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NEW IMPULSIVE-INTEGRAL INEQUALITY FOR
STOCHASTIC DIFFERENTIAL EQUATIONS WITH POISSON
JUMPS AND CAPUTO FRACTIONAL DERIVATIVE

DONGDONG GAO™ AND JIANLI L1

(Communicated by N. Elezovic)

Abstract. In this paper, we study the existence and exponential stability in pth moment of mild
solutions for a class of impulsive fractional stochastic differential equations driven by Poisson
jumps. Firstly, we discuss the existence and uniqueness of mild solutions for the considered
equations by the Banach fixed point theorem. Next, we establish a new impulsive-integral in-
equality that can effectively improve some previous results [4, 17,5, 3, 6]. Then, we obtain the
exponential stability in the pth moment of mild solutions for the considered equations with the
aid of the new inequality. Finally, an example is given to illustrate the efficiency of the obtained
theoretical results.

1. Introduction

As we know, stochastic differential equations are viewed as an excellent tool
for describing real-life phenomena when noises and stochastic perturbation are non-
negligible in a wide variety of applications such as economics, finance, engineering and
social sciences and so on. Naturally, studies on the existence, uniqueness and stabil-
ity of solutions for stochastic differential equations or impulsive stochastic differential
equations have been heat research topics. For examples, Chen in literature [4] studied
the exponential stability in the pth moment of mild solutions for impulsive stochas-
tic partial differential equations with delays by establishing an impulsive-integral in-
equality; Shu et al. in literature [0, 14] studied the existence and exponential stability
of mild solutions for neutral stochastic functional differential equations by using the
noncompact measurement strategy, Monch fixed point theorem and some inequality
techniques; Luo in literature [1 1] discussed exponential stability of mild solutions of
stochastic partial differential equations with delays by fixed point theory; Xu et al. in
literature [16] investigated the mean square exponential stability of mild solutions for
impulsive stochastic partial differential equations with delays by using a delay differ-
ential inequality and stochastic analysis technique; Li and Fan in literature [9] con-
cerned exponential stability of mild solutions for impulsive stochastic partial differen-
tial equations with delays by employing the formula for the variation of parameters and
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inequality technique; Xu et al. in literature [15] concerned the pth moment globally
exponential stability and quasi sure globally exponential stability for impulsive stochas-
tic differential equations driven by G-Brownian motion by using G-Lyapunov function
methods and inequality techniques; Guo et al. in literature [7] discussed both the pth
moment and almost sure exponential stability of solutions to stochastic functional dif-
ferential equations with impulsive by using the Razumikhin-type technique; Li et al.
in literature [10] studied the existence and Hyers-Ulam stability of random impulsive
stochastic functional differential equations with finite delays via fixed point theorem
and Gronwall inequality.

On the other hand, stochastic differential equations driven by Poisson random
measures arise in many different fields. For example, they have been used to develop
models for neuronal activity that account for synaptic impulses occurring randomly,
both in time and at different locations of a spatially extended neuron. Other appli-
cations arise in chemical reaction-diffusion systems and stochastic turbulence models.
To the best of our knowledge, the existing paper on the existence and stability analy-
sis of the mild solutions for stochastic partial differential equations driven by Poisson
jump are relatively few. For example, Anguraj et al. in literature [1] investigated the
Hyers-Ulam stability results under the Lipschitz condition on a bounded and closed in-
terval by using stochastic analysis and the Gronwall inequality. In paper [8], Hou et al.
considered the exponential stability of energy solutions to stochastic partial differential
equations with variable delays and Poisson jumps by estimating the coefficients func-
tions in the stochastic energy equality. Also Chen et al. in [5] concerned exponential
stability of a class of impulsive neutral stochastic partial differential equations with de-
lays and Poisson jumps via an impulsive-integral inequality. In recent years, with the
development of fractional calculus, many scholars devote themselves to the study of the
existence and stability of solutions of fractional stochastic differential equations. For
example, In paper [3], the authors studied the existence and exponential stability of neu-
tral stochastic fractional differential equations with impulses driven by Poisson jumps
via the fixed point theorem and inequality strategy. It should be pointed out that the
restrictive conditions of impulsive-integral inequality in [3] are too strict which shows
that impulsive-integral inequality has room for improvement. Based on this discussion,
in this paper, we concern with the following stochastic fractional differential equations
in the Hilbert space (X;||-||x) with the inner product (-,-)x :

