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EXACT EXPONENTS FOR INCLUSION OF DISCRETE
MUCKENHOUPT CLASSES INTO GEHRING CLASSES AND REVERSE

SAMIR H. SAKER, RAMY R. MAHMOUD AND MARIO KRrNIC

(Communicated by T. Buric)

Abstract. In this paper, we establish some embedding relationships between Muckenhoupt and
Gehring classes A, and G, by proving transition and inclusion relations. We also identify the
exact range of 7 > I for which w® € A,. Additionally, we show that the weights that satisfy
the A, -condition also meet the A.. -condition. Next, we prove the Jones factorization property
of A, weights in terms of two A; weights by employing the discrete Rubio De Francia iterated
algorithm. Finally, we determine the specific ranges of indices (sharp exponents) for which w
belongs to G, (A,) if w belongs to A, (G,) and the precise range of g < p for which w belongs
to A, given that it belongs to \A,,.

1. Introduction

Our aim in this paper is to study the transition and inclusion relations between
the discrete Muckenhoupt and Gehring weights and some applications of these results
in terms of the boundedness of Hardy-littlewood maximal operator, discrete Rubio De
Francia iterated algorithm and discrete Jones factorization Theorem to find the sharp
range of embedding and transition exponents. Throughout this paper, Z. stands for a
set of positive integers i.e. Z; = {1,2,3,...}. By interval J, we mean a finite subset
of Z, consisting of consecutive integers, i.e. J = {1,2,...,n}for n € Zy and |J|
stands for its cardinality. A discrete weight on Z, is a sequence w = {w(n)};_, of
nonnegative real numbers. The usual discrete weighted Lebesgue space £} (Z. ) is
defined for nonnegative sequences f by

1/p

2@ = Fi g = | D/ 0ulm)| <o
n=1

Following the usual terminology [3] and [23, 29], a discrete weight u belongs to the
discrete .4;(A) Muckenhoupt class for A > 1, if the inequality

1
W<A inf u, forall JCZ,. (1.1)
JCZy

|J| JCZ+
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holds for every subinterval J C Z... That is a sequence u € A, iff its norm

1 u
Aj(u) ;== sup — ———— | <eo.
gcz. V| ]CZZ+ essinfjcz, u

A discrete weight u belongs to the discrete A, (A) Muckenhoupt class for A > 1, if the

inequality
1 1 .
— > ou| = X ul)<A4, (1.2)
( |‘]| JCZ+ ) ( ‘J‘ JCZ+ )

holds for every subinterval J C Z. . A discrete nonnegative sequence u belongs to the
discrete Muckenhoupt class A,(C) for p > 1 and C > 1 if the inequality

Ly ) (L 3wt " (1.3)
7,2 ) \,4." = ‘
+ +

holds for every subinterval J C Z . For a given exponent p > 1, we define the A, (u)-
norm of the discrete weight u by the following quantity

1 1 )\
Ap(u) = sup — Y u(mJZ uW) .

JCZ+ ‘J‘ JCZy CZ+

The class A.. is naturally defined as the union of all the A, classes, that is A. =
Up>1.Ap.

A discrete nonnegative weight u belongs to the discrete Gehring class G,(/C) fora
given exponent g > 1 and a constant K > 1, (or satisfies the reverse Holder inequality)
if

1 é 1
T a glc_ 1)
<u2”> 7,2 "

CZ+ CZ+

holds for every subinterval J C Z. For given exponent g > 1, we define the G, (u)-
norm of the discrete weight u by the following quantity

1 -1 ! 1/q7 a1
Gow):=sup || = X u| |7 X ;
JCZ+ |‘I| ‘]CZZ{JF ‘J‘ JCZ+

where the supremum is taken over all intervals J C Z . A discrete nonnegative weight
u belongs to the discrete Gehring class Go.(C), if

1
sup u < C— 2 u.
1,

JCZy CZy

The discrete weight u belongs to the discrete Gehring class G, (K), if

1 u u
exp | — log <K, for K> 1,
( ] chzt+ ﬁ Ycz, U ﬁ 2icz. M)
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for every subinterval J C Z, . We define G (#)-norm by the following quantity

1 u u
Gi(u):= sup lexp — > log .
JCZy | JCZy ﬁ chm u ﬁ ZJCZ+ u

In [1], Arifio and Muckenhouptintroduced the characterizations of A -class and proved
that if u is nonincreasing and satisfies (1.1), then the space d(u~%/9,4*) is the dual
space of the discrete classical Lorentz space

