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SOME NEW IMPROVEMENTS OF YOUNG’S INEQUALITIES

CHANGSEN YANG AND ZHENQUAN WANG

(Communicated by J. Pecari¢)

Abstract. In this paper, we obtain some improvements and generalizations of Young’s inequali-
ties as the following:
(1) If b > a, we can get

(aV,D)" — (att,b)" P v(l—v)
(aVb)m — (afib)m = (1 —1)’

(2) If b < a, we can get

(aV,b)"™ — (at,b)™ < v(1—v)
(aVeb)" — (aich)” = 7(1—1)

for m € Ni and 0 <v <7< 1. In addition, we obtain new result of Young’s inequality by
using the expansions of the functions (1 —v)+vx—x" with 0 <x <2.

1. Introduction

The Young’s inequality [8] is well known as the following: If a,b > 0 and 0 <
v < 1, then

atyb=a' b’ < (1 —v)a+vb=aV,b (L.1)

where equality holds if and only if a =b. Let g = x in inequality (1.1), then we can
obtain the equivalent inequality

0<(1—v)+wx—x" (1.2)

Liao, Wu and Zhao [7] showed the reverse inequality of the above Young’s in-
equality with Kantorovich constant

(1—v)a+vb < K(h,2)Ra'""p" (1.3)

_ _ (e _b
where a, b >0, R =max{v,1 —v} and K(h,2) = 5~ with h = 2.

He [2] and Hirzallah [3] refined Young’s inequality so that
r*(a—b)*> <[(1—v)a+vb)?— (a'"p")* < R*(a—b)? (1.4)
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where a, b >0, r =min{v,1 —v} and R = max{v,1 —v}.

Alzer, Fonseca and Kovacec [1] presented the following Young’s inequalities

Y o (aV,b)" — (at,b)™ - (I—y)m

™ (aVib)" — (at<b)™ h (I—1)m

forO<v<t<land meN,.
Liao and Wu [5] replicated the above result as follows:

v - (aVyb)" — (alyb)™ - (I—=v)m

= (aVib)m — (alh)m = (1—1)m

forO<v<t<land meN;.
Sababheh [10] obtained by convexity of function f

vt (A fO) v = ) (=)

™ [(1=1) )+ W)= f(r) ~ (1-1)"

forO<v<t<land meN,.
Ren [9] obtained the following inequalities:

aV,b—at,b < v(1—v)

aVeb—aich ~ t(1-1) b-az0

Zgi ZEZb ;8:;)) b—a<0
and

((ngzgjigzﬁja); :8:?) b—a>0

> i peeo

forO<v<t<1landa, b>0.

(1.5)

(1.6)

1.7)

(1.8)

(1.9)

In addition, Zhu [11] obtained new Young’s inequalities by using the expansions

of the functions 1=2E

In this paper, we generalize a part of above results in section 2. In section 3 we
obtain following results through using the expansions of the functions (1 —v)+vx—x"

(I—v)+vx—x" Zak ) — 1) x€(0,1]
2m
(I—v)+vx—x" E(Xk )(x— 1) x € [1,0)
and
2m+1

(I=v)+w—x"> 2 oy (v)(x— 1)k
k=2
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for 0 <v<1,méeN; and x > 0 where og(v) = (_1)kv(l_")(zk_!v)”'((k_l)_V) . And our
result is the improvement of [11, Corollary 1] when m = 1. Finally, we present trace

norm, Hilbert-Schmidt norm and determinant version of results in section 2.

2. Generalized improments of Young’s inequalities

We firstly show the generalization of Young’s inequality [9] for scalars under some
conditions.

THEOREM 2.1. Let 0 <v <1< 1, m€ Ny and a, b are real positive numbers.
Then

(1)If b > a, we can get

(aV,b)" — (a,b)™ _ v(1—v)

(Vb (ageby = 71— 1) b
(2)If b < a, we can get

(@Vb)" ~ (@) _ v(1-v) o)

