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DIMENSION-FREE ESTIMATES FOR HARDY-LITTLEWOOD
MAXIMAL FUNCTIONS WITH MIXED HOMOGENEITIES

PANWANG WANG AND XUDONG NIE*

(Communicated by J. Pecari¢)

Abstract. We mainly study the dimension-free L” -inequality of the Hardy-Littlewood maximal
functions with mixed homogeneities

M f(x,y) Sulg Gl '/ flx—rtu,y—1>v)dudv|,
1>

where G is a bounded, closed and symmetric convex subset of RIt1 . When G is in the
isotropic position, we prove that there is a constant C,, independent of d such that

mer <G LG Il rasn)s

LP(RA+1)

for % < p <o, where L(G) is a constant associated with G.

1. Introduction

The purpose of this paper is to develop a new dimension-free estimate of Hardy-
Littlewood maximal functions with mixed homogeneities. We write RT! = R¢ x R
with (x,y) € R*!, where x € R? and y € R. Let G be a convex centrally symmetric
body in RY*!, which is also a bounded closed and centrally symmetric convex subset
of RY*! with non-empty interior. For every # > 0 and for every (x,y) € R¢*!, we call

1
G _ _ -
M7 f(x,y) = iG] /Gf(x tu,y —tv)dudv (1.1)

the Hardy-Littlewood averaging function associated with isotropic homogeneity where
(x,y) € R and (u,v) € R¥!. For p € (1,5, let Cp(d,G) > 0 be the best constant
such that the following maximal inequalities

smMMH Cp(d, G) || fllpzas1y » (1.2)

t>0

hold for every f € LP(R*!). It is easy to see that (1.2) holds with p = e. Using a
covering argument for p = 1 and a simple interpolation with p = e, we can obtain that
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Cp(d,G) < o for every p € (1,] and for every convex symmetric body G C R¢*!.
However, the constant C,,(d, G) obtained by this method is bounded by an upper bound
which depends on the dimension d .

The first dimension-free result for the Hardy-Littlewood maximal operator was
obtained by Stein. In [1], he showed that if G is the Euclidean ball B>, then C(d,B?)
is bounded independently of the dimension for every p € (1,e], see also [2] for more
details. This inspired a lot of generalizations for Hardy-Littlewood maximal opera-
tors related to other convex bodies. Bourgain [3] showed that C,(d,G) is bounded by
an absolute constant, which is independent of the underling convex symmetric body
G C RY*! for p = 2. Later, Bourgain [4] extended this result for p € (3,0]. At the
same time, Carbery [9] obtained the same result independently. Thus, mathematicians
guess if C,(d, G) can be bounded by a dimension-free constant for all p € (1,o0|. This
result was proved by Miiller [12] for the g-balls BY, g € [1,e0) and for cubes B~
by Bourgain [5]. In recent years, some interesting results were obtained by Bourgain,
Mirek, Stein and Wrébel [6, 8, 7], where the authors proved the dimension-free estimate
of discrete Hardy-Littlewood maximal operator defined over ball and cube. More about
dimension-free estimates for the Hardy-Littlewood maximal functions can be found in
[10, 11, 13].

Let P be a polynomial from R?*! to R?*! and fix a family of (possible non-
isotropic) dilations

(x’y) = t ) (x’y) = (tllxlﬁ et 7tkdxd’tld+1xd+l)7

with Ay, ..., A4+1 > 0. Then the maximal operator Mp on R*! can be defined as
1
Mpf(x,y) = sup — / F((y) = Pt~ (u,v))) dudv] .
>0 |B | B2

In [14], Stein pointed that Mp is bounded on L”(R4*!). Thus we want to study the
dimension-free estimate of Mp. In this paper, we mainly pay our attention to the special
case Ay =---Ag=1, Ay11 =2 and P(x,y) = (x,y).

DEFINITION 1.1. Let G be central symmetric convex set and f a locally inte-
grable function defined on R?*!. Then

1
ME f(x,y) = @/Gf(x—tmy—ﬁv)dudv (1.3)

is called the Hardy-Littlewood averaging function with mixed homogeneities. Corre-
spondingly, we called

M f(x,y) = sup|MF f(x,)|.
>0
the Hardy-Littlewood maximal function associated with mixed homogeneities.

Obviously, M¢ is bounded on L”(R4*!) for p > 1. A convex symmetric body
G C R4 is called in the isotropic position, if it has Lebesgue measure |G| = 1, and
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there is a constant L = L(G) > 0 which depends on G such that
[ 8rdx=1(G2IEP
G

for any & € R, The constant L(G) is called the isotropic constant of G. Our
dimension-free estimate about MY is as following.