- 1/q
d(u,q) = Xixu,q=<21|x*(n)qu(n)> <o o,

where x*(n) is the nonincreasing rearrangement of |x(n)| and ¢* is the conjugate of ¢.
Pavlov [19] and Lyubarskii and Seip [9] introduced the characterizations of A;-class
and gave a full description of all complete interpolating sequences on the real line by
using the condition (1.2). A sequence A(n) of complex numbers is called interpolating
sequence if for all complex sequence a(n) with

Y, la(n)P e 2 SA0I(1 4 |SA (n)]) < oo,

nely

the interpolation problem f(A(n)) = a(n) has a unique solution f € PW?2, where PW?2
is the Paly-Wiener space of all entire functions of exponential type at most 7 which
belong to L? on the real line. The authors in [9] and [19] proved that the sequence
A(n) of real numbers is a complete interpolating sequence if and only if:

(7). the sequence A(n) is a separated sequence,

(ii). the limit
F(z) = lim (l—i>,
RHNM(%_)\I<R k(n)

exists uniformly on compact subset of the complex space and defines an entire function
F of exponential type 7, the generating function,
(iii). there is a relatively dense subsequence A (n) such that the numbers d(k) =

!

2
F (A (nk)’ satisfies the discrete Muckenhoupt condition

(%12 d(k)) (%12 dl(k)> <A, (1.4)

CZy CZ+

for some A > 0 and all subintervals J C Z of consecutive integers containing |J|
elements.

In [28, Theorem 3.2], the authors characterized the boundedness of the discrete
Hardy-Littlewood maximal operator

Mf(n) = sup - 3 f(k),

neJ N2y
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on the usual weighted Lebesgue space ¢4 (Z") in terms of 4, -condition where f is
nonnegative sequence. Precisely, they proved that the operator 91f is bounded on
27 (Z*) if and only if u € AP and the inequality

(Mf (k)P u(k) < C
1 k:

(f (k)" u(k), (1.5)

M3
M s

k: 1

holds with C > 0 independent of p and depending only on the norm A, (u). In [25]
the authors proved that if # is a nonincreasing sequence and satisfies (1.1) for A > 1,
then for p € [1, A/(A—1)) the inequality

P
1 1
— P<A | — , 1.6
7,2 " 1<|,| p ) e

CZy CZ+

holds for every subinterval interval J C Z . This result proves that any .A; -Mucken-
houpt weight belongs to some Gehring classes G, (will be defined later) of weights
satisfy reverse Holder’s inequality (a transition property). The self-improving proper-
ties of discrete Muckenhoupt and Gehring classes have been studied recently by some
authors. For example in [27] the authors proved that if ¢ > 1, A > 1, u is a nonde-
creasing weight and belongs to A, (A), then u € A,(A;) for p € (po,q] where py > 1
is the unique solution of the equation

(47X
(Ax) 1<q_l)_1. (1.7)

This result proves that if u € A,(A) then there exist an € > 0 and a constant A =
Ai(p,A) suchthat u € A, _¢(Ay), (self-improving property) and thus

-Aq(A) - -Aqfe(Al)a (1.8)

where € = g—p for p € (pg,q| and po > 1 is the unique solution of the equation (1.7).
In [25] the authors proved that if ¢ > 1, KL > 1 and v is a nonincreasing sequence
belongs to G,4(K), then there exist an € > 0, and a constant XC; = K;(g,K) such that
v € Gpie(K1), (self-improving property) and thus

gq(IC) - gq+s(’Cl)- (1.9)

There is an alternative way involves exploiting the correspondence between a weighted
Muckenhoupt class and the reverse Holder class. This in fact provides a simple proof
of the self-improving property of G,(/C) as follows: Assume that v € G,(K) i.e., the
condition

1/q
1 1
(7 Y vq> gK(m D v>, forall J C Z, (1.10)
J J

CZy CZ+

holds. This condition can be rewritten in the form

| LN p-1 1 q(p—1)
— =1 = < kar=0 [ ) )
(chzz'+v ; (v) ) <K (JJCZZ‘+V> (1.11)
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By taking p = ¢/ (q— 1), we have from (1.11) that (here A(J) =Y,;v(n))

—_11 -1
(ﬁjczzf(%)) (ﬁj;ﬁve)p )p (1.12)

v M (AN _
<k S (T ) =K (1.13)

for all J C Z,, which is a weighted A, ,(K?) condition for v~! with respect to the
weight v and ¢ = p/(p — 1). This shows that if v € G,(K) then v~! € A, ,(C) with
C =KP where g=p/(p—1).

Making use of this discrete Gehring result, the authors in [26] proved that the
so-called reverse Holder inequality for discrete Muckenhoupt weights is also satisfied.
Precisely, their result reads as follows: If 1 < p < e and u € A,, then there are
constants g > 1 and 0 < C < oo such that

1

( 1 > u‘%’c))E <ct S u(k), forall J C Z..

