduce from (19) and (23) that 6/ =0 (o} =0).

4. The abscissa of convergence of Laplace-Stieltjes transform

In this section, we will give the formula of the abscissa of convergence of Laplace-
Stieltjes transform (1) as follows.

THEOREM 4.1. If Laplace-Stieltjes transform (1) satisfies

log|o(t
lim sup 70g| 0
t—+oo t

=A#0, @7
then of = —A.
To prove Theorem 4.1, we require three lemmas below.

LEMMA 4.1. For Laplace-Stieltjes transform (1), if o.(x) satisfies
a(t) = 0(e™), t— oo, (28)

for some real number oy, then (1) converges for all s = 6 + it satisfying ¢ < —0y.
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Proof. By Lemma 1.1, for any 0 < R < 4o, we have

R R
/ e da(t) = eRa(R) — a(0) — s / o out)dr (29)
0 0

Since o(#) is a bounded variation function at any finite interval, and in view of (28),
there exists a positive constant K such that 0 < ¢ < +oo,

loc(2)] < Ke®'. (30)
Let R — +oo, for s = 0 +iT with 0 < —0y, it follows from (29) and (30) that

| (R)e*R| < 7Tk — 0, 31

foo
/ ea(t)dt
0

Let R — oo in (29), and by combining with (31) and (32), one can prove that (1)
converges for all s = ¢ +i7 with 0 < —0p.
Therefore, this completes the proof of this lemma. [l

and

+°°
<K / (000 gy — (32)
0

o+0py

COROLLARY 4.1. If o(+o0) exists, and
o) - al+2) = O(e),
for some real number oy, then (1) converges for all s = ¢ +iT with 6 < —0yp.

REMARK 4.1. In view of (29), we have
too oo
/ da) = —a(0) —s/ a(t)dt, o< —op. (33)
0 0

REMARK 4.2. It should be pointed out that the inverse proposition of Lemma 4.1
does not hold. For example, [y e"dr converges for all s = o +it with ¢ <0, but
o(t) =1t does not satisfy (28).

LEMMA 4.2. If (1) converges at the point so) = 0y +iT with oy <0, then we have
oft) =o0(e” "), t— Hoo. (34)
REMARK 4.3. The conclusions of Lemma 4.2 is not true for 6y = 0. For example,

Let (0) =0, a(z) = 1,(r > 0) in (1), then (1) converges for all s, but a(r) # o(1) as
 — +oo.

Proof. Let
1
B(t):/ Sdau), 0<1< oo,
0
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then )
a(t) — a(0) = /0 e dB (). (35)

In view of Lemma 1.1, it follows
t
a(t) — a(0) = B(t)e ™ +so / 0B (1) du. (36)
0

Since (1) converges for so = 0y +iT, it follows that 3 (+oo) exists. By combining with
(36), we have

lim [oe(¢) — 0(0)]e™ = liIJP (ﬂ(+°°) + spe’ /()[e““”ﬂ(u)du)

t—+oo [—+o0

— lim spe™ /O "o 0B (1) — B (4o0)]d. 37)

t——+oo

In view of oy < 0, it follows that the limit of the above equality is 0, that is,
oa(t)—a(0)=o0(e %), at)=o0(e ), t— +oo.

Therefore, this completes the proof of this lemma. [l

LEMMA 4.3. If (1) converges at the point sy = 0y +iT with 6y > 0, then o(+)
exists and

o(t) — ot(+oo) = 0(e” %), t — oo (38)

REMARK 4.4. The following example shows that the conclusion of Lemma 4.3
can not hold if 6y < 0 is replaced by 0p < 0. Let ax(z) =¢, (t < 1), oft) = 33,
(t>1), s=1iin (1), then (1) becomes

T cost +isint
——dt
1 t3
By the Dirichlet criterion in the anomalous integral, we obtain that o(4o0) does not
exist.