THEOREM 1.2. Suppose G is in the isotropic position. For 1 < p < oo, there is a
constant C,(L(G)) such that

sup M3, f| H
nez LP(RA+1

) < Cp(L(G) 1/ p ma+) - (1.4)

THEOREM 1.3. Suppose G is in the isotropic position. For % < p <K oo, thereisa
constant C,(L(G)) such that

v 1]

L[)(Rd+l) < CP(G)||fHLP(Rd+l)'

Since, when G is the g-ball, C,(L(G)) is not dependent on d, we have the fol-
lowing two corollaries.

COROLLARY 1.4. For 1 < p <o and 1< g < o, there is a constant Cp inde-
pendent on dimension d such that

sup | M3 f|
nez

< Cp 1 f 1l p a1y - (1.5)
L[)(Rd+l)

COROLLARY 1.5. For % <p < and 1< q< oo, there is a constant Cp inde-
pendent on dimension d such that

< Cp”fHLP(RdH)-

e

Lp (Rdﬂ)
We finish this section by fixing some further notations and terminologies.

e Throughout the whole paper C,, > 0 denotes a constant, which does not depend
on the dimension, but it may vary from occurrence to occurrence.

o We write that A < B to say that there is an absolute constant C > 0 such that
A <CB.

e The Euclidean space R?*! is endowed with the standard inner product

d
(), (&m) = Y mbe+yn

k=1

for every (x,y) = (x1,...,x4,y) and (§,1m) = (&1,...,&4,1).
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o Let (X,B(X),u) be a o-finite measure space. Let p € [1,00] and suppose that
(T; :t € Z) is a family of linear operators such that 7, maps L?(X) to itself for
every t € Z C (0,00). Then the corresponding maximal function will be denoted
by

T.zf = sup|Tf|
ez
forevery f € LP(X).

e Nyp=NU{0}, N is the set of positive integers.

2. Preliminaries and lemmas

In this section we give some important useful lemmas.

2.1. Fourier transform estimate

The method of dimension-free estimates in this paper is mainly based on the
properties of the Fourier transform. From [6], we know that there is a linear positive
transformation U of R?*! such that G = U(G) is in the isotropic position. However,

MCf = MtU(G) (foU ™" oU is not true. It implies that one can not get

1My = HM§

By [3] we know that 1 <L = L(G). Let m(£,n) denote the Fourier transform of
ﬁ X6 = Xc- It follows that

r—rr

M.f(§.1) = m(tE,r*n)f(E,m). 2.1)
The following estimate can be found in [3].
LEMMA 2.1. Let G be a symmetric convex body G C R4t which is in the isotropic

position. Let L = L(G) be the isotropic constant of G. Then for every & € R4T1\ {0}
we have

m(€,0)| < (Lmax{|E|,|n[})~" (2.2)
im(&,n) — 1| < Lmax{|&],|n[} (2.3)

and
[(Vm(E,m),(E,n)) |<C. (2.4)

Using Lemma 2.1, we obtain the following important estimates which will be used
in the almost orthogonality principle.

LEMMA 2.2. When |E|> > |n

, for j € Z we have

‘m (2"€ 2% _e—4"L2(|§\2+\n|)‘ )6—4-f+"+'L2(|§\2+|n\) _ o1+ In)

J

<2 Fmin{(LIEN) 2, (2"LIEN) }.
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Proof. 1t follows from inequality (2.2) that

’m (2"5,22”11) —e_4"L2(‘§|2+|”‘)) < (LmaX{Z"|§|,22"|n|})71 e HiE?
<
L27|€]

Note that |£]2 > |n]. It can be deduced that max{2"|€|,2%*|n|} < max{2"|&|, (2"|E|)*}.
Recalling that 1 < L, we have

I

< |m (27,27 ) — 1]+ ‘6*4”L2(|é\2+\n|) _ 1‘

< Lmax{2"[€],2%"|n[} + (2"LIE])?
< max{2"LI& |, (2"LIE])*}.

