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MATHEMATICAL INEQUALITIES ON SOME WEIGHTED MEANS

SHIGERU FURUICHI, KENJIRO YANAGI AND HAMID REZA MORADI

(Communicated by M. Krnić)

Abstract. Some mathematical inequalities among various weighted means are studied. Inequal-
ities on weighted logarithmic mean are given. Besides, the gap in Jensen’s inequality is studied
as a convex function approach. Consequently, some non-trivial inequalities on means are given.
Some operator inequalities are also shown.

1. Introduction

The weighted arithmetic-geometric mean inequality (Young inequality) states that
(1−v)a+vb� a1−vbv for 0 � v � 1 and a,b > 0, which is equivalent to (1−v)+vt �
tv for 0 � v � 1 and t > 0. (1− v)+ vt and tv are often called representing functions
of the weighted arithmetic mean avb := (1− v)a + vb and the weighted geometric
mean a�vb := a1−vbv , respectively. We easily find the following relation for 0 � v � 1
and t > 0: {

(1− v)+ vt−1}−1 � tv � (1− v)+ vt, (1.1)

where
{
(1− v)+ vt−1

}−1
is a representing function of the weighted harmonic mean

a!vb :=
{
(1− v)a−1 + vb−1

}−1
for 0 � v � 1 and a,b > 0. In this paper, we use the

representing functions for the corresponding means, to simplify the results. Refine-
ments and reverses for the above inequalities have been studied in many literature. We
refer the readers to [2, Section 2].

Here, we summarize some reverse inequalities (1.1) with some ratios.

(i) We have the following relations

max
0�v�1

(1− v)+ vt
tv

= S(t), max
0�v�1

tv

{(1− v)+ vt−1}−1 = S(t), (1.2)

where S(t) :=
t1/t−1

e logt1/t−1
is called the Specht ratio [2, Section 2].
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(ii) We also have the following relation

max
0�v�1

(1− v)+ vt

{(1− v)+ vt−1}−1 = K(t), (1.3)

where K(t) :=
(t +1)2

4t
is called the Kantorovich constant [2, Section 2].

From the relations (1.2) and (1.3), we have some reverse inequalities for (1.1) as

(1− v)+ vt � S(t)tv, tv � S(t)
{
(1− v)+ vt−1}−1

,

(1− v)+ vt � K(t)
{
(1− v)+ vt−1}−1

for 0 � v � 1 and t > 0.
In the paper [4], the following relations were obtained:

tv � fv(t) � 1
2
{tv +(1− v)+ vt}� (1− v)+ vt (1.4)

where for 0 < v < 1 and t > 0 with t �= 1

fv(t) :=
1

logt

{
1− v

v
(tv −1)+

v
1− v

(t− tv)
}

= L1/2(t
v,1) v

1−v
L1/2(t,1) (1.5)

is the representing function of the weighted logarithmic mean

Lv(a,b) :=
1

loga− logb

{
1− v

v
(a−a1−vbv)+

v
1− v

(a1−vbv −b)
}

, (a,b > 0,a �= b)

with Lv(a,a) := a . So, we easily find Lv(1,t) = fv(t) = t ·Lv(1/t,1) and the relation
for four weighted means as

a!vb � a�vb � Lv(a,b) � avb.

In addition, the further tight lower bound of Lv(1,t) was given in [1]:

tv � tv/2vt
(1+v)/2 � Lv(1,t).

Note that L1/2(a,b) =
a−b

loga− logb
for a �= b and so L1/2(1,t) = L1/2(t,1) = f1/2(t) =

t−1
logt

for t �= 1.

As generalized results from convex analysis, some extended results for the loga-
rithmic mean have been obtained in [5, 6].

In this paper, we give reverse inequalities for (1.4). Certain new inequalities for
convex functions are also established. Using these, we derive refinements of arithmetic-
logarithmic mean and Hermite-Hadamard inequalities.
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2. Weighted logarithmic mean

We start this section with the following theorem.

THEOREM 2.1. For 0 < v < 1 and t > 0 with t �= 1 , we have

(i) fv(t) �
(
max{1,1/t}·L1/2(t,1)

)
tv .