‘J‘ ]CZ+ |J| JCZJr

This equivalence gives the transition property between the discrete Muckenhoupt and
Gebhring classes in the form: If u € A, for some p then u € G, for some g. In this
paper, we will prove the inverse and prove that if u € G, for some s then u € A, for
some ¢g. For more details and additional results, we refer the reader to the paper [22].

The interesting question arises now is: What are the relations between p and g
for which the inclusions A, C G, and G, C A, hold?

In this paper, we give a solution of this question by employing a new approach
depends upon the appropriate factorizations of w. Precisely, the aims of this paper are
the following:

1). For w e A,, we find the precise range of r’s such that w € G,, and the precise
range of g < p for which w € A,.

2). For w € G, we find the precise range of p’s such that w € A,,, and the precise
range of g > r for which w € G,,.

3). Find the precise range of T > 1, such that w* € A,,.

For classical results of integral forms, we refer the reader to the papers [2, 11, 12,
13, 18, 20, 21, 31] and the references cited therein.

The paper is organized as follows:

In Section 2, we state some basic results that are needed in the proofs of the main
results, prove some results of the structure of the discrete Muckenhoupt and Gehring
weights (Lemma 2.1 and Theorem 2.1 and Theorem 2.2). Next, we prove thatif u € A,
then u € G5 for some positive 6 > 0 that is if u € A, then it satisfies a reverse
Holder inequality (Theorem 2.3). The the self-improving property of the Muckenhoupt
weights will be proved in Lemma 2.2. In addition, we prove that the weights satisfy
A, -condition also satisfy A..-condition and if u € A, then u* € A, for some 7 > 1.
We also show that if u € A,,, then ud e A, and establish the explicit value of g. Next,
we establish the transition and inclusion relations between the two classes which give
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embedding relations between .4, and G, and prove that if the weights satisfy G..-
condition then the weights also satisfy .4, -condition.

In Section 3, we give some applications and start by proving the properties of the
discrete Rubio De Francia iterated algorithm and pass to prove the discrete version of
Jones’s Factorization Theorem of .4, weights in terms of two .4, weights and inves-
tigate the exact range on ¢ < p such that w € A, implies w € A, and investigate the
exact range on p > r such that w € G, implies w € 4, and investigate the exact range
on r such that w € A, implies w € G,. The ranges are optimal.

2. Main results

We begin this section by recalling some properties of Muckenhoupt A, -classes,
which are adapted from [26] and will be used later in the proof of the main results.
Recall that two positive quantities A, B are said to be equivalent, written A ~ B, if there
exists two constants ¢ and C such that the inequality ¢B < A < CB holds. Furthermore,
A < B is satisfied if there exists a constant C such that the inequality A < CB holds.
Clearly the relation < is transitive, that is, if A < B and B < C hold, then A < C
also holds. Throughout this section, we assume that the sequences in the statements
of theorems are non-negative and assume for the sake of conventions that 0-oco = 0,
0/0=0, 32 y(s) =0, for a > b, and by Yjcz, u we mean that ¥, ;-7 u(n) and
p is the conjugate exponent given by 1/p+1/p = 1.

LEMMA 2.1. Let u be a nonnegative weight and p and q be positive real num-
bers. The following properties hold:
(1). Ifue Ap then u® € Ay, for 0 < < 1, with Ap (u*) = A (u),
2). Ifue A, then u* € A, for some t> 1,

4). Given 1 < p and s < oo. Then u € A, NG if and only if v’ € Ay, where

(2).
(3). ue A, ifand only if u and uﬁ are in Ae.
(4).
g=s(p—1)+1.

Now, we start with the following properties for .4, weights, which will have a
clear imprint in the proofs of the main results for this paper.

THEOREM 2.1. (1). If 1 <p < q < oo, then A, C Ay.
(2). If p> 1, then u € A, if and only iful_pl €Ay.
(3). If uy, up € Ay, then ulué_p €A,

(4). Ifue A,, then

1

1
mJE u < Ap(u)exp (mJE logu>,

CZy CZ+

forevery J C 7.
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Proof. (1). Let p=1 and 1 < g < o and assume that u € A;. Then

1 ! 1 AN
Lo g =—z(—))
u
<JJCZ+ ) <J]CZ+ u

1 1
L esssup — =
X .
u inf u
JCZy ICZy
A (u
< ﬁ, forevery J C Z,.
1
m ZJCZ+ u

This shows that u € A,. Now, we consider the case when 1 < p < g <o and u € A,.
By applying Holder’s inequality we obtain