(aVib)m — (atb)m ~ t(1—1)
Proof. Firstly, we have
(I—v+wx)"—x"
= (1—v4vx—x")[(1—v4v)" T (1= v )" 2" -
(1 — v vx)x =2V g xlm=1y)
Thenlet f(v) = (1 —v+vx)" 4 (1 —v4vx)" 2x" 4+ (1 — v vx)x =2V ym=1v,
we can get
f'0) = (m=1)(c=1)(L=v+v0)" 24 (m—2)(x = 1)(1 = v+ux)"
+(1—=v4+10)" 2 Inx+ -+ (x— D" 2" 4 (1 — v+ vx) (m — 2)x"" 2 Inx
+(m—1)x" "D Inx
= (x—=D[(m=1)1=v+vx)""2+ (m—2)(1 —v+vx)"3x" 4.+ x"2)]
FInx[(1 —v4+vx)" 2 + (1 —v4vx)" 2% -
(1 —v4vx) (m — 2)x" 2V 4 (m— 1)1,
(DIfx>1,wehave | —v+vx=1+(x—1)v> 1. Soit’s obvious that f'(v) >0,

it means that f(v) is increasing on [1,o0), that is to say % < 1. Therefore

(I —v+4wx)"—x™ _ (1 =v+vx)—x")f(v)
(I—1+m0)"—x""  ((1—741%) —x7)f(7)
o (1—v+4vx)—x"
S (- 14 1x) =47
v(l—v)
S Tio9) (by 1.8)
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2)If0<x<1,wehave | —v+vwx =14+ (x—1)v >0 and Inx < 0. So it’s
obvious that f/(v) <0, it means that f(v) is decreasing on (0, 1], that s to say % >1.

Therefore

(I —v+4wx)"—x"™ _ (1 =v+vx)—x")f(v)
(I—1+m0)"—x"T (1 =74+ 1x) —x7)f(7)
(I—v4vx) —x"
(I =74 1x) =27
v(l—v)
e (by 1.8)

Taking x = 2, we can get our desired results directly. [J

REMARK 2.1. (1) Let m =2, we can get [9, Theorem 2.3].
2)Leta=b,b=a,v=1—1, T=1—v in inequality (2.1), we can also get
inequality (2.2) directly.
(3)Let 0 <v<T<1,s0 1= > I, therefore
(1) If b > a, we can get
(aV,b)" — (atf,b)™ . v(l—v)
(aV:b)m — (atib)™ = (1 —1)
(i) If b < a, we can get
(aVyb)" — (atb)™ < v(1—v) < Vi1 —v) < v
(aVib)m — (atb)m ~ t(1—1) " t(1—1) " "

It is not difficult to see that Theorem 2.1 is the improvements of [1].

THEOREM 2.2. Let % <v< 1< 1 and a, b are real positive numbers. Then
K(h,2)’at,b—aV,b SV
K(h,2)%atb—aVb 1

2.3)

where K(h,2) = (hL:)z and h="5.
Proof. Firstly, we let
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and

1 2v—1 1 1 2v—1
H(x)=v (x—; ) [2vln (%) - 1} +v (x—|2— )
2v—1
EPNTEaE m (LY
2 2

It means that x € (0,1], /'(x) <0; x € [1,00), A'(x) 2 0. So h(x) > h(1) =0 and
f'(v) = 0. Therefore f(v) is increasing on (0,+o0).

Taking x = Z , we can get our desired results directly. [

THEOREM 2.3. Let 0 <v < 7T < % and a, b are real positive numbers. Then

(aVyb)? — (atyb)® —v*(a —b)?
(aVb)? — (afi:b)* — 12(a — b)?

> 2.4)

Q<

Proof. Firstly, we let f(v) = (v o 2 )? e

v

£ = v [2(x—1)(1=v+vx) =222 Inx—2v(x—1)?] — [(1=v+vx)? —x?—v? (x—1)?]

2
v
(= v+w)(mx—v—1)+x = 2P Inx — v (x — 1)?
— >
_ h(»)
=

and

B (x) = v —v—1)+v(1 —v+ux)+ 20> =2 Hnx — 2m® =20 (x— 1)
= —4v’x” nx.

It means that x € (0,1], /'(x) > 0; x € [1,00), A'(x) <0. So h(x) < h(1) =0 and
f'(v) <0. Therefore f(v) is decreasing on (0,+4co).

Taking x = g , we can get our desired results directly. [

THEOREM 2.4. Let % <v< 1< 1 and a, b are real positive numbers. Then

(atb)? +v3(a—b)’ — (aV,b)* v
(@b + Pla—bP— (@Veb? S T (2.5)
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Proof. Firstly, we let f(v) = PP (1vke)? ey

£ = v [2x% Inx +2v(x — 1)22— 20— 1)(1—v+w)]

[xz"—i-vz(x— 12— (1— v+vx)2]
2

v
20 Inx +v*(x — 1) —x¥ — (1 —v+wx)(vx —v—1)
2
v

and

B (x) = 42> Tnx + 202 (x— 1) — [v(vx —v— 1) +v(1 — v+ wx)]
= 4”x* M.
It means that x € (0,1], /'(x) < 0; x € [1,), W' (x) > 0. So h(x) > h(1) =0 and

f'(v) = 0. Therefore f(v) is increasing on (0, o).