Proof. From the assumptions of Lemma (4.3), we have that (1) converges at the
point s = 0. By combining with [;"da(t) = a(+ee) — 0(0), we have that o/(+oo)
exists. Since

alre) —al) = [ B,

where 3(¢) is stated as in Lemma 4.2, this leads to

o+e=) — aft) = lim e RB(R)— e B(r) + 50 /t T B . (39)
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Since (1) converges at the point sy = 0y +iT, it follows that (o) exists. In view of
0p > 0, then we have Rlim e RB(R) = 0. Thus, we can deduce from (39) that
— o0

Jroo
fim [er(-ee) — (1)}’ = ~B(-+eo) + lim_ soe /t =B (u)du

t——o0

=— lim soesot/t+me_50“[ﬁ(+°°) — B(u)]du

[— o0

= O7
Therefore, this completes the proof of Lemma 4.3. [J

The proof of Theorem 4.1. Two cases will be discussed below.
Case 1. Suppose that A > 0. For € > 0, then —(A +¢€) < 0. In view of (27), it
follows that
alt) = 0N, 1 — 4o, (40)

And by Lemma 4.1 and (40), we have that (1) converges for all s = 0 + it with 0 <
—(A+€). Due to the arbitrariness of €, thus it follows that (1) converges for all s =
o+it with 0 < —A.

Next, we prove that (1) diverges for all s = ¢ +i7 with 0 > —A. By means of
reduction to absurdity, suppose that (1) converges for s; = y+i7 with —A <y < 0. In
view of Lemma 4.2, it follows that

oft)=o(e™), t— +oo. (41)
This means that there exists a positive number K and 7y € R such that for 7 > 1,
lo(t)| < Ke™ ™,

that is,
loglo(t)| <logK — vy, (t>t1o).

Thus, it follows that

1 t
A= limsup%()‘ <7,

r——+too
which is contradiction with the hypothesis of —A < y. Hence, we obtain that 67 = —A
for A > 0.

Case 2. Suppose that A < 0. Similar to the argument as in Case 1, we can prove
that (1) converges for all s = 0 + it with 0 < —A. Thus, it yields that (1) converges
at the point s = 0. This leads to a(+e) = 0. On the other hand, assume that (1)
converges at the point s = y+i7 with ¥ > —A. In view of Lemma 4.3, and combining
with a(+4o0) = 0, it follows that

oft)=o0(e ), t— +oo.

Thus, we have
log |o(t
A:limsup70g| 0
[—too t

g =%
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which is a contradiction with ¥ > —A. Hence, we obtain that (1) converges for all
s=17y+itT with y < —A.

From Case 1 and Case 2, we obtain 6/ = —A. This completes the proof of Theo-
rem4.1. O

From Theorem 4.1, we can get the following corollaries.

COROLLARY 4.2. [f Laplace-Stieltjes transform (1) satisfies

log|a(r))|

limsup = oo —o0),

r— o0
then G} = —oo(+o0).

COROLLARY 4.3. If the abscissa of of convergence of Laplace-Stieltjes trans-
form (1) satisfies Gf <0, then

ol = —limsup

t——o0

log|a(r)|
t

Proof. From the assumption of Corollary 4.3, it follows that 6/ < 0. Set

A =limsup
t— oo

log|a(1)]
t

For 6 = 0. If A # 0, thus it follows in view of Theorem 4.1 that 6/ = —A #0,
a contradiction.

For 6f < 0. If —A# ¢ and A # 0, thus it follows from Theorem 4.1 that
of = —A, this is also a contradiction. If A = 0, thus it follows from Theorem 4.1 that
ol >0, a contradiction. Hence, this completes the proof of Corollary 4.3. [

COROLLARY 4.4. If Laplace-Stieltjes transform (1) satisfies that o(t) has no
limit as t — o0, and
log|a(r)]

limsup ———— =0,
t——o0 1t

then of =0.