1 N\ NN
T
(JJCZ+ ) (JJCZ+ " )

p—1
= -l— 2: MT%
‘ ‘JCZ+
This implies
gqg—1 p—1

1 1 1 1 1 1
— > uln) | — > uTi <= Yun)|— Y ull’>
|‘I| JCZy (‘] JCZy ) ‘J‘ neJ |‘I| JCZy

< (U] 4,

for every J C Z . In the last inequality we used the fact that u € A,. This shows that
ucA,.
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(2). First, assume that u € A, with 1 < p < eo. Then

/1
1 3 7 1 3 (ulfpl>l%p’ ’
Uy 1,

CZy CZ+

._.|

1

) sz o (ﬁjZ u) =

CZ+ CZ+
1

1

-y Sy a
T, T,

CZ+ CZ+
1
< AF T (w),

for every J C Z., which shows that ul=? e A, . Now, we consider the reverse, i.e.,
we assume that u! 7' € Ay with 1 < p <eo. As above we see that

1 1

12]1_ 1Z ot 121_1,, 1Z e
— ul=r  — u = — u — u
‘J‘ JCZJr ‘J‘ JCZJr ‘J‘ JCZJr |J| JCZ+
1 1 _1 p’—l
_ L 2 1-p [ 1 2 ( 1717’) -y
u u
‘J‘ ]CZ+ <|J| JCZJr )
< Ay ('),

for every J C Z . This shows that u € A,,.
(3). Assume that u; € A; and u; € A;. The A, condition for uluéfp is

-1
L 2 ujup P L 2 ulﬁuz ’ <c
1, 1,

CZ+ CZ+
Since u; € A; and u; € Ay, then

1 N
M_i SAI(MI)M7

almost for every J C Z,, and i = 1,2. This implies

121414171’ 1214(1)171
7T iy = 1| =
Uy J

CZy ‘ ‘ JCZy
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and
p—1 1 p—1
1 1 1 1\ T
— url-ru = | — —_ u
<|J|chz"+ 1 2) <J‘]CZZ+ (”l) 2)
vy (1 !
<A (ul)ul(f) (mjc%'+u2>
_ Il ()"
=Awnm\ i)
Thus

1 !
!
> wpuy' P (m > ullpllz)
J

JCZy
< Ay (u1) AP (), for every J C Z,..

(4). To prove the result in this case we assume that p > 1. Then, for any J C Z.., we
have that

p—1
1 1 =L
()] = sup —Zu-—EWJ
JCZ+ ‘J‘ JCZy |J| JCZy
> fim | > 1 Y urt "
z lm | — u — ua-
g—ee ‘J‘ JCZy |‘I| JCZ+

1 1
= | — 2 ulexp| — 2 —logu>,
|J| JCZJr |J| JCZJr
which proves the desired inequality. The proof is complete. [

REMARK 2.1. From the above results, we see that the A, classes are nested and
A; is the strongest condition. Also, the results show the interpretation of duality and
also give a method for constructing A, weights from A; weights.

In the following lemma, we will present and prove some interesting properties for
the Gehring G, classes.

THEOREM 2.2. Let u be a nonnegative weight and p and q be real positive
numbers such that p, q > 1. The following properties hold:

(1) goocgchlforall 1 <q<°°a

(2) g = U Qq with G, (I/L) = liqul Qq,

1<g<eo

3).Gl=Au= U A,= U G,

1<p<eo 1<g<eo
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Proof. We give the proof of property (1). The proofs of the rest of the properties
are similar and will be omitted. If u € G.., then by the definition of G.., there exists
0 < C < oo, we have should be such that

1
ugc<7 D u),forallJCZ+. (2.1)
J

CZy

For all 1 < g < oo, by applying (2.1), we have that

() (g

q71/q -1
Lz 2] (hz)
ez (mze) -

Thatis u € G, and hence G.. C G,. Now, if u € G,, then there exists G > 1 such that
1 q/(q—1)

1/q
L > ul L N u <G, forallJC Z,. (2.2)
1, 1,

CZ+ CZ+

Taking the limit in (2.2) as ¢ tends to 1, we obtain that
' | 1/q |
wim|(mze) (m2)
. ! y a\ 1/(a-1)
(2 () )

1 u u
=exp| — lOg .
(JJCZZ‘+ ﬁz‘lcz+u (ﬁzJCZJFu))

That is from the definition of G; we see that u € G; and hence, G, C G;, which is the
desired result. The proof is complete. [

_1749/(a—1)

The following theorem proves that if u € A, then it satisfies the reverse Holder
inequality.