Taking x = Z , we can get our desired results directly. [

3. Some new results of Young-type inequalities

According to Newton’s binomial expansion for x € (—1,1),

(I+x)"=1+vwx+ v(vz—! l)x2+ i\l 13)!(‘)_2)’53 +
- 1)(v—2]><-!-~[v— k=Dl k. .

Wecanhaveif 0<v<land 0<x<2,

(I=v)+w—x"= iak(v)(x—l)k (3.1)
k=2

k
where oy (v) = U V(l_v)(zlgv)"'((k_l)_v) . And then we can get some new results of
inequality (1 —v)+vx—x" based on (3.1).

THEOREM 3.1. Let 0<v< 1, me N, and x > 0. Then

(I—v)+vx—x" Zak Y —D)F x€(0,1],
(3.2)
(I—v)+vx—x" E(Xk Yx— 1) X € [1,00).
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Proof. Suppose

2m

flx)=(1 —v)—l—vx—x"—];zak(v)(x— -,
Then
flx)=v—w! Zkak Yx— 1)
2m
Fx) = vl —v)x" 2 —v(1—v) — N k(k—1)og(v)(x— 1)k2
k=3

FEI () = (1) (1 =) (2 —v) -+ ((2m —2) —v)x*~@m=D)
—2m—1)ogn—1(v) — 2m)'o,(v)(x— 1),
FP () = (1)1 =) (2 =v) - [(2m— 1) —v]x" 2" — (2m) ot (v).

Finally, we can get

O () = (<121 = )2 = v) - [(2m— 1) — V)22 — (2m) ()
=v(1=v)2=v)--[(2m—1) =v]x"" 2" —y(1 —v)(2=v)---[2m—1) —V]
(1)) [@m— ) (),

It means that ") (x) >0 on (0,1] and £ (x) <0 on [1,+eo), so that f?"~1(x) <
F@m=1)(1) = 0. Therefore f"=2)(x) is decreasing on (0,4c), f2"2)(x) >0 on
(0,1] and f"=2)(x) <0 on [I,+eo) obviously. By that analogy, f”(x) is decreasing

n (0,+oo). It means that f”(x) > 0 on (0,1] and f”(x) <0 on [1,+e0). So f'(x) <

Sf'(1) =0, that is, f(x) is decreasing on (0,+o0). According to f(1) =0, we can get
desired results. [

THEOREM 3.2. Let 0<v< 1, me N, and x > 0. Then

2m+1
(1—v)+vx—x" Z oy (v) (x — 1) (3.3)
Proof. Suppose
2m+1
f) =1 =v)+m—x"— Y og(v)(x— D~
k=2

Then
2m+1

flx)=v—w"! Z kog (v)(x— 1)

2m-+1

(X)) = vl —v)x" 2 —v(l—v) — 2 k(k—1)og(v)(x—1)k2
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P (x) = (=121 =v)(2=v) - [(2m — 1) —v]x" 72" — (2m) otz (v)
— 2m+ D)o (v)(x—1),
P (k) = (=12 (1 =) (2 =) - (2m —v)x" @D — (2m 4 1) oy (v).

Finally, we can get
FPm (x) = (=12 (1 =) (2= v) - (2m—v)x" ") — (2m+ 1) oty (v)
—v(1=v)2 =) 2m—=v)x" ") L1 =) (2 =) 2m —)
v(1=v)(2=v)---(2m—v)(1 —x"~2m+D),
It’s obvious that "+ (x) <0 on (0,1] and f®"1(x) >0 on [l,+ee), so that
F@m (x) > f2m (1) =0. Therefore £~V (x) is increasing on (0, 4e0),so f2"=1(x) <
0 on (0,1] and £~V (x) >0 on [1,4e0). By that analogy, f'(x) is increasing on

(0,+o0). It means that f'(x) <0 on (0,1] and f'(x) >0 on [l,+e0). So f(x) >
f(1) =0. By simple shift, we can get final result. [

COROLLARY 3.1. Let 0<v <1 and x > 0. Then

(1—v)+vx—xv>M(x—l)2, x € (0,1],
2 (3.4)

(1—v)+vx—xV<v(lz_v)(x—l)z, X € [1,00).

Proof. Let m =1 in Theorem 3.2, we can get desired results. [

REMARK 3.1. Because x” > 1 on [1,e0) and 0 <x" < 1 on (0,1], so

(I—=v)+wx—x"> v(12— V) (x—1)? >xV7v(12_ V) (x—1)2, x € (0,1],
v(1—v) v(1—v)
2

(I—=v)+wmx—x"< (x—1)%<x (x—1)% X € [1,00).