“Dfx(r) = Ax(r) + 17 (i (t.x(e = 81(1)))) + 3 Fale,x(e — 1)) 22
L (tx(e = 8(0)9)N(dr,dy) ) 1 £, 1 € [0,T] =,

o) e PC, t€[-r0], X¥(0)=y €X, as.,

Le(x(t)), A (1) = J(x(te)), t =ty k=1,2,---,

B o=
=N
= =
z
Il

(L.1)
where D denotes the Caputo fractional derivative of order 1 < g < 2, J¢ denotes the
gth order fractional integral, A is a closed and densely linear operator in a Hilbert space
X, Z e Bs(U), where B (U) is the Borel o -algebra of separable Hilbert space U .
y1 is a §p-measurable X -valued random variable independent of the Wiener process
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W(t). The function f; : J x C([~r,0],X) — 2% is non-empty, bounded, closed and
convex multivalued map and f5 : J X C([-1,0],X) — L(Y,X), f3: I xX xZ—X. I,(-),
Ji(+) : X — X are continuous functions and the fixed times #; satisfy 0 =17p <t; <--- <
e <.+, Ax(ne) =x(t;7) —x(t;) and x(t;”) = x(1x), where x(7;") and x(z,") are represent
the right and left limits of x(z) at #, respectively. &(t): R" — [0,r], i =1,2,3 are
continuous functions. PC be the space of all almost surely bounded, §o-measure and
continuous functions everywhere except for an infinite number of point s at which
E(s) and left limit &(s) exist and E(s*) = E(s) from [—r,0] into X and equipped
with the supremum norm |[@||o = supge[_.0) [|@(6)]| and let PC@O([—r, 0],X) denotes
the space of all bounded §o-measurable PC([—r,0],X)-valued random variable u such
that [jul/%. = supge(—r0 El[u(s)[|P. Also, we define the measure N by N(dx,dy) =
Ny(dt,dy) — v(dy)dt, where v is the characteristic measure of N,, which is called
the compensated Poisson random measure. For a Borel set Z € B5(U — {0}), the
space PP(J xZ,X), p > 2 denotes the space of all predictable maps f:J X Zx Q —
X with [y [LE|f(z,u)||Pdt¥(du) < e. This section ends by highlighting the main
contributions of this paper:

e The existence and uniqueness of solution for impulsive fractional stochastic
system are proved.

e A new impulsive-integral inequality is established which can effectively im-
prove some previous results [4,17,5,3,6].

e Exponential stability results are established by applying appropriate hypotheses
and new impulsive-integral inequality.

The arrangement of the rest paper is as follows. In Section 2, some preliminaries
and results which are applied in the later paper are presented. Section 3 is devoted to
studying the exponential stability in the pth moment of the mild solutions of (1.1).

2. Preliminaries

Let X and Y be two real, separable Hilbert spaces and L(Y,X) be the space
of a bounded linear operator from Y to X. C(J,X) stands for the Banach space of
continuous functions from J to X with supremum norm, i.e., ||x||; = sup,.; [|x(¢)]],
Vx € C(J,X) and L' (J,X) represents the Banach space of functions from J to X which
are Bochner integrable normed by ||x||,1 = fi [|x[|dz, ¥x € L'(J,X). Let (Q,§,P) be a
complete filtered probability space with a filtration {J;},>¢ satisfying the usual condi-
tions (i.e. right continuous and §o containing all Py-null sets). Let B3,(r) (n=1,2,---)
be a sequence of real-valued one-dimensional standard Brownian motions mutually in-
dependent over (Q,F,P). Set W(t) = X V/AuBu(t)en (1 > 0), where A, > 0(n =
1,2,---) are nonnegative real numbers and {e,} (n=1,2,---) is a complete orthonor-
mal basis in Y. Let Q € L(Y,X) be an operator defined by Qe, = A,e, with a finite
trace 1rQ = ¥,/ A, < +eo. Then, the above Y -valued stochastic process W () is called
a O-Wiener process.
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DEFINITION 1. Let ¢ € L(Y,X) and define

015y :=1r(600") {zufm}

If ||¢ Hig < +oo, then ¢ is a Q-Hilbert-Schmidt operator and define L9(Y,X) the space
of all O-Hilbert-Schmidt operators ¢ : ¥ — X.