(ii)
1
2
{tv +(1− v)+ vt}�

(
S(t)+1

2

)
fv(t) .

Proof. (i) We have the following

fv(t)
tv

=
1

tv logt
(1− v)2(tv−1)+ v2(t− tv)

v(1− v)

=
1

log t
(1−2v)tv + v2t − (1− v)2

v(1− v)tv

=
1

log t

{
1−2v

v(1− v)
+

v
1− v

t1−v− 1− v
v

t−v
}

=
1

log t

{(
1− v

v
− v

1− v

)
+

v
1− v

t1−v− 1− v
v

t−v
}

=
1

log t

{
v

1− v
(t1−v−1)− 1− v

v
(t−v −1)

}

=
1

log t

{
v
t1−v−1
1− v

+(1− v)
t−v−1
−v

}
.

Since t1−v−1 � log t1−v = (1− v) logt ,

t1−v−1
1− v

� logt. (2.1)

Since t−v −1 � logt−v = −v logt ,

t−v −1
−v

� logt. (2.2)

Since t1−v−1 � (1− v)t + v−1 = (1− v)(t−1) ,

t1−v−1
1− v

� t−1. (2.3)

Since t−v −1 = (t−1)v −1 � vt−1 +1− v−1= v(t−1−1) ,

t−v−1
−v

� 1− t−1 = 1− 1
t
. (2.4)
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When logt > 0, it follows from (2.3) and (2.2) that

fv(t)
tv

� 1
logt

{v(t−1)+ (1− v) logt} � t−1
logt

.

When logt < 0, it follows from (2.1) and (2.4) that

fv(t)
tv

� 1
log t

{
v logt +(1− v)(1− 1

t
)
}

� t−1
t logt

.

Then we have the result.
(ii) Since tv � fv(t) , we have

(tv + vt +1− v)/2
fv(t)

� (tv + vt +1− v)/2
tv

=
1
2

+
1
2
{(1− v)+ vt}

tv
� 1+S(t)

2
. �

Note that (i) and (ii) in Theorem 2.1 are ratio type reverse inequalities for the first
and second inequalities in (1.4), respectively.

We also have the following interesting relations on the weighted logarithmic mean.

THEOREM 2.2. For 0 < v < 1 and t > 0 with t �= 1 , we have

min

{
1− v

v
,

v
1− v

}
L1/2(t,1) � fv(t) � max

{
1− v

v
,

v
1− v

}
L1/2(t,1).

Proof. We have the following

fv(t) =
1

logt

{
1− v

v
(tv −1)+

v
1− v

(t− tv)
}

=
1

logt

{(
1− v

v
− v

1− v

)
(tv −1)+

v
1− v

(t−1)
}

=
t−1
logt

{(
1− v

v
− v

1− v

)
tv−1
t−1

+
v

1− v

}

=
t−1
logt

{
1−2v

v(1− v)
tv −1
t−1

+
v

1− v

}
.

We put F(t) =
1−2v

v(1− v)
tv−1
t−1

+
v

1− v
. Then

F ′(t) =
1−2v

v(1− v)
vtv−1(t −1)− (tv−1)

(t−1)2

=
1−2v

v(1− v)
vtv− vtv−1− tv +1

(t−1)2

=
1−2v

v(1− v)
tv−1(t1−v − (1− v)t− v)

(t−1)2 .
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Since (1− v)t + v � t1−v , F
′
(t) � 0 for 0 < v < 1/2. And since

lim
t→

F(t) =
1−2v

v(1− v)
lim
t→

tv −1
t−1

+
v

1− v

=
1−2v

v(1− v)
lim
t→

vtv−1 +
v

1− v

=
1−2v

v(1− v)
lim
t→

v
t1−v +

v
1− v

=
v

1− v
> 0,

we have infF(t) =
v

1− v
and supF(t) = F(0) =

1− v
v

.