Using these two estimates above, one has

m(2"E, 4"n) — e (R 5mm{ max {2"L|E], (2"L|E]) }}

VL]
1
< min{ ,2"LIE }
gy 2 e

Thus, it enough to estimate

min{(znuar1 z"L|5|} )e—“”"“Lz(\élen\) _e—4f+"L2(\§|2+|77\))

Jl

<2 % min{(2"LIE)) 77, (2"LIE])?}.
If j >0, we have
min { (2" LIE]) ™ 2"L[E| e TE(ER ) ot
< min{ (2"LIE)) 2, (2"LE)) }
> (2"L|§|)7 e_4j+n+1L2(|§‘2+m|) _e_4j+nL2(|§‘2+|m)
< min{ ("LIE) 2, (2"LIE)) | (2rLg))? e (SR )
S 2 tmin{(2"LE)) 72, (2"LiE)) |
If j <0, we have
min { (2" LIE]) ™ 2"L|E| e G gt

g min{(2”L|§|)“ @'LiE)? }
(2"L|§|) 5 74/+nL2(|§‘2+m|) ‘e,g.4j+nL2(|§‘2+m|) B l‘
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S min{(znuaﬁ @'ien?} <2"L|5|>*% e HIHEPAI L2 (|2 4 )
< min{ (2"LIE)"2 <2"L|5|>%}< "LIE|) 2 e e g g )2
< 24 min{(2"L1E)) 2, (2"LIE])? }.

The proof is completed. [

Note that 2" < 2" +2"s < 2-2" holds for 0 <! <n and 0 <s <2, Using the
same method as in the proof of Lemma 2.2, for every 0 < ¢ < 1 and |n| < |&|?, we
have the following estimate.

LEMMA 2.3. Suppose |E]> > |n|, 0<I<nand 0 <s<2' — 1. Then we have
'm<(2"+2n_l(s—|—l)>§, <Z"+2n_l(s—|—1)>2n)
. ((2 F27Is) g, (2 zn—zs>2 n) ’8 o=/ P _ )
<2¢¥ mm{(an|§|)—%€,(z"L|g|)%£}.

LEMMA 2.4. When |E|? , we have

m (21€,2%m) — (e

y ‘6_4#"“L2(\£|2+|n\) _ e—“””Lz(\il“l'ﬂ)‘
. j 1 %
§Lmin{21,22}min{<2"L|TI|2> (Z”Llnl ) }

Proof. Since |E|? < |n|, we have

e

< Im(27E, 22 ) — 1] + ‘e*W('é‘z*‘"l) - 1(
< max{2"L|n|%,z2"L2|n|}.
On the other hand, we have
m(2n5,22nn)_e—4"L2(|§\2+\‘r]|)) < ’m(2n§’22nn)’_|_e—4"L2(\§|2+|n\)
< max {2"LIE[.22'Lin|} "+ (272 n])
S @ Lnl) "+ @)

<L. (22nL2|n|2)71

~
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Thus, we have
n -2
m(2"E,27) — e~ P (€1 5me{(z"L|n|%) (2'Lin1?) } -
So, it is enough to estimate
. ,, N2, 1
min (2Lln|7) ,2"LIn|?
% ’e—4f+"+lL2(\é|2+|m) _ e—4f+"L2(\£|2+|m)‘
o 1\ ~! 1\ 3
5min{zf,z—f}min{<2"L|n|z) ,(2”L|n|7> }
If j >0, we have
1\ 2 1
min{(2”L|n|2) ,2”L|n|2}
% |e—4f+"“L2(|é\2+m|) _ e—4f+"L2(|é\2+m|)|
1\ 1L 1 %
Smin{ (2eml?) " (2Ll
1 . .
% (Z"Llnl%) 2| AL (1)) _6—4”"L2(|§\2+|n\))
. " N 12 n 1\2 _4itnp2y|
Smind (22pn(2) , (2'Lin|?)* { (22in(3) eV
i n N, 1\2
<2 *min (2L|n|z) ,(2L|n|z) :
If j <0, we have
. 1\ 2 1
min (2”L|n|2> 2"Lin|2
x ’674””“((L\§|)2+L2\n|) _ e*4j*”L2(\§|2+ln\)’
1 1 1 .
< m1n{(2"L|n|%> »(2nL|77|%> 2} (2nL|n|%> ef4l+nL2(|é‘2+|n\)
« ’673.4j+nL2(‘§|2+|n‘) _ 1‘
1\ 1 i\ 3
. 2
Smin{ (2enl?) " (2t

—1 itn .
x (z"L|n|%) e~V (EP D 47tn g2 (1€ P 4 )

< 2~fmin{(z"L|n|i>_5 : (2"L|n|%> }
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The proof is completed. [

Using the same method as above, we obtain the following estimate.