For more details about the X -valued stochastic integral of an Lg(Y ,X)-valued, §;-
adapted predictable process h(r) with respect to the Q-Wiener process W (¢), we can
see reference [12].

DEFINITION 2. The Riemann-Liouville fractional integral operator J of order
q > 0 is defined by
1

o JREDEO

10 =1,

where f € L'(J,X) and 0 < T < o.
DEFINITION 3. The Caputo fractional derivative is defined by
‘DY f(t) = ¥/t(t — )" (s)ds, n—1<qg<n
1 F(l’l _ q) 0 9 )
where f € C"1((0,T),X)NL'(J,X).

DEFINITION 4. Let A: D(A) C X — X be a closed linear operator. The operator
A is said to be a sectorial operator of type (M, 0,0, ®) if there exist constants ® € R,
0< 6<%, M>0 such that

(i) The a—resolvent of A exists outside the sector 0 +Sg = {®+A%: 1 € C,
Arg(=A%)[ < 6};

(i) [[R(A%,A)] = [|[(A* —A) M| < g |, A & 0+ Sp.

In addition, if A is a sectorial operator of type (M, 0,0, ®), then it is obvious to
know A generates an o -resolvent family {Ry(7) : # > 0} in a Banach space, where
Ro(t) = 7= Jo€R(29,A)d2 . For more details, we refer readers to see [13].

DEFINITION 5. ([13]) An X -valued stochastic process {x(¢),# > 0} is called a
mild solution of (1.1) if

(1) x(z) isan §; (¢ > 0) adapted process;

(2) x(¢) € X has a cadlag path on ¢ € [0, +ec) almost surely;
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(3) for each 1 € [0,+o0), we have

X0) = F,0)0(0)+ A0 + [ Holt=)fi(s,5(5— 81(5))ds
+ [ A= D5l = 8(6))aw ()

Jr/ot/zjq(t_S)f3(s7x(s—53(3))7y)1V(ds,dy)
+ Yt —n)h(x(n))

0<n<t

+ Y At —n)(x(t)), 1 =0,

0<t<t

and x(t) = ¢(t) for t € [—r,0]. Where the operators .7, (¢) and #(¢) are defined as

(1) = 2; l / A ATIR(AY, A)dA

and
1

Holt) = 5 /C HMAI2R(A9 A)dA,

where C is a suitable path such that 17 ¢ 0+ Sg, A € C.

LEMMA 1. ([2]) Forany p >2 and for an arbitrary Lg(Y,X) -valued predictable
process Y (s) such that

p
2

sup E|| [ wwdow)|” <o, [(Elwolyias) b=, @)

s€[0,]

where C,, = (p(p;l))%.

LEMMA 2. ([2]) Forany p =2 and there exists C, > 0 such that

supEH//st dexH <C //\st”tdxds)]

T€(0,]
£| /0 [ /Z Hs.0)Adwas] ). (22)

DEFINITION 6. The mild solution of the system (1.1) is said to be exponentially
stable in the pth moment if there exist a pair of positive constants ¥ > 0 and My > 0,
for any initial value ¢ € PC, a.s., such that

E|x@)||? < Moe ™™, t>0, p>2. (2.3)
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3. Existence and uniqueness

Moreover, to obtain our main results, we give the following assumptions:
(HI) The operator families .%,, %, t > 0 generated by A are compact in D(A)
and there exist positive constants y;, 7 such that

sup || Fg(1)[| < MTe™ ™, supl|A(r)[| < MTe ™, (3.1)
>0 =0

where constant M* > 1. o
(H2) There exist positive constants 31, B>, B3 and B3 > 0 such that

E|fi(t,x1) = filt, )| < BiE[x1 — x|, f1(£,0) =0, (3:2)
E|fa(t,x1) = falt,x2) | < B2E[x1 — x|, fa(£,0) =0, (3-3)
/ZEIIfa(t,xl,y)—fa(t,xz,y)H29(dy) Bl x|, f3(1,00)=0,  (3.4)

and
/ZEIIfa(t,xl,y) — f3(t,x2,)[176/(dy) < Bslx1 —x2|”, (3.5)

where x1, xx € X, yeZ,t > 0.
(H3) There exist positive constants ¢k, di, k=1,2,---, such that

E|I(x1) — L(x2) || < cxllxt —x2fl, [(0)]| =0, (3.6)

E|Jk(x1) = k() | < dillxr =22l [J(0)] =0, (3.7)

where x1, X2 €X, 3,7 cx < +oo and ¥ di < Foo.