Since (1−v)t+v � t1−v , F
′
(t)� 0 for 1/2 < v < 1. Then we have infF(t) =

1− v
v

and supF(t) = lim
t→

F(t) =
v

1− v
. Thus

min
t

fv(t) = min

{
1− v

v
,

v
1− v

}
t−1
logt

,

max
t

fv(t) = max

{
1− v

v
,

v
1− v

}
t −1
log t

.

When v = 1
2 ,v = 0 and v = 1, it is clear. Then we have the result. �

At the end of this section, we give operator inequalities as consequences of our
theorems. Since

∫
txdx = tx

logt +C , the function fv(t) defined in (1.5) can be expressed
by

fv(t) =
1− v

v

∫ v

0
txdx+

v
1− v

∫ 1

v
txdx.

For positive operators A,B , we define the weighted operator logarithmic mean as

A�vB := A1/2 fv
(
A−1/2BA−1/2

)
A1/2

=
1− v

v

∫ v

0
A�xBdx+

v
1− v

∫ 1

v
A�xBdx for 0 < v < 1.

We see A�1/2B =
∫ 1
0 A�xBdx which is the operator logarithmic mean. We also use the

standard notations for the weighted arithmetic mean AvB , the weighted geometric
mean A�vB and the weighted harmonic mean A!vB for positive operators A,B and
0 � v � 1:

AvB := (1− v)A+ vB, A�vB := A1/2
(
A−1/2BA−1/2

)v
A1/2,

A!vB :=
{
(1− v)A−1 + vB−1}−1

,

respectively. It was shown that [4]:

A!vB � A�vB � A�vB � 1
2

(A�vB+AvB) � AvB.

From Theorem 2.2, we have the following inequalities.
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COROLLARY 2.1. For 0 < v < 1 and positive operators A,B, we have

min

{
1− v

v
,

v
1− v

}
A�1/2B � A�vB � max

{
1− v

v
,

v
1− v

}
A�1/2B.

From Theorem 2.1, we also have the following results.

COROLLARY 2.2. For 0 < v < 1 and positive operators A,B such that A � B �
A with 0 <  �  , we have

(i) A�vB � k1 ·A�vB, where k1 := max
�t�

(
max{1,1/t}· f1/2(t)

)
.

(ii) A�vB+AvB � k2 ·A�vB, where k2 := max
�t�

(S(t)+1).

If  � 1, then k1 =
 −1
log

and k2 = S( )+1. If  � 1, then k1 =
−1
 log

and

k2 = S()+1. A few complicated analysis are possible for the constants k1 and k2 for
the other cases. We omit them here.

3. Convex functions approach

This section gives upper and lower bounds on the gap in Jensen’s inequality, i.e.,

n


i=1

pi f (ai)− f

(
n


i=1

piai

)

where f : J ⊆ R → R is a convex function, ai ∈ J , and pi � 0 with
n

i=1

pi = 1. The

first result contains several arithmetic means inequalities.

THEOREM 3.1. Let f : J ⊂R→ (0,) be a convex function and let ai ∈ J , pi � 0

and
n

i=1

pi = 1 . Then we have for any natural number m,

Am
f −Gm

f

mAm−1
f

� Af −Gf �
Am

f −Gm
f

mGm−1
f

, (3.1)

where

A f := Af (a1, · · · ,an; p1, · · · , pn) :=
n


i=1

pi f (ai),

and

Gf := Gf (a1, · · · ,an; p1, · · · , pn) := f

(
n


i=1

piai

)
.
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Proof. We use the identity am−bm = (a−b)(am−1+am−2b+ · · ·+abm−2+bm−1) .
If a � b > 0, then we have

am−1 +am−2b+ · · ·+abm−2 +bm−1

mam−1 � am−1 +am−2b+ · · ·+abm−2 +bm−1

am−1 +am−2b+ · · ·+abm−2 +bm−1

� am−1 +am−2b+ · · ·+abm−2 +bm−1

mbm−1 .

Multiplying a−b � 0 to both sides in the inequalities above, we have

am −bm

mam−1 � a−b � am −bm

mbm−1 . (3.2)

From Jensen inequality, we have Af � Gf . Thus we get (3.1) by putting a := Af and
b := Gf in (3.2). �

Applying Theorem 3.1 to m = 2, we have the following statement.