LEMMA 2.5. Forevery 0<e <1, |EF<|n| 0<I<nand 0<s<2 —1, we
have

'm ((2 o l(s 1)) g, (2" o l(s 1))217)

—m ((2 +20s) € (24 ZHS>2 n) '8 o=/ R _ )
< Lmin{zgf,z58}min{(z"L|n|5>8 : (2"L|n|%> 58} :
By inequality (2.4), it follows that

LEMMA 2.6. For 0<I<nand 0<s<2'—1, we have

‘m((z"+z"*l(s+1))g 2" 42 (54 1)) )

_ n n—I n n—I <
m (@ +215)E, (2" +271s) n))N - 2.5)
Proof. Observe that
m((2"+2"*l(s+1))5,(2"+2"*l(s+1))2n)
—-m ((2n +2n_ls)5,(2"+2n_ls)2n>)
2420 (s+1) g
- /"-‘1—2"7]5‘ Em(tg ! n)
2"—4—2"7](5-4-1) d
< a 2
< /2n+2,14s dtm(té,t n)|dr
242 (541) dt
= [(Vm(t&,%n), (1€, 20 n))| —. (2.6)
2n4pn—lg t
By inequality (2.4), it can be deduced that
(&) (& 2m)] < (mE ). (Eon) [+ gomEom)| <€ @)

Combining inequalities (2.6) and (2.7), we obtain the estimate (2.5). [
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2.2. An almost orthogonality principle

In this subsection, we show an almost orthogonality principle from [9] which will
be used to prove Theorem 1.2 and Theorem 1.3. We omit the proof here, since we can
find the proof of its discrete version in [7].

PROPOSITION 2.7. Let (T; : t € U) be a family of linear operators defined on
Ut<p<eol? (RTY) for some index set U C (0,%0). Suppose that T, = M, — H, for each
t €U, where My, H; are positive linear operators. Assume that the following conditions
are satisfied.

(i) For every p € (1,2] we have

sup || H. v, ”U?(Rdﬂ)_;Uz(RdH) < oo,
ne

where U, = [an,an+1|NU and (a, :n € Z) C (0,00) is a lacunary sequence obeying

an )

l<a< <as,
an—1

for some a > 1.
(ii) There is po € (1,2) with the property that for every p € (po,2] we have

sup || 7. v, HUJ(RLHI)_}U(R(PA) < oo
nez

(iii) There exists a sequence (b;: j € Z) of positive numbers so that Yjez b? =
B, < oo for every p > 0. Moreover, for every j € Z we have

2
sup (2 sup|T,Sn+jf|2> <bj,
LZ(RdH)

1Al 2 ra+1)<y || \n€Z?EUn

where (S, :n € 7) is the resolution of identity satisfying

f= 2 Snf
nez
and
1
2
H <Z|ij|2> < CpaHfHLP(RdH)
J L[)(Rd+l)

forall p € (1,). Then for every p € (po,2], there exists a constant Cy, such that

HfHLp(RdJrl)gl nEZtEUn

1
3
sup (2 sup |Tnf2> < Cp”fHLI’(R‘”')'
Lp(RLPrl)
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The key ingredient of the proof of main theorem will be the following inequality
which can be found in [6].

LEMMA 2.8. For every n € Ny, r > 1 and every function a : [2",2""!] — C, we
have

sup a(r) —a(2")]

2n<t<2n+l

<27 % (2121‘ (2" o l(k+l)>—a<2” o lk)’>7.

0<i<n

2.3. A diffusion semigroup and corresponding Littlewood-Paley theory

In [15], there is shown a Littewood-Paley inequality which has an dimension-free
estimate.

LEMMA 2.9. Let (X,B(X),u) be a o -finite measure space, and (T;);>o0 be a
strongly continuous semigroup on L*(X), which maps L' (X)+L*(X) to itself for every
t > 0. We say that (T;),>o is a symmetric diffusion semigroup, if it satisfies for all t >0
the following conditions:

(i) Contraction property: for all p € [1,| and f € LP(X) we have T, f||1r(x) <
£ llzecx)

(ii) Symmetry property: each T, is a self-adjoint operator on L*(X).

(iii) Positivity property: T, f >0, if f > 0.

(iv) Conservation property: T;1 = 1.