REMARK 4.5. The following example shows that the condition “ ¢¢() has no limit
as ¢t — +oo” in Corollary 4.4 can not be removed. For example, the abscissa of conver-
gence of the integral [;"”e"d(1 —e™") is 6 = —1, but this shows that a(t) = 1 —e™",

log|ox(t
limsup M = limsup
t—+oo t t—+oo t

log|1—e™| _0
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Proof. Here we use reduction to absurdity. Suppose that 6 # 0. If 6f >0,
it follows from Theorem 4.1 that o} = —limsup log‘tﬂ
t——o0
with the assumption of Corollary 4.4. If 6 < 0, in view of Corollary 4.3, we have
oF = —limsup el
c p 1
t——+oo

, which is a contradiction

=0, this is also a contradiction. Hence, we have Gf =0. 0O

COROLLARY 4.5. For Laplace-Stieltjes transform (1), if o(-+e0) exists and

fimsap 12E12(0) — a(+0)

=A 2 07
f—r-o0 t

then of = —A.

COROLLARY 4.6. If the abscissa of convergence of Laplace-Stieltjes transform
(1) satisfies 6& > 0, then we have that o.(+) exists and

1 _ oo
ol = —limsup oglx(t) — o+ )‘

t—sFoo !

Now, we give an application of Theorem 4.1 for Dirichlet series as follows.

THEOREM 4.2. If Dirichlet series (0) satisfies

log i ag
limsup—*=L 1 — 4 £, (42)
H—>too An

then we have Gf =—A.

Proof. In view of Theorem 4.1, we only need to prove that o(r) satisfies (27).

n
Denote s, = Y ay =a;+az+---+ay, For A, <t < A,y1, and combining with the
k=1
definition of (z), we have

loglo(r)| _ loglsu| _ log|su]

t t An 43)

Thus, it follows

1 t 1
Y= limsupiog‘a( ) < limsup 0g |sn| =
t—oo n—-oo Afn

A. (44)

Next, we prove that ¥ < A in (44) does not hold. We use reduction to absurdity.
Suppose that ¥ < A, then there exists ¥ < 71 < A such that for sufficient large 7,

1
gl _,

b
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thus for sufficient large 7, it follows

log|sn|
t

Let 1 — A,, the above inequality leads to

log| X ax
A =limsup =L g Y15
n—r+oo 2fn

this can yield a contradiction with ¥ < A. Hence, we have

log|a(1)]
t

limsup =A.

t—foo

Thus, by combining with Theorem 4.1, one can prove Theorem 4.2 easily. [l

5. The abscissa of absolute convergence of (1)

In this section, we will give the formula of the abscissa of absolute convergence of
Laplace-Stieltjes transform (1) as follows.

THEOREM 5.1. If Laplace-Stieltjes transform (1) satisies

logV (1)
t

limsup =A#£0, (45)

— o0
where V (x) is the total variation of o.(x) in [0,x]. Then o = —A.
Proof. By using the same argument as in the proof of Theorem 4.1, one can prove

the conclusion of Theorem 5.1 easily. [l

The following result reveals the relationship on the abscissa of between conver-
gence and absolute convergence of Laplace-Stieltjes transform (1).

THEOREM 5.2. If Laplace-Stieltjes transform (1) satisfies that o/(t) is monotonic
in (An,An1) (n=0,1,...,), where the sequence {A,},= satisfy (5), then

1
Gf—Gf > —limsup ogn.
n—r+oo A‘n
Proof. Let
1
limsup -2 — D < foo. (46)
n——-o0 Afn

If D = oo, the conclusion of Theorem 5.2 holds clearly.
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Since D is a non-negative number, we consider the following auxiliary series

S M,

By observing this series, it follows that a, =1, n =1,2,.... If D # 0, in view of
Theorem 4.2, the abscissa of convergence of the above series is —D, and since this
series diverges at the point s = 0, so the abscissa of convergence of this series is —D.

