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MATHEMATICAL INEQUALITIES ON SOME WEIGHTED MEANS

SHIGERU FURUICHI, KENJIRO YANAGI AND HAMID REZA MORADI

(Communicated by M. Krni¢)

Abstract. Some mathematical inequalities among various weighted means are studied. Inequal-
ities on weighted logarithmic mean are given. Besides, the gap in Jensen’s inequality is studied
as a convex function approach. Consequently, some non-trivial inequalities on means are given.
Some operator inequalities are also shown.

1. Introduction

The weighted arithmetic-geometric mean inequality (Young inequality) states that
(I=v)a+vb> a'™"b" for 0 <v <1 and a,b > 0, which is equivalent to (I=v)+vt >
t"forO<v<lands>0. (1l—v)+w and ¥ are often called representing functions
of the weighted arithmetic mean aV,b := (1 —v)a+ vb and the weighted geometric
mean aff,b := a' ~b", respectively. We easily find the following relation for 0 < v < 1
and # > 0:

(A=) 4w D << (1 =) 4, (1.1)

where {(1—v)+ vt’l}_l is a representing function of the weighted harmonic mean

alyb:={(1-v)a"! 4—vlf1}_1 for 0 <v < 1 and a,b > 0. In this paper, we use the
representing functions for the corresponding means, to simplify the results. Refine-
ments and reverses for the above inequalities have been studied in many literature. We
refer the readers to [2, Section 2].

Here, we summarize some reverse inequalities (1.1) with some ratios.

(i) We have the following relations

(I—=v)+w I

S(e =S(t 1.2
01252(1 v ), 0125?1 {(1— v)+vt*1}_1 ®), (1.2)
tl/t—l
where S(¢) := —————— is called the Specht ratio [2, Section 2].
elogt!/t—1
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(i) We also have the following relation

(I—=v)+wt B
Org\?gxl {(I_V)+Vt71}7l —K(t>7 (13)

(t+1)?

where K(t) := n

is called the Kantorovich constant [2, Section 2].
From the relations (1.2) and (1.3), we have some reverse inequalities for (1.1) as
(L—v)+ve<S(t)”, 1" <S){(1—v) —|—vt_1}71 ,

(1=t <K@ {(1 =)t 1}

forO<v<landt>0.
In the paper [4], the following relations were obtained:

tvgfv(t)g%{tv—i—(l—v)—kvt}g(l—v)—kvt (1.4)

where for 0 <v <1 and ¢t > 0 with 7 # 1

A= o {0 e ) =L DY s L) (9

B logt v -V

is the representing function of the weighted logarithmic mean

1 I—v - 1
Ly(a,b):= —a b))+ ——(a "B =b);, (a ;
(a,b) loga—logb{ . (a—a b)—l—l_v(a b b)} (a,b>0,a+#b)

with L,(a,a) :=a. So, we easily find L,(1,7) = f,(t) =¢-L,(1/t,1) and the relation
for four weighted means as

alyb < attyb < Ly(a,b) < aV,b.
In addition, the further tight lower bound of L,(1,7) was givenin [1]:

<PV 2 <L (1),

a—
NOtethatL1/2(a7b):mfOI'Cl?ébandSOL1/2(17Z):Ll/z(t,l):fl/z(l):
t—1

— fort #1.

log? or 1 #

As generalized results from convex analysis, some extended results for the loga-
rithmic mean have been obtained in [5, 6].

In this paper, we give reverse inequalities for (1.4). Certain new inequalities for
convex functions are also established. Using these, we derive refinements of arithmetic-
logarithmic mean and Hermite-Hadamard inequalities.
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2. Weighted logarithmic mean

We start this section with the following theorem.

THEOREM 2.1. For 0<v <1 andt >0 with t # 1, we have

(i) folt) < (max{1,1/t}-Ly)(r,1))2".

w L on (S0 50

Proof. (i) We have the following

@) 1 (1=v)X @ = 1)+ —1")
v t"logt v(l—v)

1 (1=2v)t"+v—(1—v)?
v(L—v)ev

_
5

Since t7"—1 > logt™" = —vlog?,

V-1

< logt.

Since t! 7V~ 1< (1—v)t+v—1=(1-v)(t—1),

<r—1.

