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BOUNDEDNESS FROM BELOW OF COMPOSITION
OPERATORS BETWEEN L, AND L, BETWEEN L AND
THE HARDY SPACE H?, BETWEEN L, AND BESOV SPACE

RIKIO YONEDA

(Communicated by N. Elezovic)

Abstract. We study the relation between the composition operators C, with closed range on
the weighted Bloch spaces and C;, with closed range on the weighted Dirichlet spaces Dg . In

particular, we study the boundedness from below of composition operators between L5 and L,
between L/ and Hardy space, and between L and Besov space.

1. Introduction

For ¢ analytic self-map of the open unit disk D, the composition operator Cy

is defined by Cy(f) = fo@. For z,w € D, let @.(w) = IZ:;}V and, dA(z) the area
measure on D.

For p >0, oo > —1, the weighted Dirichlet space @I‘j‘ is defined to be the space
of analytic functions f on D such that

o1+ ([a-Rrrerae) <o

Incase =1 and p=2, then ) = H 2 is the classical Hardy space. Furthermore,
in case o = p and 1 < p < oo, then 98 = [ is the usual Bergman space. Also, in
case o =p—2and 1 < p < oo, 9{7’_2 = B, is called the Besov space. In particular,
95) = 2 is called the Dirichlet space. (See [19].)

For o > 0, the weighted Bloch space %, is defined to be the space of analytic
functions f on D such that

1£(0)] +Séle(1 — 2P| (2)] < oo

Note that %) = £ is the usual Bloch space.

Mathematics subject classification (2020): Primary 47B38; Secondary 30D50.
Keywords and phrases: Composition operator, weighted Dirichlet space, Bloch space, Bergman space,
Hardy space, Besov space, closed range, bounded below.

© depay, Zagreb 315

Paper IMI-17-21


http://dx.doi.org/10.7153/jmi-2023-17-21

316 R. YONEDA

The amount sup(1 — |z|*)* | f(z)| is a pseudonorm, which coincides with the %, -
z€D

norm on the closed subspace of functions that vanish at the origin. So it coincides
with the quotient norm on %, /% where ¢ denotes the closed subspace of constant
functions. The space BMOA is defined to be the space of analytic functions f on D
such that

O +sup ([ (1= 0PI PaA) <=

By Schwarz-Pick lemma, the operator Cy, is bounded on the Bloch space %, also on
BMOA. Furthermore, it follows from Littlewood’s subordination theorem that Cy is
bounded on the Bergman space L% for all 1 < p < oo. In [3] P. S. Bourdon, J. A. Cima
and A. L. Matheson obtained a necessary and sufficient condition for compactness of
Cy on BMOA.

To state our investigations, we give some definitions. Let X be a Banach space
and let T a linear operator from X into X . An operator T is called bounded below on
X if there exists a constant C > 0 such that || 7f ||> C || f || forall f € X. (Clearly,
when a composition operator Cy is defined on a space of analytic functions on D,
Cy is bounded below on the space if and only if Cy is closed range.) Furthermore,
a subset H of D is called a sampling set for the space %, if there exists a constant
C > 0 such that sup(1 — [z]*)*|f'(z)] < Csup(1—[z]*)*|f'(z)| for all f € By. For

z€D z€EH

£>0,let Ge=¢ ({z €D, % > 8}) . In [6], P. Ghatage, D. Zheng and N.
Zorboska determined the boundedness from below of composition operators on the
Bloch space using a sampling set G¢ for the Bloch space. Moreover, N. Zorboska
([21], [22]) characterized the boundedness from below of composition operators on the
Bergman spaces. Also, H. Chen and P. Gauthier characterized the boundedness from
below of composition operators on %, in [4]. Furthormore, W. Smith ([13]) studied
the boundedness and compactness of composition operators between Bergman spaces
and Hardy spaces.

In this paper, we study when composition operators are bounded below on the
weighted Dirichlet space 2%, the weighted Bloch spaces %, and the Bergman spaces
L%, respectively. Moreover, we study relationship between the boundedness from below
of composition operators on 7 and it on %y . As a result, we can characterized the
boundedness from below of composition operators between LY and H?, between LI
and B, respectively.

2. Background material

In this section, we introduce several results to prove the main theorem. In [1]J. R.
Akeroyd and P. G. Ghatage proved the following result.

THEOREM A. ([1]) Let ¢ be a univalent, analytic self-map of D. Then Cy is
closed range on L? if and only if @ is an automorphism of D.