Then for 1 < p < o, we have

< Cpllfllzr(au)-
Lr(du)

sup|7: f|
>0

Therefore, define G, f(&,1) = e 1L (IEP+{n)) f(E,n). It follows from Lemma 2.9
that
sup|G, f]

t>0

S Gl f llppmary- (2.8)
LP(]RLHI)

Moreover, if we let

SiF(Em) = <6—4f“L2(|5\2+m|> _e—4jL2(|§\2+\n|)> FEm).

Due to Lemma 2.9, it can be deduced that we can find a constant C,, independent of d
such that

1
2
(Z |Sif V) < Cpllf o (gasy (2.9)

j€Z
J LP(Rd+)

for 1 < p < oo,
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3. The proof of Theorem 1.2

By interpolation, we need only to prove Theorem 1.2 for 1 < p < 2. Let @, =2"
and U ={2":n € Z}. Then U, = [an,an+1)NU ={2"}. Set T,f =M, f — G, f. Itis
enough to prove

sup |Ton f|

nez

< CP”fHLP(RdH)v 3.1
LP(RL]+1)

for 1 <p<oo
It is easy to know the operators G; satisfy condition (i). For 1 < p < e, condition
(i1) follows since

sup T.f H o ooty < 20 sy

tely Rd“

It remains to prove condition (iii) for us.
By Plancherel’s theorem, we obtain

1112

2
2
(2 T2”Sj+nf|2> = ~/]Rd+l 2 |T2”Sj+nf(x7y)’ dxdy
nez 2(RAH) neZ
_ 22"17)—674%2('5‘2*‘"”)2
Rd+1

. (e,w“ () _ =42 (8D) g ) Pz,

By Lemma 2.2 and Lemma 2.4, we have

1112

2
(2 |Tan,,»+nf|2> S22 Ity Py,
Rd+1

neZ [2(Ré+)

Therefore, By the Proposition 2.7, we have

L
2

(2 Tznf2> S Co(LO)F Nl ma+1)-
nezZ
Lp(Rd+l)
It implies that
sup| Ty S Cp(LG)F Nl a1y
nez LI’(R”HI)

The proof of Theorem 1.2 is completed.
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4. The proof of Theorem 1.3

By interpolation, we need only to prove Theorem 1.3 for % < p < 2. Observe that

M f(x,y) < Jim Sup M4, (5.7)]-
*}OOme
Thus, it is enough to prove
sup | My, f| S Cp(LG)IIS N gy 4.1)
meZ, LP(R4+1)

for % <p<2.
Set H; f = My f for 2" <t < 2+ and take T; = M; — H, . It follows from Theorem
1.2 that we have

Lp (Rdﬂ )

sup H; f
>0

sup Mo f
nez

S G (LG I a+1)s
Lp(Rd+l)

for 1 < p < o. Thus inequality (4.1) follows from

S Cp(LG)II S o ey 4.2)

sup ‘T2*kmf|
meZ LP(RA+1)

for % <p<2.
We will use Proposition 2.7 to prove inequality (4.2). Let U = [Z_km :meZ)and
a, = 2". Then we have

U, = [an,ant1)NU = {2"—|—2_km 0<m< 2"+k}.

By definition, we have

sup H, f
teU,

= [Mon f | o arty < NNl o (marrys
Lp(Rd+l)

for 1 < p < oo. Thus, we obtain condition (i).
Next, we try to prove 7; is satisfies with condition (ii). That is

sup |T; f|
teUy

< G (LG IS Nl o a1y
Lp(Rd+l)

for % < p <. By Lemma 2.8, it follows that

1

onLr<ntl =0

| etk 2l )
Sup ‘T;‘f| < 22 2 2 ‘M2n+2nfl(5+1)f _M2n+znflsf
s=0
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Therefore, it enough to prove

n+k 271
2 ’M2"+2" L(s+1)

=0

2
) < CP ”f”Lp(RdH) ) 4.3)
Lp(Rd+1)

for % <p<KLoo
We will try to estimate

1

)

2l—1
(2 )M2"+2H(s+1)f_M2"+2"*’sf
s=0

Lp(RcHl)
When p = 1, using triangle inequality, we have
1
2l-1 2\ 2
2 ‘M2"+2"*1(s+1)f_M2"+2"*’sf
=0
: L! (Rdﬂ)

<2l gy -
LI(RL]+1)

< 2 ‘M2"+2"*l(s+1)f_M2"+2"*lsf|
s=0

When p =2, by inequality (2.5) and the Plancherel theorem, we obtain

1

21 o\ 2
2 )M2"+2" l(s+1) J =My on-isf

12 (Rdﬂ)