Since 1" —1= (") —1<w ' +1—v—-1=v(@""-1),

o
! 1>1—z—1=1—1.
—V t
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When logt > 0, it follows from (2.3) and (2.2) that

fv() 1 —

When logz < 0, it follows from (2.1) and (2.4) that

f(t) 1 1 r—1
<—vlogt+(1—v)(1—-) p < .
v logt? viogr +(1-v)( t) tlogt
Then we have the result.
(ii) Since 1" < f,(r), we have
v _ v _ _
(t+w+1vﬂzgo+w+l1W2:1+1K1vﬂwﬂ<1+ﬂQ 0
S(@) 1Y 2 2 v 2

Note that (i) and (ii) in Theorem 2.1 are ratio type reverse inequalities for the first
and second inequalities in (1.4), respectively.
We also have the following interesting relations on the weighted logarithmic mean.

THEOREM 2.2. For 0 <v <1 andt >0 with t # 1, we have

1—v v

I—v v
ind —— —— < < S .
mm{ . ,I_V}Ll/z(t,l)\fv(t)\max{ . ,I_V}Ll/z(t,l)

Proof. We have the following

fv<r>=i{1‘”<f—1>+lv -}

logt? —v

y
' —1 r—1

10gt{< >( )+1—v( )}
t—1 1— % tV—1+ v
logt tr—1  1—v

t—1 1-2v t"—1 v

logt |v(l=v)t—1  1-—v
1-2v tV—1 v

We put F(t) = WA= =1 —l—l_v.Then

1=2v v e —1)—(t"—1)
v(l—v) (t—1)2

1—2v vt —w" L1 1
v(l—v) (t—1)2

Col=2v (= (1= )i —v)
(1l —v) (rt—1)2 '

F'(t) =
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Since (1 —v)r4v>1'"", F'(t) <0 for 0 < v < 1/2. And since
1-2v . t"—1 v

limF(t) = 1
S F) = Sy i T T
1-2
= " Jim e T+
V(1 —v)i—ee 1—v
1—-2v v v v
= Y fim L= >0,
v(l—v)tL%t1*V+l—v 1—v
. 14 I—v
we have infF(r) = i and supF(t) = F(0) =
—v v
’ 1—
Since (1—v)t+v=t'"", F (t) >0 for 1/2 <v< 1. Then we have infF(t) = 4
v

and supF (1) = tlim F(r)= IL Thus
—o0 —v

11— r—1
mtinfv(t) = min{ - }
v

"1—v ] logt’

1—v v t—1

1) = .
mtava() max{ v ’l—v}logt

When v = %,v =0 and v =1, itis clear. Then we have the result. [

At the end of this section, we give operator inequalities as consequences of our
theorems. Since [1*dx = 1(’;? +C, the function f,(r) defined in (1.5) can be expressed
by

1— v 1
H@) = v/ Fdx+ — / t*dx.
v 0 1 v

-V

For positive operators A, B, we define the weighted operator logarithmic mean as

ALB = AV, (A‘I/ZBA‘I/Z) Al2

1—v

Y 1
/AﬁdeHL/ At Bdx for 0 < v < 1.
v 0 1—vJy

We see Aly),B = fol AflBdx which is the operator logarithmic mean. We also use the
standard notations for the weighted arithmetic mean AV, B, the weighted geometric
mean Af,B and the weighted harmonic mean A!,B for positive operators A,B and
0<v<l:

Vv
AV,B = (1—v)A+vB, A},B = A/ (A’l/zBA’m) A2,
ALB:={(1—v)A 4vB 1}
respectively. It was shown that [4]:

1
ALB < AfB < ALBS 5 (AfB+AV,B) SAV,B.

From Theorem 2.2, we have the following inequalities.
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COROLLARY 2.1. For 0 <v < 1 and positive operators A,B, we have

1— 1—
min{ — —— VAl ,B <ALB < max{ —, —— LAl B,
v '1—v v '1—v
From Theorem 2.1, we also have the following results.