THEOREM 1. Assume that conditions (H1)-(H3) hold, then the system (1.1) has
a unique mild solution on [—r,T], 0 < T < oo provided that

PP [BPT2 4 C,(BUTS + BETY + BT + ((ick)u(i ar)) <1 (38
k=1 k=1

Proof. Let PCr be the space of all F-adapted processes x(7,®) : [—r,T] x Q — X
which is almost surely continuousin 7 #; (k=1,2,---,) forfixed ® € Q. limH[; x(1)
and limt_>tk+ x(t) all exist and x(z; ) = x(t;"). When we define the norm as Hx||§CT =
supye(—.7] E[[x(s)[|”, then PCr is a Banach space with the norm || - || pc,. Therefore,
we call the PCr be the closed subset of PCr defined as PCr = {x € PCr : x(t) =
¢(t) for t € [-r,0]} with norm [ - [|pc,. Next, we transform the system (1.1) into a
fixed point problem. Consider the operator ¥ : PCr — PCr defined as

(¥2)(0) = A O9O) + A0+ [ Halt—=5)i (5505 = 81(5))ds

4 /Ot T4(t =) fo(5,x(s — B2(s)))dW (s)
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+/0’/qu0—5)](3(5,)€($—&(s)),y)ﬁ(ds,dy)

837

+ Y I —u)h(x(m)+ Y, gt —u)(x(w)), t €[0,T],

0<ty <t 0<t<t

and (Wx)(z) = @(¢), t € [-r,0]. Then, we prove that the operator ¥ has a fixed point
which is exactly the mild solution of the system (1.1). Firstly, we verify that r —
(Wx)(¢) is continuous on [0,T]. Let x € PCr, ¢ € (0,T) and |g| be sufficiently small,

we obtain
7
E||(¥x)(r + &) — (Px) (1) |7 <7771 Y E||Nie + &) — Ni(o)|1”-
i=1
In view of (H1) and the strong continuity of operator .#,(), we obtain

E[Ni(t+€) =N@)|" = [[Z4(t+e) = F4(1)](0)]]”
= [I[74(t + &) = Zs]I1" 9 (0)[[”

—0ase—0.
Also, by the strong continuity of operator .%(r) and (H1), we have

E||Na(t + &) = Na(0)[|P = ([ A2+ &) — A (0) Iy ]|

= ||[Aq(t + &) = O] Iy 1
— 0ase—0.

Then, from conditions (H1)—-(H3), Lemma 2.1 and Lemma 2.2, we get

E|N3(t +€) = N3 (1) ||”

N

20~ IEH/ (1 +&—5) = Aot = 5)1 i (sx(s— 81(5)))s |
yor- 1EH/ Kt +€—5)fi(5,x(5 — 81(5) dsH
el
+zIHE[/ H;z/z+e—s)f1(sx(s—5l H as|"

AR
C R e VST YO0 8

N

[t + & — ) — Hylt — )| fi (s,x(s — 81.(s) H ds}

N

zp—l[/o H%(I—Fs—s)—%(t—s)

_|_21771 |:/t+£
13

Hy(t+e—s)

(3.9)

EH/,+8%/(t+s—S)f1(s,x(s—Sl(s)))ds_/O’%(t_s)fl(s,x(s—51(5)))dSHp

)
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E||Na(t + &) — Na(2)||”
t+€

| i+ e=s)pa.xls = 82(5))aw )
— [ Al =9 p5305 - Bols >>>dw<s>H
< 27| [ )~ St =)o~ (6w )|

=FE

p

p

4or- 1EH/ Iyt + € —5) fo(s,x(5 — 82(5)))dW ()

I

2
Py %
0 ds
Ly
2 4
2

Zg) Eds}

<ol [ / [ ” (t+€—5) = Tyt —5)] fo(s,x(5 — 8a(s)))