It’s not hard to see that the inequality 3.4 is the improvement of [11, Corollary 1].

REMARK 3.2. Let x = g in Theorem 3.1 and Theorem 3.2, we can get

2m
(1—v)a+vb—a'""p" > Zak(v)al_k(b—a)k7 az>b>0
k=2

2m
(1=v)a+vb—a' b’ < Eak(v)alfk(b—a)k, b>a>0

k=2
and
2m+1
(1=v)a+vb—a' """ > Y oy (v)a' k(b —a)*.
k=2

It’s obvious that 37_, og(v)a' (b — a) is greater than O where a > b > 0.
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COROLLARY 3.2. Let O0<v<t<land a>b>0. Then

(aV,b) — (atyb) — 345 oy (v)a' =% (b — a) < v(1=v)(2—=v)---(n—v)
(aV+1b) — (atch) — 31, oq(t)a' *(b—a)k ~ t(1-1)2—1) - (n—1)

Proof. Firstly, we let x € (0,2) and

SOV =(1—=v)+w—x"— i oy (v) (x— 1)k

k=2

According to (3.1), we have

k=n+1
SO
(1)t S o) = DF 55y (-DAouv) (1 -0t
(I-—1t)+x—x"=X ,ou(t)(x—1F ¥, (=DFoy(t) (1 —x)k
Let

I
—
I
-
e
<
8
=
<
=
I

Br(v)

When k > n+ 1, we can get

Br(v) _ v(l=v)2—=v)---(k—1—-v) - v(1=v)(2—=v)---(n—v)
B(r) t(1-1)Q2-1) - k-1-17)" 1(1-7)2-17)(n—7)

Therefore

(L)'= Huma-1" 5, A1)

(I-1)+x—x"=Y s ou(t)(x— 1k T2 Be(n)(1—x)*
< v(1=v)(2=v)---(n—v)
T t1-1)2-1)--(n—1)

Taking x = g , we can get our desired results directly. [

4. Applications

Let M,(C) denotes the space of all n x n complex matrices and M, (C) denotes
the space of all n x n positive semidefinite matrices in M,(C). A norm |||.||| is called
unitarily invariant norm if |||UAV||| = |||A]|| for all A € M,(C) and for all unitary
matrices U,V € M,(C). For A = [a;;] € M,(C), the trace norm and Hilbert-Schmidt
norm of A are defined by

1Al =trlA] = 3 si(A), ||A2=\/ZS?(A)= 2 laijl?
i=1 i=1

ij=1
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where s1(A) = 52(A) > --- > 5,(A) are the singular values of A, that is, the eigen-

.. . 1 . .
values of the positive matrix |A| = (A*A)?2, arranged in decreasing order and repeated
according to multiplicity and tr is the usual trace function. As is known to all, the
Hilbert-Schmidt norm is unitarily invariant.

LEMMA 4.1. Let A,B € M,f (C), then

det(A+B)1 > detAn + detBi.

LEMMA 4.2. ([5]) Let A,B,X € My(C) and A,B € M} (C). If 0 <v < 1, then
for any unitarily invariant norm ||| - |||
14X B[ < [[JAX][|"[1XBI||'~.
THEOREM 4.1. Let A,B€ M, (C), me N+ and 0 <v< 1< 1. Then

(1)If B>A >0, we can get

1L =)A+vB|I7 = (AT IBID" _ 10— 2)A+ Bl — (JAILIBIE)".
v(1—v) = (1—1) ’

(2)IfA>B >0, we can get

1L =)A+vB|[ = (AT IBID" _ 10— 2)A+ Bl — (JAILIB]1§)”
v(l—v) - (1 —1)

Proof. Suppose B > A and by Theorem 2.1, we have

(1 =v)A+vBI|{

= (tr((1 =v)A) +tr(vB))™
= ((1=v)tr(A) +ver(B))™
< (tr(A) ' tr(B))" + ;8 :)) [((1 = ©)r(A) + ter(B))™ — (er(A)'%tr(B)T)™]

= AN 1B + S 11— 0+ <87 Ll 131

Using the same method we can get (2) similarly, so we omitit. [J

THEOREM 4.2. Let A,B€ M, (C), me Ny and 0 <v< t<1. Then
(1)If B>A >0, we can get

det((1—1)A+1B)"
(1 —1)
v(l—v)

[[(1 —v)detAr + vdetBi]™ — det(Al—VBV)’"] +det(A'"B)";
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(2)IfA > B> 0, we can get

det((1 —v)A+vB)™

l _
> det(A"BYY" + ;E 1 ;)) {[(1 — 7)detA" + TdetBi]"™ — det(A!"TBT)"