THEOREM 2.3. Let 1 < p < co and assume that u € Ap,. Then there are § >0
and 0 < ¢ < oo such that

| L\
+
mjz u <CmJZ u, (23)

CZ+ CZ+
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forevery J C 7.

Proof. By property (1) of Theorem 2.1, we have A, C A, if 1 < p < gq. Thus
we may assume that p > 2. From Holder’s inequality, for every positive sequence u,

we see that .
1 1\ T 1 1
1< = Y () —-ZzﬁT). (2.4)
<|J|JCZ+ u ) <|J|JCZ+

By applying A, -condition for u, we get that

1 1 A\
E § = _ —1
11, u(ﬁb wp) seselt

CZy CZ+

Recalling (2.4), we get that
p—1 p—1 p—1
1 1 1 1 1 1 1
— > u— > utr gc—EuH — Y urt . (2.5)
‘J‘ ]CZ+ <|J| JCZJr ) <|J| JCZJr ) <J ]CZ+ )
Dividing both sides of (2.5) by

1 o
1

0<|—= Y ur < o,
1,

CZy

<

this leads directly to
1 1 )\
— Z u<lc| — Z ur=1t ,
VI, (J IC7e )

which gives
1

_ p—1
(% Z (ul’%ly? l) <c|;—‘ Z uﬁ (2.6)
J J

CZ+ CZ+

1
Butsince p > 2, then p—1 > 1 and (2.6) shows that u»-T satisfies the reverse Holder
inequality. By (1.9) there exist ¢ > p — 1 and ¢ < oo, such that

1

1
1 a |’ 1 I 1 ot
—Euﬁ <c/—2u171<c/ —Zu ,
<|J| JCZJr ) |J| JCZJr (J ]CZ+
for p—1<qg<p—1+08, 6 >0. The last inequality follows directly from Holder’s

inequality. Finally, we get that

p—1

Ly wt) e s
— ur- <c— u.
|J|j ‘J‘J

CZy CZ+

Taking 146 = ¢q/(p — 1), we obtain the assertion (2.3). The proof is complete. [
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REMARK 2.2. For different approaches to this important result in the continuous
case, we refer the interested reader to the books [4, Theorem 4.22], [6, page 397], [7,
Corollary 6.10], [8, Theorem 9.2.2], [10, Lemma 4.33], [12] and [17].

As a first application of Theorem 2.3, we present the so-called self improving
property for Muckenhoupt weights which is an important in its own seek.

LEMMA 2.2. Suppose that u € Ap,. Then, there is € >0 such that u € Ap_¢.

Proof. We apply Theorem 2.3 to (1/u)"/(?=1) which is a weight sequence satis-
fying condition A4, -condition with ¢ = p/(p — 1). This gives us that

! 1\ (18)/ (=1 /o) I\ V/=D\
Fz@ ) <z @)
‘ ‘JCZ+ u ‘ ‘JCZ+ u

Setting € =(8/(1+6))(p—1) >0, sothat (p—¢e)—1=(p—1)/(1+6) and multi-
plying both sides of the above inequality by (1/[J]) Xz, u, this yields

1 1 1 1/(p—e-1) poe-l
_ u _ _
\J\,CXZQ Y JCZZ; <u>
-1
1 1 (1)1/(171))17
c|l — ul | —= - ,
(5.2 (72 G

and then u € (Ap—¢). The proof is complete. [

-1

Before, we continue to the next result, we need the following definition.

DEFINITION 2.1. A weight sequence u is said to satisfy A.-condition, if

u(E) <c<§) , 2.7)

where u(E) = Yu and u(J) = ¥z, u. The constants C > 0 and o > 0 in (2.7) are
E

supposed to be independent of E and J.

LEMMA 2.3. If u satisfies Ap-condition for some p < oo, then u € A.,.

Proof. For E C Z, , Holder’s inequality and Theorem 2.3 give

5 1/(1+9) B[\ /(1+9)
g ( )
R Ty <|J| P2 vl
_ L Z ) <|E|)3/ 1+6):CZJCZ+M <E>6/ 1+6
V1,5, I YN ’
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which is the A..-condition (2.7) with o« = § /(1 + 8). The proof is complete. [

The next result improves the result in [30] by removing the monotonicity condition
of the weight sequence u.

THEOREM 2.4. If u € A, with 1 < p < eo, then there exists € = € (p, Ap(u)) >
0 such that u' ™€ € A,,.