+2P*1cp[/t ( qu t+€—5)fa(s,x(s— 8(s)))

— 0ase—0;

E|[Ns(1 + &)~ Ns(1)]?
[ [ A= 9(0ats = 806000 s,
[ [ A=) 5565 = 85060V )|
<2 8| [ [0+ e—9) - At =) pr(s.ats— )y (dsan) |

=FE

+2r7E /t s/f (t+e—s)f3(s, x(s—r),y)N(ds,dy)Hp
< 2P 1CE //H (t4+e—s5)— It —s)| f3(s,x(s — 1), )||2ds7tdy]%
4or- 1C//E|| (t+e—s5)— Tyt — ) f3(s,x(5— r)oy) | Pdshdy

w26 [T [y t+e—s>f3<s,x<s—r>,y>||2dsxdy}
e
+2P—1c/ /E||fq(t+£—s)f3(s,x(s—r),y)des?Ldy
< 2ric E[/ 170+ &=9) =St =9I [ Ifsls.x(s= )P dy)as]
+2r- 1c/u (t+e—s)— Iyt —s H”/E||f3sx(s P),9)IPA(dy)ds
w276, [ [Tl e- 9P /Z B (5,505~ ) y) PR )]

1+€
#2016, [ A4tk e = )7 [ Ellfs.als =)o) P A(dv)ds

— 0ase—0;
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EHNﬁ(HS)—Nﬁ(Z)H”

—E|l 3 AurewnGw) Y Al wi@)]|”
0<ty<t+e 0<ty <t
< 27| Y [t - Al wliw)||
0<t<t
120 E| Y e - wie(w) |
1<ty <t+€

— 0ase—0;

E|[Ny(t+2) — Ny (o))"
=B ¥ Ar+e-witm) - ¥ Al -wh@)]|

0<t<t+e 0<t<t
p
<2 T 1A+ e 1)~ Aol o)
0<t<t
p
27 E| S e n) i)
1<ty <t+e€

— Qase—0.
In view of above estimations, we obtain

lim E[| (%) (1 + &) — (¥x) (1) [* =0,

which implies that the function 1 — (Wx)(¢) is continuous on [0, T].
Then, we will verify that ¥ is a contraction operator in PCr. For x|(7), x2(t) €
PCr and ¢ € [0,T], together with conditions (H1)-(H3), we have

)| ()0) — (¥22) (0]
< 58| [ ol )1 a5 5,60) ~ As.1a(s - ()l

45718 [ 2= )G (5= 86)) — a2l = B)NaW )|
45718 [ [ A= 9010 = 8505).3) — o025 = 8506 3)IN )|

+5PE|Y fq(t—tk)[lk(m(tk))—Ik(xz(fk))]Hp

0<n<t

+SPE| Y At — ) [l (8)) — T (2 (1)) Hp
0<t <t
) p—1
L(X)ds}

i (31 (5= 81(5))) = fi(s.32(5— 81 (5)))ds | ds

12
< 517713[/0 (FAD)

t
></E
0
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50716, / [E[| 12 = 9120531 (s = 8:(90)) = als,x2(5 = 82(5)))]

Zg] Eds]

<5t IGE] [ 14—
0

(S

% [ I Gx1 (= 659).3) = folsrals = () IPA ) ds]
571, [ -9l
% | IG5 83(5).) = frlsivals = 83(5) )72 dy)ds

+50~ IEH 2 A t—tk)[lk(m(fk))—Ik(”(”‘))]Hp

0<n<t

+5P° IEH 2 Ky t—tk)[Jk(m(fk))—Jk(’Q(I"))]HP

0<p <t

2 P J—
<SP BT 4 C(BITE 4+ BT + BT + (

' +(Zar)]

HMS

x sup |lx(t+8)—x2(t+0)|7,
0e[—r0]

which implies that

sup E||(Wx1)(#) — (Px2)(@)]|” < Q sup ||x1(r+6)—x2(r+0)||7. (3.10)

s€[—rt] se[—rt]

Since Q < 1 from inequality (3.8), we obtain that ‘¥’ is a contraction map. Therefore,
Y has a unique fixed point x(z) in PCr which is the solution of the system (1.1) by the
Banach fixed point theorem. [

4. Exponential stability in the pth moment

To obtain the exponential stability in the pth moment of mild solutions of (1.1),
we need to establish an improved impulsive-integral inequality as follows firstly.