In [17] we proved the following result.
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THEOREM B. ([17]) Let o« > 1. Suppose ¢ is a univalent self-map of D. Then
the following are equivalent.

(1) Cp: PBo — PBo is bounded below.

(2) Co:Li(=23) — Li(= Z3) is bounded below.
(3) Cy:H*(=23) — H*(= 23) is bounded below.
(4) Cy: 25 — 25 is bounded below.

(5) @ is an automorphism of D.

THEOREM C. ([17]) Let 0 < a < 1. Suppose @ is a univalent self-map of
D. Furthermore, suppose that Cp: By — Bo is bounded (i.e. sup,cp (1— |z\2)a .
(1—19(2)]?) “|9'(z)| < ), and that Cy: 2 — D is bounded. Then, the following
are equivalent.

(1) Cp: PBo — By is bounded below for some 0 < o < 1.

(2) Cyp: PBo — B is bounded below for all 0 < o < 1.
(3) Cgy: L2 — L2 is bounded below.

(4) Cy: H* — H? is bounded below.

(5) Co: 2% — D] is bounded below for some y > 1.
(6) Co: 2] — P is bounded below for all y> 1.

(7) Cp: 2 — 2 is bounded below.

(8) Cy: BMOA — BMOA is bounded below.

(9) Cy: %P — P is bounded below.

(10) o is an automorphism of D.

In [4] H. Chen and P. Gauthier proved the following result with respect to the
composition operators Cyp : By — A .

THEOREM D. ([4]) Suppose B > 1 and o < 3. Then Cy : By — HBp is bounded,
while Cyp : Bo — P is not bounded below if o < .

Moreover, in [22] N. Zorboska proved the following result that generalizes Theo-
rem D.

THEOREM E. ([22]) Let o, >0 and o # B. Suppose Cy : By — Bp is
bounded. Then Cy : Bo — Bp is not bounded below if « <1< B, or 1 <o <, or
a>f, B<l1.

In this paper, we get several results with respect to the boundedness from below
of composition operators between Bergman spaces L. and Bergman spaces L{, the
boundedness from below of composition operators between Bergman spaces L} and
Hardy space.



318 R. YONEDA

3. The main results and the univalent case

If ¢(0) =a and y = @,0 @, then Cy is bounded below on By (or 7)) to HBq
(or 7y) if and only if Cy is bounded below on %y (or 7)) to By (or 7, )(See
[6] and [21]). So we assume from now on that ¢(0) = 0 and that Cy is acting on the
subspace of functions that vanish at the origin.

Let o« > —1. For Va € D, the following estimate is standard ([19]).

(1—a)* 2+ (A > o+2)
(1— Iz > _
‘/DWdA(Z) ~ logm (zf = OH—Z) (1)
1 A <a+2).
Using the estimate (1), we have the following result.

THEOREM 1. Let 0 < p,q < +oo, and o,y > 0. Suppose that Cy, : _@f,m — @,;”/
is bounded. If Cy : @II,’ “ @Zy is bounded below, then there exists a constant K > 0
such that

Supl(wa) @I =12 = KSpg.alf)
forall f € By, where

sup.cp |/ (2)](1  [o2)*+2(53) (1<q<p)

Spaelf) = 3 supcp @11~ D 20 (log 127) T (g=1<p)
supep £/ (2|1~ [z
Proof. Forae D and V f € %, we see that
— [ 7©eu00c e 5.

In fact, using the evaluation (1), it holds that

(0<g<1<p).

(Lu-rrarerae) - ([ ronsora- z|2>ﬂ°‘dA<z>)"
< st =217 0 ([ icorrana)

(
(
(

and

(f loerare) 'l’

1= la2)5 ! (p>1)
_|a‘2)10g1_2w (r=1)

~

—lal?) O<p<l).
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Hence F(z / F(§)e.(8)dg € 725~

Let p > g > 1 and f € By, then (2) implies that F € Z5“. Since Cy : 5% — 277
is bounded below, for any « € D, using subharmonicity of |f o ¢,|?, there exists a
constant K > 0 such that

(\f/(a)Il’(l — |a|2)1’(a71)+2> »

VA
<=

k([a=EPre i @ra-leepra

k([ Ir@rie@ra - kPras)’

fa-l2rer@rae)’

1

1

(
(

<& ( [a-lmicory@prare )
(

-k ([a- ZI2)‘”I(wa)’(Z)coé(co(Z))I"dA(Z)> ”

<& (swpl(Cory@ln - ) ([ loito@rarc) )’