Proof. If ue A, with 1 < p < eo, then by Theorem 2.3 there exists € = £ (p, A, (u))
>0 and ¢ =c¢(p,A,(u)) such that

1+
1
Y oute<e (— D u) , forevery JCZj. (2.8)
JCZJr JJCZ+

For p = 1, assume that u € A;. Then (2.8) and the A, -condition (1.1) imply that

2 M1+8<C i 2 u e
1,

]CZ+ CZ+

1+¢
<c (essinfu)

JCZ+

= cessinfu! "¢,

JCZ+

This shows that u!™® € A;. Assume that u € A, with 1 < p < . Property (2) in
Theorem 2.1 implies that ul=? e A,y. Applying Theorem 2.3, we may choose € > 0,

so that both u and u'~7' satisfy a revere Holder inequality with the same exponent
1+ €, that is, (2.8) holds and

1+e
' 1 '
2 u(l—p)(l+8) <c (m 2 u11’> , forevery JCZ,.
J

JCZJr CZ+

Together with A, condition (1.3), this implies that

p—1
1 e [ L (1+&)(1-p")
7,2 " (J,Z !

CZ+ CZ+

! I+e | (I+€)(p-1)
<c| = 2 u — 2 ul=r
(chm ) <|J| ICT, )

| | (p-7 (e
=c (— 2 u) (— 2 ulpl> <y < oo
|J| JCZJr ‘J‘ ]CZ+

This shows that '™ € A,,. The proof is complete [
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Before proceeding to the next application, we recall the following property for the
Muckenhoupt weights from Lemma 2.1. Precisely, if u € A, then = A,. Here, we
give here an improvement for this result by presenting the explicit value for g such that

ud € A, as follows.

LEMMA 2.4. Suppose that u € A, for some 1 < p < oo and 0 < 6 < 1. Then,
uéeAqforq:(Sp—l-l—&

Proof. For 0< 8 <1, and u € A,, we have 1/(p—1)>8/(p—1) >0, and
hence for all J C Z,, we have

(.2 (hz <u5>"")ql

G2
( (
2 (52

N

N

S(p—
) | %) (p—1)
J JCZy | JCZ4

that is u® € Ay, with A, (u‘s) < A,(1)®, which is the desired result. The proof is
complete. [J

COROLLARY 2.1. Forany 1 < p <o and for every u € A, thereis q with g < p
such that u € Ay. In other words, we have

U 4.

q€(L,p)

Proof. Given u € A, by property (2) of Theorem 2.1, we have u /=1 ¢ Ay
On the other hand, using Theorem 2.3 for the new weight u~ /(=1 we know that
there exist 6 > 0, C > 0 such that for every J C Z

1 s C
Loy yw0/-n) - Coy e,
|J| J |‘]| J

CZ+ CZ+
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But IlfT‘? > ﬁ implies that 11;%? = ﬁ for some 1 < g < p. Then

q-1
( ) ( w Y= 1))
P—

T+
( ) ( —(14+8)/(p— ))
|J| JCZJr ‘J‘ ]CZ+
p—1
Y u T ) <,
|J|J Z, \J\ch

since u itself satisfies Theorem 2.3. The proof is complete. [

It has been proved (see [26]) that the norms of the classes A.. and G, are related
quantitatively in the following theorem.

THEOREM 2.5. Let u be a nonnegative weight and 1 < p < co. Then

1/p
oo (”p) 1/p 1/
7./400(”) <G (u) < ALP(uP). (2.9)

In the continuous versions, the classes .4; and G.. generate A.. in the sense that
Ao = A; - Ge, and G.. plays the same role relative to G, as A; does to A, (see [5]
for more details). The next theorem will play a crucial role in the proof of our main
results for the next section. Specifically, it gives the embedding relation between the
two discrete classes .A;(C) and G,(A) which adapted from [25].

THEOREM 2.6. Let u be a nonincreasing weight. If
1

— 2 u < C inf u, for some C > 1, (2.10)
\ ‘JcZ+ JCZy

then, for r € [1, C/(C—1)), we have that

1/r
1
(7122 ur> <A1/r<JJ% u) (2.11)
Clay Clay

Cl—r
A= Pyl (2.12)

where A is given by

REMARK 2.3. Theorem 2.6 proves that if u € A;(C), then u € G,(A) for p €

[1,C/(C—-1)).
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In the following, we will show that the so-called reverse Holder inequality for
discrete Muckenhoupt weights is also satisfied. The proof requires a weighted versions
of the A, and G, conditions. Given a non-negative weight sequence w, we say that a
positive sequence u is in A, (C) forsome p, 1 < p < oo, if

s e\
(W(")JCEZ' )( Jc% p) h

where w(J) = X -z, w. Similarly, we write u € Gy, (K) if it satisfies the reverse
Holder’s inequality

1/s
1 ) 1
(7.2 <t

JCZy CZy

for s > 1. The following theorem proves that the converse of Theorem 2.3 is also true.