COROLLARY 3.1. Let f : [a,b] → (0,) be a convex function and let 0 � v � 1 .
Then

( f (a)v f (b))2− f 2 (avb)
2( f (a)v f (b))

� f (a)v f (b)− f (avb)

� ( f (a)v f (b))2− f 2 (avb)
2 f (avb)

.

The well-known Hermite-Hadamard inequality states that

f

(
a+b

2

)
�
∫ 1

0
f (avb)dv � f (a)+ f (b)

2
(3.3)

for a convex function f : [a,b] → R . By Corollary 3.1, we have a new interpolation of
(3.3).

COROLLARY 3.2. Let f : [a,b] → (0,) be a convex function. Then we have

∫ 1

0
f (avb)dv−

∫ 1

0

f 2(avb)
f (a)v f (b)

dv � f (a)+ f (b)
2

−
∫ 1

0
f (avb)dv

�
∫ 1

0

( f (a)v f (b))2

f (avb)
dv− f (a)+ f (b)

2
.

Proof. Taking integral over 0 � v � 1 in Corollary 3.1, we get

1
2

∫ 1

0
( f (a)v f (b))dv− 1

2

∫ 1

0

f 2 (avb)
( f (a)v f (b))

dv

�
∫ 1

0
( f (a)v f (b))dv−

∫ 1

0
f (avb)dv

� 1
2

∫ 1

0

( f (a)v f (b))2

f (avb)
dv− 1

2

∫ 1

0
f (avb)dv
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or equivalently,

1
2

f (a)+ f (b)
2

− 1
2

∫ 1

0

f 2 (avb)
( f (a)v f (b))

dv

� f (a)+ f (b)
2

−
∫ 1

0
f (avb)dv

� 1
2

∫ 1

0

( f (a)v f (b))2

f (avb)
dv− 1

2

∫ 1

0
f (avb)dv.

Adding − 1
2

f (a)+ f (b)
2 and 1

2

∫ 1
0 f (avb)dv to all sides in the above inequalities, then we

have the desired inequalities. �

REMARK 3.1. From the first inequality in Corollary 3.2, with f (avb) > 0 and
f (avb)

f (a)v f (b)
� 1, we have

∫ 1

0
f (avb)dv � 2

∫ 1

0
f (avb)dv−

∫ 1

0

f 2(avb)
f (a)v f (b)

dv � f (a)+ f (b)
2

.

The following result establishes an interpolation between the arithmetic and the
logarithmic means.

THEOREM 3.2. For a,b > 0 and 0 � v � 1 , we have

L1/2(a,b) � 1
2

(
a1/2b+

∫ 1

0

(a�vb)2

avb
dv

)
� a1/2b.

Proof. From the first inequality in Corollary 3.2 we have

2
∫ 1

0
f (avb)dv � f (a)+ f (b)

2
+
∫ 1

0

f 2(avb)
f (a)v f (b)

dv.

Now, replacing a and b by loga and logb , respectively, we get

2
∫ 1

0
f (loga1−vbv)dv � f (loga)+ f (logb)

2
+
∫ 1

0

f 2(loga1−vbv)
f (loga)v f (logb)

dv.

By choosing f (t) = expt , we have

2
∫ 1

0
a1−vbvdv � a+b

2
+
∫ 1

0

(
a1−vbv

)2
(1− v)a+ vb

dv.

Since a1−vbv � (1− v)a+ vb , we have

2

(
b−a

logb− loga

)
� a+b

2
+
∫ 1

0

(
a1−vbv

)2
(1− v)a+ vb

dv

� a+b
2

+
∫ 1

0
((1− v)a+ vb)dv = a+b

which completes the proof. �
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COROLLARY 3.3. Let x,y > 0 . Then

(x− y)2

4(x+ y)
� x+ y

2
−√

xy � (x− y)2

8
√

xy
. (3.4)

Proof. Given x,y > 0, define the function f : [0,1] → [0,) by f (t) = x1−tyt .
Letting a = 0,b = 1 in Corollary 3.1, we have

f (a) = x, f (b) = y, f (avb) = x�vy and f (a)v f (b) = xvy.