Assume that (1) converges at the point so = 0y +i7y, then there exists rg > 0 such
that for any . ¥ > ry,

I

" eV dar
|, evdat)

In particular, there exists a positive integer N € N such that for n > N,

1
S do(t
An+ (1)

By applying Lemma 1.2 for (47), it leads to

< 1

<1, t>A,>rn. 47)

R, &M <1, (48)

Rge‘y‘)k” ’ <1,

where
Ry =a(dnt) = a(dn), Ry =0(Angr) = €(Ani1—).

Now, we only prove that [, e”dV(r) converges for all s = 0+ it with 0 <
o0p — D, or the following series

tee )Ln 1
3 / M eotav (1)
n=0 A

converges.
For A, <t < Ay+1, in view of the monotonicity of o(¢), we have

Pt ot Fat1 = ot 1" AnG / Api10
/ OqV (1) = / Odo(r)| + [R!MC LR, |10, (49)
)L,, )Ln#rl
where
X IRyl = 3 elom N R e = 3 elom e,
n=1 n=1 n=1 n=1
In view of 0 < limsuplolﬂ =D<op—0,forany € (0 <€ < 0p—0—D), there
n—-+oo n
exists a positive integer N; such that
logn
n> Nj. (50)

n D+87
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and combining with (50), we have

_ o-9%
O LoDrElS — >N (51)
n D+e
Due to € < 69 — 0 — D, that is, ‘;g+g > 1, thus the series 2 (,0 5 converges, this

n=1 p D+e
leads to 2 IR!|e*® converges. Similarly, we can get that the series Z IR, |t

=1
converges

o0

. . . Apr1—

Next, we will discuss the convergence of the series Y. | [; ”:11 e“'do(t)|. Set
n=1 "

t
Ba(2) =/ edo(u), ro < Ay <1.

Ant
Due to

A1 — A1 —

[ ot = [ domrap, )

nt A+

(0—50) A1 — )Ln+l* (6—s0)t
= B —)el T (o) [ e, (52)
n+

and in view of (48), it follows that |B,(A,4+1—)| < 1. Thus, for sufficient large n and
any ¢ > A,, we have

“+oo

Z

A
/ n+17—" O_tda
—1 n+

<260 o) ”“—i—KZ/nH o—0)t

_Ze“ %) n+1+1</ (o=cul gy, (53)

where K is a constant. By making use of 6 — 0p < —D < 0, it follows that

/me("*"“)’dt 1
0 Op—O

And by combining with (49), we obtain that [, e"dV (r) converges for all s =0 +it
with 0 < 69 — D, which implies that (1) converges for all s = ¢+ it with 0 < 6y —D.
Therefore, this completes the proof of Theorem 5.2. [

From Theorem 5.2, one can get the following result on the abscissa of between
convergence and absolute convergence of Dirichlet series.

~+oo
COROLLARY 5.1. For Dirichlet series f(s) = Y. ane™, if { A}, satisfies (5),
n=1

then
ogn

. 1
ol —ol > —hmiup 1
n—-4oo n

where Guf , GZ are the abscissas of convergence and absolute convergence of Dirichlet
series, respectively.
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6. The abscissa of uniform convergence of Laplace-Stieltjes transform

For x > 0, —o < T < 400, denote

ﬁ(xﬁ):/oxemda(t)7 AR = sup  |B(x7).

—oo<l T< o0

Now, the formula of the abscissa of uniform convergence of (1) will be given below.

THEOREM 6.1. If Laplace-Stieltjes transform (1) satisfies

logA
lim sup OgT(x) =y>0, (54)

X—o0
then of = —7.
To prove Theorem 6.1, we first introduce some lemmas as follows.
LEMMA 6.1. Let s = 0 +it, and for a fixed real number 7,
A(x) = 0(e™), x— oo, (55)

then for any € > 0, (1) converges uniformly on the left half 6 < —y—¢€, —oo < T < o0,