(/;H.ﬁzl 2"1@%-U)§AZ”+2”4(s+1)fn)

1
2

—m ((2" + 2775, (2" £2rly) n>)2 s n>|2d5dn>

(L

1
$272 Hf”LZ(RdH)'

By interpolation, we have

2

1+2l

Rdﬂ

F(E, n)Fdédn>

: 10 10-0)
S27277 7 (| fll o ety

201 2
2 ‘M2”+2”*’(s+1)f_M2"+2"*lsf
s=0

Lr (Rd+l)
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where 0 < 6 <1 and 11—7: %—f—%. Therefore when p > %,wehave 6= %—%6 >0.
It follows that

2\ 2
) S 2761||fHLI’(Rd+')'

Lr(Rd+1)

2l—1
2 ’M2"+2"*l(s+1)f—M2"
s=0

Thus we obtain inequality (4.3) for 2 5 < p < c°. Then, we have condition (ii).
At last, we consider condition (111) Using Lemma 2.8 again, we obtain

sup |T;Sjnf(x,)]
teUy
1

ntk [21-1 5\ 2
< 2 (2 ’M2"+2" (s+1) Sjanf (x,y) — Mynygn-t $Sjrnf (X, y)’ )

=0
It follows that
1
2
2
(Sup |7;S/+nf| )
teU,
LZ(Rd+1)
2y 2
ntk 2’ 1 5\ 2
’S 2 2 ’M2"+2" L(s+1) j+nf M2n+2n 1 Sj+nf
neZ | 1=0
LZ(R(HI)
1
ed 201 7
S 2 ( 2 2 ‘M2"+2" (s41) j+nf M2n+2n lSj+nf )
=0 \n=l—k s=
L2(Rd+1)

Using triangle inequality and the Plancherel theorem, we deduce that

1
2
2
(sup |Ti8j4nf| )
tel,
L2(Rd+l)
2l

i(/Rd vy <m<(2"+2"_l(s+l))’é7<2"+2"_l(s+1)>2n>

1=0 STk 5=0

2 . .
—m ((2” +2"75)E, (2" +z"*’s)2 n)) (e"‘”"“(\ilzﬂn\) . 6741*"<\5|2+|m>>2

< f(&,m)2ddn)

can be controlled by

D=
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Note that when 1| < |€|?, by Lemma 2.3 and Lemma 2.6, we have

2l

] o
2P (m(@+2 e (e 26 n) )

2 : .
—m ((2” +2")E, (2" +z"*ls)2 n)) (674”"“<\é|2+|n\> _ 674”"<\:|2+|n\>>2

2l

- n n— 2
= 2,3 (oo i)’ y)

—m ((2n+2nls)€, <2n+2n1s>2n)>2—2£

X <m <(2"+2”l(s+ 1)E, <z"+2"*l(s+ 1))277)

2¢e ) )
—m ((2” +2")E, (2" +z"*ls)2 n)) (674””“<\é|2+|n\> _ ef4f*”<\:|2+|n\>>2

< Sl N —eljl i [ oy EN—E (pn]ENEY < ~—Elil
S 33 (1ram) 2 Vmin{@rLiE) L)) £ 27

nSl—k 5=0
When |£]? < |n|, by Lemma 2.5 and Lemma 2.6, we have
201

y oy (m ((2"+2”1(s+ 1))E, (2”+2"*’(s+ 1))211)

n=l—k s=0

2 . .
—m ((2” +2")E, (2" +z"*ls)2 n)) (e*4-’*"+'<\§|2+|n\> _ ef4f*"<\:|2+|n\>>2

201

=y Yy <m<(2"+2”’(s+1))§,(2”+2"’(s+1)>2n>

Ik 5=0
—-m ((2" +orlg)E, <2n n 2"71s>2 n)>228
x (m ((2" +2 s+ 1))E, (2n Lot 1))2,7)

2e ) »
—m ((2” +2"71s)e, (2" + 2"’ls> ’ n)) (e*“"“(‘i Pinl) ef4f*"<\é|2+|n\>> ?

21 71 2-2¢
§L2 2 2 <m) min{228~’,278}

n=l—k s=0

xmin{ (2”L|n|%>78, (2”L\n\%8> é}

< L*min{2%7 27¢},
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Thus, we have

D=

sup }Z}SjJr,,f}z < Lmax {2_8|j‘,min{2£j,2_8%}} 11l 2 (ma+1y-
1€Un [2(RA+1)

Thus we have proved Theorem 1.3.
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