Substituting these values in Theorem 3.1 with v = 1
2 implies the desired inequali-

ties. �
One can formulate a noncommutative version of Corollary 3.3.

COROLLARY 3.4. For strictly positive operators A,B, we have

1
4

(B−3A)+
1
2
A!1/2

(
AB−1A

)
� A1/2B−A�1/2B � 1

8

(
A�3/2B−2A�1/2B+A�−1/2B

)
,

where A�vB := A1/2
(
A−1/2BA−1/2

)v
A1/2 is defined for all real number v.

It is interesting that Corollary 3.3 refines the well known inequality [3]:

1
8

(x− y)2

y
� x+ y

2
−√

xy � 1
8

(x− y)2

x
, (3.5)

valid for x � y.
The next theorem refines Theorem 3.1

THEOREM 3.3. Let f : J ⊂ R → (0,) be a nonlinear convex function and let

ai ∈ J , pi � 0 and
n

i=1

pi = 1 . Then we have for any natural number m,

(Am
f −Gm

f )(Af −
√

Af Gf )

Am
f − (

√
Af Gf )m

� Af −Gf �
(Am

f −Gm
f )(Af −

√
Af Gf )

(Af +Gf −
√

Af Gf )m −Gm
f

(3.6)

where A f and Gf are defined as in Theorem 3.1.

Proof. Let a > b > 0. We put

g(a,b) := am−1 +am−2b+ · · ·+abm−2 +bm−1 =
am−bm

a−b
� 0.

Note that
g(a,b)
a

> 0 for a fixed b > 0,
g(a,b)
b

> 0 for a fixed a > 0, and we have

the inequalities b �
√

ab � a+b
2 � a+b−√

ab � a . We consider the case a > b . Then
we get

g(a+b−
√

ab,b) < g(a,b) < g(a,
√

ab).
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That is,
(a+b−√

ab)m −bm

a−√
ab

< g(a,b) <
am − (

√
ab)m

a−√
ab

.

Thus we have

g(a,b)(a−√
ab)

am− (
√

ab)m
<

g(a,b)
g(a,b)

<
g(a,b)(a−√

ab)
(a+b−√

ab)m −bm
.

Therefore we have

(am −bm)(a−√
ab)

am− (
√

ab)m
� a−b � (am −bm)(a−√

ab)
(a+b−√

ab)m −bm
. (3.7)

From Jensen inequality, we have Af > Gf . Therefore we get (3.6) by putting a := Af

and b := Gf in (3.7). �
We also show an alternative double inequality whose upper bound gives a refine-

ment of that in Theorem 3.1.

THEOREM 3.4. Let f : J ⊂ R → (0,) be a nonlinear convex function and let

ai ∈ J , pi � 0 and
n

i=1

pi = 1 . Then we have for any natural number m,

m(Af Gf )
m−1

2 (Af −Gf )2

Am
f −Gm

f
� Af −Gf �

Am
f −Gm

f

m(Af Gf )
m−1

2

(3.8)

where A f and Gf are defined as in Theorem 3.1.

Proof. Let a > b > 0. We put

g(a,b) := am−1 +am−2b+ · · ·+abm−2 +bm−1 =
am−bm

a−b
� 0.

We consider the case a > b . Since g(a,b) > m(ab)
m−1

2 , we get

m(ab)
m−1

2

g(a,b)
<

g(a,b)
g(a,b)

<
g(a,b)

m(ab)
m−1

2

.

That is,
m(ab)

m−1
2 (a−b)

am−bm <
g(a,b)
g(a,b)

<
am−bm

m(ab)
m−1

2 (a−b)
.

Therefore we have

m(ab)
m−1

2 (a−b)2

am −bm � a−b � am−bm

m(ab)
m−1

2

. (3.9)
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From Jensen inequality, we have Af > Gf . Therefore we get (3.8) by putting a := Af

and b := Gf in (3.9). �
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