LEMMA 3. For i, %5 >0, and there exist positive constants: &, o, £*, o*, &,
oy (k=1,2,---) and a function u : [—r,+eo) — [0,4-o0). If the following inequality:

Ee M L e P L E* [feNi) SUPgc[— o U(s+ 0)ds
+* [§erl=s) SUPge|_po U(s+ 0)ds + 3 <, Se " (t_tk)u(t,;)
+ Y o e P (1), 1> 0,

e L we ™t € [—r,0]

u(t) <

holds. Then, we have u(t) < (& + w)e™™ (t > —r), where W is a positive constant
defined by 1 =min{y;, o} — (E* + @ )™M 2 _E \where E satisfies o<y <t M <
e and & <min{y, p} — (E* + @)™ 2l 2 — max{1 + &+ ax, 1}
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Proof. Ttis easy to see that u(r) < (§ + w)e * for ¢ € [—r,0]. Then for any 7 > 0,
we will also verify u(t) < (£ + w)e M.

Case 1. When ¥ < 5, multiplying 1’ on both sides of the first inequality of the
lemma 4.1, we get

u(t)eYIt <E+ we— () + Z ékeﬂt"u(lk_) + Z wke)’lfe—i’z(t—fk)u(tk—)

<t 1<t

1
+&* / ent sup u (s+ 9)ds+a)*/ N'e 209 sup u(s+ 0)ds
0 0c[—r,0]

<E+0)+(E+0) /O e*”"e” B0 sup u(s+0)ds+ Y, (& + o )eu(t,)

0e[—r0] 1<t

1
< ((§+w)+(€*+w*)e”’-/ OO sup u(s+ 0)ds+ Y (& + wp)eMulry).
0

0c[—r0] 1<t

Let v(r) = u(t)e?’, the above inequality is changed as

) < E+0)+E+0)e [ sup s+ )ds+ T (E+ @v(n).

CEEA 1<t

Also, let

Z(t):(é‘i‘w)‘f'(é*‘i‘w*)eylr /Ot sup V(S+0 ds+2 ék‘i‘ﬂ)k) ( ) (41)

LA 1<t
Then, for ¢ # t;, we obtain

J()=(E +")e" sup v(i+6)<(E+w)eN sup (i +0),  (42)
0e[—r0] 0€(-r0]

and

215) < Mz, (4.3)

where A = max{1+ & + ay, 1}.
Next, consider the following equation

Z(t)=(E"+")e"" sup z(t+0), (4.4)
R

it is easy to find that the solution of (4.4) is z(t) = CelE @) where ¢ = ||zo].
From the comparison principle, we know

v(t) <z(t) = Cel& TN p e [—rpy] (4.5)

and

i) < GryelE o (4.6)
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For t € (t1,12], from (4.5) and (4.6), we have
2(t) < ||z el O] 7| Ay G HON (4.7)
By the mathematical induction, for 7 € (#,111], we have

2(1) < flaof| TT Agel&+ee L, (4.8)

1<t
Thus, we have

u(r) < ol T Ave™ 18 +00MY = (& 4 @) T A I1-E 000 = (& )b,
<t <t

- (4.9)
where 1 =y — (E* + 0*)e” — &, & satisfies I, < M < e and & <y — (EF +
*)en’.

Case 2. When 9, < 71, by the similar methods, we obtain
u(t) < (E+w)e M, (4.10)

where 1y = 1o — (E* + 0*)e?” — &, & satisfies I, < A < ¢ and E<p—(E+
o*)en’.
Therefore, we can always obtain that

ut) < (& +w)e ™™, (4.11)

where i = min{y;, p} — (§* + @*)emn{n 2l — & & satisfies T, -, A < ¢ and
E <min{y, p}—(E*+ w*)emin{w rir 0O

REMARK 1. Compared with previous results [3], it is easy to see that the & and
wy in our results is more simple than that in [3], which is required to satisfy ?,—: + % +
S G+ o <1LIEE S &> 1 or 3,77 o > 1, the corresponding Lemma in 3]
will not hold. But in our result, & and @ can be greater than or equal to 1. When
o = 0" = w; =0, our results can also improve the previous results [4, 17,5, 6].