Proof. Suppose B > A and by Theorem 2.1 and Lemma 4.1, we have
det((1—1)A+tB)"
- [det((l DA+ rg)ﬂ

1 1]mn
> [(1 1) detA7 +TdetBﬁ}

T(I—T) 1 1 1-v v
> _ u ylmn m o ]mn
> 0o [[(1 v)detAn +vdetBa]™ — [detA's" detBi] }

n [detA% detBﬂ

T(l_T) 1 Lon —Vvpv\m
= v(l—V) [[(l—v)detAn —|—vdetBn] —det(Al B) ]

+det (A17B7)"
Using the same method we can get (2) similarly, so we omitit. [l
THEOREM 4.3. Let A,B,X € M,(C) with A,B€ M, (C), me Ny and 0 <v <

T < 1, then for any unitarily invariant norm ||| - |||, we have
(1)IfB>A >0, we can get

[(1—o)[||AX]|] + =|[|XBI|[]"
> T(1—1)
v(1—v)
(2)IfA>B >0, we can get

[ =) IAX [+ vIlIXBI)" = (NAX ] IXBI)™] + ([ X BT

[(L=w)[IAX[[+vIl|IX B[]
v(l—v)
“r(l1-1)

[ =) [JAX[] + X BI" = (A 1XBI[)"] + [[]AXBY][|".

Proof. Suppose B > A and by Theorem 2.1 and Lemma 4.2, we have

(1= ) IAX ]|+ ¥l XBI|" ~ 114X B7| "
> [(1= )X+ <llIXBI" ~ (HAX 11X BI)"
> S = wlAXI KB = A1 KB

Using the same method we can get (2) similarly, so we omitit. [l
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THEOREM 4.4. Let A,B€ M, (C) and + <v <1< 1. Then

K(h,2)"|All;"IBII} — [|(1 = v)A+vB|)y - K(h,2)"| Al "|IB|IT = ||(1 — 7)A+ B
v = T

where K(h,2) = (h:{hl)z and h = i:g;

Proof. According to Theorem 2.4, we have
[(1—=v)A+vB
= (1—=v)tr(A) 4+ vir(B)
> K(h,Z)Vtr(A)l"’tr(B)V — ;[K(h,z)ftr(A)l’Ttr(B)T — (1 =1)tr(A) + ttr(B))]
_ 1% _
= K(n,2)"[IAl;11BII} - ;[K(hﬂ)’IIAHi BT — I(1 = T)A+ TBJJ1].

This completes the proof. [l

THEOREM 4.5. Suppose A,B,X € M, (C) such that A,B € M,} (C). Then
(1)if0<v<1< %,wehave

I(1—v)AX +vXB|j5 — [|A" "X B*||3 — v*[|AX — BX |3
v
_ (A= DAX + X B||3 — A" "X BT||3 — 7| AX — XB]3.
= T b

(2)if%<v<’v<1,wehave

1 —v)AX +vXB|?—||A' "X B"||2 —v?||AX — XB||?
2 2 2

v
_ (1= DAX +XB|3 — A" "XBT||3 — 7 |AX — XB|3
T

Proof. Since A and B are positive semidefinite, it follows by spectral theorem
that there exist unitary matrices U,V € M,(C), such that A =UA,U*, B=VAV*,

where A = diag(A1, A2, ,A), Ay = diag(ly,lo,- -+, Uy) for A;, 1 are eigenvalues
of A and B respectively, i,/ =1,2,--- n.
For our computations, let ¥ = U*XV = [y;]. Then we have
(1 =v)AX +vXB =U[(1 —v)A1Y +vY Aa]V* = U[((1 —v) A+ vy )yu]V*,

AYTVXB = UM w)yalV*, AX —XB=U|[(A— w)ya]V*,
So

I(1 —v)AX +vX B[ — |[A""XB"|j3 —v*||AX — XB|3
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= A=A+ vPlyal? = XA 1) val? = v X (A — ) lyal®

il il

(=) A+ vl = (A0 = (i — w)?) yal?

~

I
.M:

~

WV
Qal<

2 ([ =)+l = (&) = (A — )] lyal®
il

(1= )+ T lyal® ~ Z(ll uf)’ Iyz|2—122,7L ) [yal?
l

i il

[I(1 = 2)AX +7XB|)3 — A"~ "XB"3 ~ TZIIAX—XBH%] :

QAl<s Qal<

Using the same method we can get (2) similarly, so we omitit. [J
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