Since C, is bounded on LY and that ¢} € L{, for any a € D, using the evaluation (1),

l

1 1
1 L (291
{ [ 19ionaa@} < Col{ [ 19h@1anc) } ~ ol (1= 1aP) % <o,
where || Cy || is the operator norm. Hence there exists a constant K’ > 0 such that
+2
Suglf'(Z)Kl—\Zl ) (-3) <& Supl(wa) @I = [z (Vf € Ba).-
zE

Let p>g=1and f € %, then (2) implies that F € 25 % So we can also prove
that there exists a constant K’ > 0 such that

. —1
sup /' (2)|(1 — |25~ ><1og : 2) < K'sup|(Cof) (2)](1— |27
zeD 1- H zeD
(Vf € By).

Let p>1>¢g>0and f € By, then (2) implies that F € 75 % Thus we can also
prove that there exists a constant K’ > 0 such that

201
sup|f'(2)|(1 = [2)* 2™ < K sup (Co ) (2)| (1 = 2)7 (Vf € Ba).
z€eD zeD
This completes the proof of theorem. []

The following result generalizes Corollary 3.6 of [2].
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COROLLARY 2. Let 1 < p <eo. If Cy : Ly — LI is bounded below, then C, :
B — B is bounded below.

Proof. When 1 < p < o, applying ¢ =y =1 and ¢ = p > 1 in Theorem 1 and
using the property (1), we can prove that Cy : & — 2 is bounded below. [

If y=1, then L; = 2}" and that there exists a symbol ¢ such that C, : L —
LY (= 2%) is bounded below. If y # 1, then there is no symbol ¢ such that Cy : L —
25" is bounded below.

COROLLARY 3. Let 1 < p <oco. If y> 1, then Cy : L — 9},’7/ is bounded,
while there is no symbol ¢ such that it is bounded below. If v < 1, supposing that
Co: LF— @5 " is bounded, then there is no symbol @ such that it is bounded below.

Proof. Let p> 1.1If y> 1, the boundedness of C : L — 25" is trivial. Theorem
1 and Theorem E imply that Cy : L — 74 7 is not bounded below. If y < 1, supposing
the boundedness of Cy : L] — 74 7, then Theorem 1 and Theorem E imply that Cop:
Ly — 257 is not bounded below. [

If p>g>1andCy: Lh— _@,;”/, then we have the following.

COROLLARY 4. Let 1 <qg<p.Ify>1, then Cy (L — 9;” is bounded, while
there is no symbol ¢ such that it is bounded below.

Proof. If y > 1, the boundedness of Cy : L; — 27" follows from Holder’s in-
equality. And Theorem 1 and Theorem D imply that Cy : L — 27 is not bounded
below. [J

If 0 < g<p=1,if y# 1, then there is no symbol ¢ such that Cy : L} — 27" is
bounded below.

COROLLARY 5. Let 0 < g < 1. If y> 1, then Cy : Lt — P} is bounded, while
there is no symbol @ such that it is bounded below. If v < 1, supposing that Cy : Ll —
9:1”/ is bounded, then there is no symbol ¢ such that it is bounded below.

Proof. Let 0 < g < 1. If y> 1, the boundedness of Cy : Ll — @,’1”' follows
from Holder’s inequality. Theorem 1 and Theorem E imply that Cy, : Ll — 9;” is not
bounded below. If y < 1, supposing that Cy, : L) — :@,;”/ is bounded, Theorem 1 and
Theorem E imply that Cy, : L. — 277 is not bounded below. [

With respect to the composition operator Cy, : :@5 % L2, then we have the fol-
lowing.
COROLLARY 6. Suppose oo < 1. If p=qg>lorp>l=qorp>1>g>0,

then Cy : :@50‘ — LY is bounded, while there is no symbol ¢ such that it is bounded
below.

Proof. Since o < 1, the boundedness of Cy : Z5* — L{ follows from Holder’s
inequality. If p>g>1lorp>1=gqor p>1>¢q>0,then Theorem 1 and Theorem
E imply that Cy : Z5“ — L is not bounded below. [

The following result generalizes Theorem B.
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COROLLARY 7. Let o« > 1. Suppose 1 < p < eo. Suppose ¢ is a univalent self-
map of D. Then the following are equivalent.

(1) Co:25% — 5% is bounded below.

(2) Cy: PBo — B is bounded below.

(3) @ is an automorphism of D.