Proof. Since for any r > (0, —oo < T < 40, we have

/ "elo i gy (1) / "eOd,B(t,7)
0 0

— OB (r,7) / B(1,7)e" dr. (56)
thus, in view of (56), forany ¢ < —y—¢€, —oo < T < 400, we obtain
|7 B(rT)| < e TTA(r) = O(e ™), (57)
and
‘a/r+we"fﬁ(z,r)dz < |G|/r+me‘”A(t)dt <K(y—££)e_”, (58)

where K is a bounded quantity independent of o, 7.
Let r — +oo, in view of € > 0, then for any —eo < T < 40, it follows

+°°
lim % B(r,7) =0, lim o / % B(t,7)dt = 0. (59)
r

r—+oo r—oo

By combining with (56) and (59), we can complete the proof of this lemma. [
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LEMMA 6.2. Ifthe integral

oo .
/ e(}”rl‘r)td(x(t)

0

converges uniformly for any fixed negative number y and —oo < T < +-oo, then

Ax)=0(e™), x— Heoo.

Proof. From the assumptions of this lemma, there exists a real number ry inde-
pendent of T such that for any r > ry,

/-r e(Y+iT)tda(t)

0

<. (60)

Let .
E(x,7) = / MG (1), X3 0, —o0 < T < oo,
0

Thus, in view of (60), for any x > ro, we have

Cennl<| [ e +1
0
</°emda(t)|+1=1<1, 1)
0

where K| is a bounded quantity. On the other hand, since

Bt) = [ e ALl D)= Cnne Ty [ e D, (6
0 0
in view of (61) and (62), we can deduce that
IB(x,7)| < Kie " +Ki(e ™ —1)< 2K e 7,

that is,
A(x)=0(e™ "), X — oo,
Therefore, this completes the proof of this lemma. [J

Now, we start to prove Theorem 6.1.

The Proof of Theorem 6.1. In view of (54), for any € > 0, we have
Ax)=0 (e(”%)x) . X — oo,

By Lemma 6.1, we obtain that (1) converges uniformly for all s = ¢ 4 it such that
o< —(v+5)—5=-7—¢€, —0<T< Foo.

Now, we only prove that (1) does not converge uniformly for s = ¢ +i7 such that
0 < —Y+E€, —o0 < T < oo, We use reduction to absurdity. If there exists ¥ satisfying
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—Y< ¥ < —y+¢€ <0, (1) converges uniformly for s = 0 +i7 such that 6 = ¥ and
—oo < T < oo, Thus, it follows from Lemma 6.2 that

A(x) = 0(e™ ™), X — oo,

that is,
logA
limsup L(x) < —0.
X—o0 X
In view of the above inequality and (54), and combining with the assumption of ¥, we
obtain ¥ < —9 < v, this is a contradiction.

Therefore, we complete the proof of Theorem 6.1. [
From Theorem 6.1, we can get the following corollary.

COROLLARY 6.1. If 6f <0, then

of =

", = —limsup

logA(x)
X—-o0 X '
Proof. 1f
logA
limsup M >0,
X—o0 X
thus the conclusion holds clearly by Theorem 6.1.
If 6f <0 and

logA
limsup 0gA ) <0,
X——+oo X
we have .
A(x) :0<e_%x> , X — oo,
F
Taking € = — %“ , we can deduce that (1) converges uniformly for
F F
Gu Gu 5 F F
oS ——|——% | =306 Oy
2 ( 8 ) 8 < Ou

this is a contradiction.
Therefore, this completes the proof of this corollary. [

7. Conclusions

From the above argument, we can see that the convergence abscissa formulas
of Laplace Stieltjes transform (1) given in this paper are consistent with the Valiron-
Knopp-Bohr formulas given by Yu [26] for the cases of Laplace-Stieltjes transform (1)
converging in the whole plane (the conditions (20), (21), (25)) or at the half plane (the
conditions (20), (21), (26)).
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From the foregoing, we discuss the convergence of Laplace-Stieltjes transform (1)
by using a method different from that in [26], and establish some formulas involving
three convergence abscissas of Laplace-Stieltjes transform (1) which is very similar to
Valiron-Knopp-Bohr formula in Ref. [26].
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