THEOREM 2. Assume that conditions (H1)-(H3) hold, then the mild solution of
the system (1.1) is exponentially stable in the pth moment.

Proof. Taking the mathematical expectation for the mild solution of (1.1), we have
E|x(0)]1” = E[[7,0)0(0) + 01+ [ Hylt =)fi(s.x(6— 81(5)))ds

+ [ =95 = ()W (9

# [ At =9)fs(s.x(5— 63(5)). 90N ds. )

+ X Al —1kx)+ Y Aol =) lalee))||

0<f <t 0<f<t
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4 P
<57 EHJ 1)p(0) + (1) ylH
+5r71E / Hg(t —s) fi(s,x(s— 81 (s) dsH
P
5718 | [ =9 olsats - 825w )|
/ ~ p
#5771 [ ] At =9 pi(s.x(s - 83(5) )N dssa)

+5PE| Y Sy —n)h(x(n) + Y, St — 1) T (x(t) ||

0<fy<t 0<n<t

5
=51y @
i=1
From the assumption (H1) and Holder inequality, we get
P
@, :EHJ 1)9(0) + A1 y1H
<27 MPE|@||fe M + 2P T MIPE ||y, ||Pe .

Then, from the assumption (H1), (H2) and Holder inequality, we have
EH/%t—s)fl(s x(s—01(s) dsH
P
E( [ 140 = )i (x5 81 9) )
4 (=1
<rE( [ e e R (5.0l - 81(9) )
0
t 1 st
<o ([endas)" [ e B a(s - 3(5) s
0 0

t
<urrpin [ sup Elsc+ )|

Furthermore, by the assumption (H1), (H2), Holder inequality, Lemma 2.1 and Lemma
2.2, we obtain

I

®; — EH/O Iyt —5) fals,x(s — 82(s)))dW (s)
< ([ le B st - Sl )
cpM*"ﬁé’(/(f [P D) NI E (5 — 5(5)) 7] s )
1 ot
CpM*pﬁ2p</0 (- S)ds>p /0 e MITIE||x(s — 8,(s))||Pds

27 (p—1)\1-% [
%) /0 e M) sup E|x(s+ 0)||Pds

P
2

C,M*P By B
-
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and
P EH /ot/zj‘f(’ —S)fa(s,x(s = 53(5)),y)ﬁ(ds,dy)Hp
E</ot/ij‘1(’ = $)f3(s,x(s — &(S)),y)"zdsldy)g
+/0t/zqu(t_s)]%(s’x(s_&(S)),y))’pdsldy}
<C M*p{(/ ~29 (- /EHf3 sx(s—&(s)),y)H%Ldsdy)g
+/ e Phli=s /
< CpM*I’ﬂf(/Ot 2 1-9) = 31 R (5 — (s ))||2ds>

ot
+CpM*p[33/ e PN sup  E|lx(s+ 0)||Pds
0 6e[—r0]

‘f3 (s,x(s — O3(s H Adsdy

(1S}

—2

P 1 2(p—1) p b=t .
<cmrps ([T ag) T eI - 8y(5) 7 ds

ot
+CpM*p[33/ e PN sup  E|lx(s+ 0)||Pds
0

6e[—r0]
< CM*P(BE 1By p=2 \7 [ ) E 0)||Pd
< CM™ (B +ﬁ3)<m> /oe eeS[LEo] [[x(s 4 8)]|7ds.

Next,for p>2and 1 <m <2 with 1 + -- =1 and the assumption (H3), we obtain

P
Os = E| ¥ Al —0lw) + X Hl 1) lx(w)|
0<f<t 0<n<t
gzp‘l[ N, It — ) (x(ty) H +EH > gt — 1) Je(x(te) H]
0<ty <t 0<<t
<20 1M*‘”E[H S ke MW |x(ny) H > dre U |x(ty) H ]
0<n.<t 0<n<t
< 2p_1M*p{(ZC % Z Cre “nl—u) de Z dke_ht tk]“ X1k H .
k=1 0<tp<t 0<<t

Finally, combining with the estimations of ®; — ®s for r > 0, we have
Ellx(r)[”
< 1077 'MPPE | @||Pe M 4107\ M*PE |y, [|Pe™ !