Proof. 1t follows from Theorem 1 that (1) implies (2). The equivalence of (2) and
(3) follows from Theorem B. It is trivial that (3) implies (1). [

The following result has never been proven so far.

COROLLARY 8. Supposethat 1 < q <2. Then Cy : H? — LY is bounded, while
there is no symbol @ such that it is bounded below.

Proof. The boundedness of the composition operator Cy : H 2 LY (g<4) fol-
lows from Holder’s inequality and the fact H> C LY (g < 4) (see [5]). Applying o = % ,
y=1and p=2, 1<¢g<2inTheorem 1, it follows from Theorem D that Cy, : H?> L]
is not bounded below. [

The following result has never been proven so far.

COROLLARY 9. Suppose that 2 < p < 4, and that Cy LY — H? is bounded.
Then there is no symbol ¢ such that Cy : LY — H? is bounded below.

Proof. Suppose that 2 < p < 4, and that Cy : L] — H? is bounded. Applying
a=1,y= %, 2 < p <4 and g=2 in Theorem 1, it follows from Theorem E and the
fact 1 +2(11—7 — %) % =7, that Cy - LY — H? is not bounded below. [

The following result characterizes the boundedness from below of the composition
operator Cy : L — L.

COROLLARY 10. If 1 <g<p, or 0<q<1<p<2,then Cy: L — LI is
bounded, while there is no symbol @ such that it is bounded below.

Proof. If 1 <g<p,or 0<g<1<p<2, the boundedness of Cy : L, — L
follows from Holder’s inequality. Applying o =y=1and 1 <g<p, or 0 < g <
1 < p <2 in Theorem 1, it follows from Theorem D that Cy, : L; — L{ is not bounded
below. [

The following result generalizes Theorem C.
THEOREM 11. Let 0 < o <1 and 1 < p < eo. Suppose @ is a univalent self-map
of D. Furthermore, suppose that Cy : Bo, — Py is bounded (i.e. sup,cp (1— \Z|2)a

(1—lo@@)P) “|9'(z)| < o), and that Cy : 9 — P is bounded. Then, the following
are equivalent.

(1) Cy: LY — LY is bounded below.
(2) Co: 25" — 257 is bounded below for some y > 1.
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(3) Co: 25" — 25" is bounded below for all y > 1.

(4) Cy: PBo — By is bounded below for some 0 < o < 1.
(5) Cy: PBo — B is bounded below forall 0 < o < 1.
(6) Cy: By — By is bounded below for some y > 1.

(7) Cy: By — By is bounded below for all y> 1.

(8) Cyp: 2 — 2 is bounded below.

(9) Cy: % — A is bounded below.

(10) @ is an automorphism of D.

Proof. Using Corollary 2 and Theorem C, we can prove theorem. [J

The following result characterizes the boundedness from below of the composition
operator Cy : B, — B, which has never been proven so far.

COROLLARY 12. Suppose 2 < q < p <o and that Cy : B, — By is bounded. If
Coy : By — By is bounded below, then Cy : %, > — 9B, 2 is bounded below.
q q

2 2
Proof. Applying ¢ =1— — and y=1— — in Theorem 1, we can prove that Cy :
p q
$,_2 — P,_2 is bounded below. [J
q q

REMARK 13. Let 2 < g < p <. Suppose ¢ is a univalent self-map of D.
_2 _(1-2
Furthermore, suppose that sup (1 — \z|2)1 “(1—-1o)) (1-3) |¢’(z)| < oo and that
zeD

Cyp: 9 — 2 isbounded. If Cy : B, — B, is bounded and bounded below, then Theorem
11 and Corollary 12 imply that ¢ is an automorphism of the open unit disk D.

The following results characterize the boundedness from below of composition
operators Cyp : B, — LT and Co: b — B, which have never been proven so far.

COROLLARY 14. Suppose 2 < q < p <. Then Cy : By — LY is bounded, while
there is no symbol ¢ such that it is bounded below.

Proof. Since 2 < g < p, the boundedness of Cy : B, — L} follows from Holder’s
inequality. Applying o =1 — %, Y=1 and 2 < g < p in Theorem 1, it follows from
Theorem D that Cy : B, — L is not bounded below. [

COROLLARY 15. Suppose 2 < q < p <oo. Supposethat Cy : L — By is bounded.
Then there is no symbol ¢ such that Cy : Ll — By is bounded below.

Proof. Since 2 <g< p,applyinga=1,y=1- % in Theorem 1, it follows from
Theorem E that Cy : L} — By is not bounded below. [
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