THEOREM 2.7. If u € Gg for 1 < s < oo, then there exists 1 < p < oo, such that
u € A,. The value of p depends only on s and G(u).

Proof. We know that if u € A,, then the 4, condition can be rewritten in the
form

/ /

p-1 , P
(2 ) > ((u)l)”u«Ap(u))P’l(E (u>1u> ,

JCZJr ]CZ+ JCZJr
which in turn is equivalent to the weighted Muckenhoupt condition

1 1

_ Pl /I _ r
W) > ((u) 1) w < (Ap(u))” 1(@ > (u) 1W> ;

JCZ+ JCZ+

for the sequence 1/u with a weight w = u. It follows immediately that u € A, if and
only if u=! € Gyt w- A similar argument shows that u € Gy if and only if ule Ay -
Therefore, given u € G there exists some p > 1 such that ule gw, which in turn
is equivalent to u € A,. This completes our proof. [

Now, we are ready to state and prove one of the important results in this section
which explicitly gives the relation between the two classes G.. and A, with the best
range for the exponent p, for related results see also [16]. To provide more clarity on
the previous concepts, the authors in [24] investigated following estimates for power
low discrete weights by making use of some bounds of functions in [15, Lemma 2.2]
and [14, Lemma 2.2], respectively. These estimates will play a crucial role for the
precise range of constants of the classes.

LEMMA 2.5. If p> 1 and —1 < A < p— 1, then the norm A,(n*) ~ ®(p, 1),

where |
1 p—1 \"
D(p,A) = =) (p—?t—l) . (2.13)
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Taking limit as p — 1, we get the following corollary.

COROLLARY 2.2. If —1 < A <0, then the norm A,(n*) ~ ®(1,1), where

O(1,1) = . (2.14)

p—1

LEMMA 2.6. If p > 1 and o0 > —1/p, then the norm (G,(n*)) » ~¥(p, o),

where
(I+a)

Y(p,a)= —2—. (2.15)
(14 pa)/?
Taking limit as p — oo, we get the following corollary.
p—1
COROLLARY 2.3. The norm (gm(no‘))’T ~Y(co, t), where
(o, 0t) = (1+0); if e >00r o <O0. (2.16)

THEOREM 2.8. Let w € Goo and assume that 3 = G (W) . Then, there exists p >
B such that w e Ap.

Proof. Suppose that w € G, it follows from Property (1) in Lemma 2.2 that w
belongs to G, for some g > 1. To finish the proof, it remains only to recall the result in
Theorem 2.7, which claims the assertion. To prove the that the range for the exponent
p is optimal, we use the weight sequence w(n) =nP~! for B > 1. Applying Lemma
2.3 for this sequence with oo = § — 1, we get that [G.. (w)] ~ (1 + @) = 8. Lemma 2.5
asserts also that this sequence belongs to A, for p > 3, but does not belong to Ag..
This completes the proof. [

3. Applications

In this section, we will prove some applications of the results in Section 2. We
start with the properties of the discrete Rubio De Francia iterated algorithm which is
interesting in itself and of potential future use in different contexts. To do this, we will
consider the discrete Hardy-Littlewood maximal operator 2Tf which is defined by

Mf(n) = suplif(k), for JCZy. (3.1)
neJ N2y

THEOREM 3.1. Fix 1 < p < e and u € A,. For any non-negative sequence
f € 0P(u), define

o~ Mf(n)
Wf(n) = ;0 2, (3.2)

where for i >0, MM f :=Mo---oMSf denotes i iterations of the maximal operator
and MC f = f. Then:
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(D). f(n) <Yf(n),
) ¥ flleru) < 201 Nl er )
(3). WF e A and A (¥f) < 2|

Proof. (1). It is sufficient to consider the first term in (3.2) for i = 0.
(2). By applying Minkowski’s inequality to the norm of (3.2), we obtain that

R
A <3 27N vy = 20 lera

WS llerw) < 20 s
g i:Olem”gp(u) i=0

where we have used the boundedness property of the discrete maximal operator 90 f
on the weighted discrete Lebesgue space ¢ (u).
(3). Finally, since the maximal operator is subadditive, we get that

oo Em’f(n) > E)ﬁi-‘rlf(n)
MOPS)(n) = M| 3 o | < Dot —

< 29[ o) P f (1),

thatis Wf € Ay with a constant A, (‘Vf) < 2[|9|4p(,). The proof is complete. [

For applications, we will employ the discrete Rubio De Francia iterated algorithm
of two A; weights (reverse factorization).