12
+51771M*1’Bf7721_p/e*72(’*‘) sup E|[x(s+0)ds
0 0e[—r0]

271 (p—1)\1-% [t
+5P—1cpM*Pﬁ;(M) ’ / e M) sup E|x(s+ 0)|7ds
p—2 0 0e[-r0]
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p—2

+5r-Ic M*”(B%+E)<p7_2)7/t6771(’*“') sup E|x(s+0)| ds
g ’ 2(p—1n 0 0c[—r0]
+10p lM*p{ ch 2 cre “nle=) Zd "’: Z dke - tk]“ Zk H
k=1 0<tp<t 0<n <t

107 MPEp|[Pe M 1 107 M E |y, [P

1
5P BPYA Y / e ) sup E|x(s+0)|"ds
0 0<[—r0]

t
+5P-1C,M*PT / e ™) sup E|x(s+ 6)|7ds
0 0<[—r0]

—|—101’_1M*p[(ick)% Y e M (Y d)n Y de 2l "‘]H t")
k=1

0<f<t k=1 0<n<t

)

where 5 e
<ﬁ2 +ﬁ3 +ﬁ)<7ﬁ( 2 )> "

And it is obvious to see that for r € [—r,0], we have

E|x(@)||” < Moe™™,

where My = max{IOI”IM*I’[EH(pHg—|—E||y1H1’}, EH(p||g} Then, by lemma 4.1, for

all t > —r, we have
E||x()||” < MoE||@lloe ™™,

where y=min{y, p} —0—E&, 6 :51”1M*P(Bf’y21_p+CI,M*1’F)emi“{7" nlr & satis-
fies Htk<t A < eéta A= 1+ 107~ 1p17P {(z;;l cx) " 20<tk<t Cr+ (2?:1 di) " 20<tk<t dk]

and € < min{y, p} — 57" '"M*P(BLy " + C,M*PT)e™ M 117 So, we can obtain
that the mild solutions of the system (1.1) is exponentially stable in the pth moment. [l

5. An example

In this section, an example is given to illustrate the effectiveness and feasibility of
the theoretical results in our paper.

EXAMPLE 5.1. Consider the following system:

DSu(t,x) = gzu(t x)—l—JlS(ﬂlsmu( )))+J15(ﬁzsinu(§,x))dvzt(t)
+ [ Bysinu(%,x),y)N(dt, dy)>7 t€0,7|, t £, x €[0,7],

u(t,0) =u(t,m) =0, t € 0,7, (5.1)
Au(ty, x) = cxu(te, x), AX' () = dyu(ty, x), t =ty k=1,2,---,

u(t,x) = @(t,x), 1 € (=r,0], x€ [0, 7],
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where W (z) is a standard cylindrical Wiener processin X, A: D(A) C X — X, which is
defined by Ay =7’ with the domain D(A) = {y € X, y, y’ are absolutely continuous y” €
X, ¥(0) = y(x) = 0} then

=

Ay = 2 nz(yayn>)’n7 ye D(A)7

n=1

where y,(x) = \/% sin(nx), n € N is the orthonormal set of eigenvectors of A. Also,

A is the infinitesimal generator of an analytic semigroup (S(¢));>0 in X and [|S(¢)|| <
e

Then, (5.1) can be transformed in the abstract form of (1.1), where fi(¢,x) =
Bisinx, fo(r,x) = Pasinx, f3(r,x,y) = Baysinx, the delay functions are ;(¢) = 7,
0:(1) = 5., 63(r) = 5, the impulsive functions are [i(x) = cx, Ji(x) = dix, k € N.
Thus, it is easy to verify the conditions (H1)—(H3) of Theorem 1 all hold, so the system
(5.1) has at least a mild solution on [0, 7] .

Next, we will prove that the mild solution of (5.1) is exponentially stable in the 4th
moment (p =4). In fact, we know M* =1, y3 = =n* Let B; = =3 =0.1,
B3 =0.001, r= T2 ci=cr=d = dr =0.1, k=2, by simple calculation, we have
0~1.5366, A, =12, 2, =4.2, thenlet £ =6, so y=min{y;,n} — 60— & ~2.3230 >
0. Thus, the conditions of Theorem 2 all hold, so the mild solution of the system (5.1)
is exponentially stable in the 4th moment.
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