COROLLARY 2.2. For 0 <v < 1 and positive operators A, B such that A < B <
BA with 0 < o < B, we have

(i) Al,B <ki-Af\,B, where ki := max (max{1,1/1}-fi2(t)).

a<i<p

(ii) Af,B+AV,B < ky-Al,B, where ky := max (S(t)+1).
ast<p

B—1 1
——and kr, =S 1.If B <1, then k; =
oeh and k, = S(B)+ B en k; aloga

ko =S(a)+ 1. A few complicated analysis are possible for the constants k; and k; for
the other cases. We omit them here.

If « > 1, then k; = and

3. Convex functions approach

This section gives upper and lower bounds on the gap in Jensen’s inequality, i.e.,
2 pif (a (2 Pz%)

n

where f:J C R — R is a convex function, a; € J, and p; > 0 with ¥ p; = 1. The
i=1

first result contains several arithmetic means inequalities.

THEOREM 3.1. Let f:J CR — (0,00) be a convex function andlet a; € J, p; >0

n
and Y, pi = 1. Then we have for any natural number m,
i=1

A Gm AM _— Gm
u <A —Gp< L1 (3.1)
m— =Y m—1 ?
mA mG
f f
where
Af 3:Af(al7"'»an§Pla"'7pn) = zpif(ai)7
i=1
and

=

n
Gr:=Gylar,--,an;p1, -, pn) I=f< Piai> .
1
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Proof. We use the identity a” —b"™ = (a—b)(a™ ' +a" b+ -+ab™ > +b"1).
If a > b > 0, then we have

am—l_’_am—Zb_'_.”_'_abm—Z_’_bm—l - am—l+am—2b+__.+abm—2+bm—l

mam—1 = am=1l 1 gm=2p 1 ... ghm—2 1 pm—1
- am—l +am—2b+ . +abm—2 +bm—1
= mbm—1 .
Multiplying @ — b > 0 to both sides in the inequalities above, we have
am —pn amn— pn
a1 SOTPS T ¢.2)

From Jensen inequality, we have Ay > G¢. Thus we get (3.1) by putting a := Ay and
b:=Gyin(3.2). U

Applying Theorem 3.1 to m = 2, we have the following statement.
COROLLARY 3.1. Let f: [a,b] — (0,00) be a convex function and let 0 < v < 1.

Then
(f (@) Vof (b)) = £*(aVyb)
2(f(a)V,f (b))

< f(a)Vof (b) = f (aVib)

. L(@Vuf (0)* ~ f*(aV,b)
h 2f (aV,b) ’

The well-known Hermite-Hadamard inequality states that

f(“”’) /f (aV,b)dv <f(“>;f(b> (3.3)

for a convex function f : [a,b] — R. By Corollary 3.1, we have a new interpolation of
(3.3).

COROLLARY 3.2. Let f: [a,b] — (0,00) be a convex function. Then we have

/faVb / T i “Vb v < (")erf(b)—/olf(avvb)dv

L(f@Vuf () fla)+f(b)
g/0 favyy YT T

Proof. Taking integral over 0 < v < 1 in Corollary 3.1, we get

L[ oo [ e

</(f<> V.f (b dv—/faVbdv

2/ aVb d__/faw’
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or equivalently,

1f(a fzaVb
—_— 2/ )dv

L —/ f(ava)dv

2/ aVb /faVb

Adding —1 H@ £/ ®) apg L 3 fo f(aV,b)dv to all sides in the above inequalities, then we
have the desired inequalities. [J

REMARK 3.1. From the first inequality in Corollary 3.2, with f(aV,b) > 0 and

<

f(aV,b)
W<l,wehave
2
/faVbdv<2/faVb /f aVb <f(a)-;f(b)'

The following result establishes an 1nterpolat10n between the arithmetic and the

logarithmic means.

THEOREM 3.2. For a,b >0 and 0 <v < 1, we have

1
Lip(a,b) < (aVl/zb—l—/ dv) <aVypb.
Proof. From the first inequality in Corollary 3.2 we have
1 2 aV b
2 / FlaVib)dv < /
0 F@)V,f(b)

Now, replacing a and b by loga and logb, respect1vely, we get
f(loga) + f( logb f?(loga'~"p")

1
2 ) fioga! " < 2 o Flloga)V./logh)
By choosing f (t) = exp?, we have
L - vbv
2/0 “ l —v) a—l—vbd

Since a'!="b" < (1 —v)a +vb, we have

2
b—a at+b 1 (a'7b)
2 < d
( ) 2 +/0 (I=v)a+vb ’

logb —loga
b 1
<a—;— +/ ((1=v)a+vb)dv=a+b

0

which completes the proof. [
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COROLLARY 3.3. Let x,y > 0. Then

(=) _xty (x—y)?
Wy S 2 VS Bom G4
1] — [0,00) by f(r) =x'""y".

Proof. Given x,y > 0, define the function f : [0,
Letting a = 0,b =1 in Corollary 3.1, we have

fla) =x,f(b) =y,f (aVyb) = xtyy and f(a)V,f (D) = xV,y.

Substituting these values in Theorem 3.1 with v = % implies the desired inequali-

ties. O
One can formulate a noncommutative version of Corollary 3.3.

COROLLARY 3.4. For strictly positive operators A,B, we have

1 1
(B—3A)+ A'l/z(AB A)<Av1/23 Aﬁ1/23< (A32B—2A4, pB+Afl_; B)

EN

where Afj,B := A2 (A_l/zBA_l/z)vAl/2 is defined for all real number v.

It is interesting that Corollary 3.3 refines the well known inequality [3]:

N2
(x—y) (3.5)

)

(x—y)* _x+y 1
<2k
2 VST

valid for x < y.
The next theorem refines Theorem 3.1

THEOREM 3.3. Let f:J CR — (0,00) be a nonlinear convex function and let

n
ai €J, pi=0and Y p;i=1. Then we have for any natural number m,

i=1

(AF —G7)(Ay — \/A;Gy) (A —GF)(Af— \/AfG )
_ L <A Gr< (3.6)
Af — (\/Afo) Af—|-Gf \/AfG

where Ay and Gy are defined as in Theorem 3.1.

Proof. Let a > b > 0. We put

a — "
(a b) am 1 am—2b+___+abm—2+bm—l _ 5 >0
a—
J b 0 b
8(a,b) > 0 for a fixed b > 0, ggz ) > 0 for a fixed a > 0, and we have

Note that
da
the inequalities b < vab < 42 <

we get
gla+b—ab,b) < g(a,b) < gla,Vab).

a+b—+/ab < a. We consider the case a > b. Then
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That is,
(a+b—+ab)" —b" am — (Vab)"
<gla,b) < —————.
a—+/ab a—+/ab

Thus we have
glab)(a—Vab) _glab) __glab)(a—Vab)
am— (Vabym  gla,b) ~ (a+b—ab)ym —bm
Therefore we have

(a" —b™)(a—vab)
am — (\/%)m

From Jensen inequality, we have Ay > G. Therefore we get (3.6) by putting a := Ay
and b:= Gy in(3.7). O

(@~ b")(a— Vab)
(a+b_\/ﬁ)m_bm.

N

a—b< (3.7)

We also show an alternative double inequality whose upper bound gives a refine-
ment of that in Theorem 3.1.

THEOREM 3.4. Let f:J C R — (0,%0) be a nonlinear convex function and let

n
aic€J, pi =20 and Y p;i=1. Then we have for any natural number m,
i=1

m—1
ArGp)' T (Ap—Gy)? AT —GY
Y h s e (38)
F 07 m(AyGyp) T
where Ay and Gy are defined as in Theorem 3.1.
Proof. Let a>b > 0. We put
m—1 m—2 m—2 m—1 a'—=o"
gla,b):=d" " +d" b+ +ab" "+ b = 5 >0
a—
We consider the case a > b. Since g(a,b) > m(ab)m?l , we get
m(ab)"s _gla,b) __glab)
< < m—1"
g(a,b g(a.b) ~ m(ab)"
That is,
m(ab)%(a—b) gla,b) am—bp"
p - < < py) .
am—b 8(a,b)  m(ab)"T (a—b)
Therefore we have
m—1
b) T —b 2 m_ pym
m(ab) > (a—b)” 420" (3.9)
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From Jensen inequality, we have Ay > G . Therefore we get (3.8) by putting a := Ay
and b:= Gy in(3.9). O
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