THEOREM 3.2. For 1 < p <o, aweight u isin A, if and only if there exist uy,

uy € Ay such that u = uluéfp.

Proof. (=) Fix p and uy, up € A;. Then, for any interval J C Z", we can write

that
1

— 2 um < Ay (up)upm(k), for m=1,2.
1,

CZ,

Let u= ulué_p; then we have that

1 1 o
lfp/
Ly (Ly.
<|J| JCZy ) <JJCZ+ )

-1
1 (1 NI
=g T a5 3 e

I-p
_ 1 1
< A () AL (un) (m,E ) (mjijz)

CZ,

1 e 1 -1 B
) (712 ”2> (712 ”1> = A1 () A] ™ ().

CZy
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(<=)Fix ue A,,1 < p<eo, andlet g = pp’ > 1. Define the operator
1
S1f = (u)d sm(ﬂ”u‘%) v
Then S is sublinear and S : /9 — ¢4 since
r _1\P
Y ()= X m(ffur)use 3 g
]CZ+ ]CZ+ JCZJr
where C depending only on A, (u). Similarly, for o = ul=? ¢ A,y , consider
1 _iNg
Sof =o1m(rro )",

we know that S, is sublinear and S, : /9 — (4. Define S = S; + S, and form the Rubio
de Francia iteration algorithm

< S'f(n)
Yf(n) = ;
Z 7SI
then, by the proof of Theorem 3.1, it follows that ¥ : ¢9 — ¢9. Fix any non-zero function
f € 01 then W is finite almost everywhere. Moreover, S(¥f)(n) < 2||S||«¥f(n). In
particular, we have that

o

wim ()" u )" =S1(¥/) S P

Hence, if we let uy = (Wf)”'u

Similarly, if we repeat this argument with S, in place of Sy, we get u; = (Wf)?o ¥ €
1

1 . .
»  then this inequality becomes Muy < uy, so uy € Aj.
1

_ 1L )
Aj1. Moreover, it is immediate that ulué P = ypur" = u. This completes the proof. [

Next, we present the equivalence between the weight u that belongs to the class
A1 NG and the weight ©® that belongs to A class, which extends Lemma 3.3 to A,
weights. This result will be used later for the proof of Theorem 3.3 below.

LEMMA 3.1. Given aweight u and s > 1, then u € AyNG; ifand only if u* € A;.

Proof. Suppose first that u € A; NG,. Then, we have that

s
1 ! 1 s
m;z THD (712 u) <essinfu’.

CZy CZy JczE
Hence, u® € A;. Conversely, suppose u* € A;. By Holder’s inequality, we can write
that .
RS Y u< (i D us>s < essinfu < RS Y u
I JCZy 1 JCZs Jcz* 1 JCZs
It follows at once that u € A; NGy. This completes the proof. [

The next two lemmas consider dilations of A; and G.. weights.
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LEMMA 3.2. If u € Ay, then u™" € G, for any r > 0.

Proof. By Holder’s inequality with exponent p = 1 + r, we can write that

1

s ahcre(Ls )T (L x )T
= — ur'u I’/< — u — u- .
‘J‘ JCZJr ‘J‘ JCZJr |J| JCZ+

If we combine this with the fact that u € A;, we get that

1 T
-r< | < — -
u N<JJZ u) |J|J2u

CZ+ CZ+

1

Hence, u™" € .. This completes the proof. [

LEMMA 3.3. If u € G, then u" € G for any r > 0.

Proof. If r > 1, from Holder’s inequality we see that

r
1 1
r< _ g_ r.

CZy CZ+

If r < 1, then, since u € A, by Lemma3.3, u" € G 1/r Hence, we can repeat the above
argument using the reverse Holder inequality to get that u” € G... This completes the
proof. [

We conclude this part by the following result, which gives the factorization of
some weights u belong to the class A, NG, in terms of other weights belong to A NG
and A, NG, respectively.

THEOREM 3.3. For 1 < p, s < oo, the weight u € A, NG, if and only if there
exist weights vy, vo such that u=viva, vi € AiNG, and v € Ap N Ge.

Proof. We first fix vi € A; NG, and v, € ApNG... By Lemmas 3.1 and 3.3,
vi € A; and v} € G.. Then, we have that

1 1 ! 1 .
—ZM‘S —Evi —ZVE
‘J‘ ]CZ+ (J ]CZ+ ) <|J| JCZJr

1

s s
1 1
5—2\1‘1—2\/2 S—Zvlvz .
|J| JCZ+ (J JCZ+ ‘J‘ JCZ+
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o
Thus, u € Gs. Similarly, by Lemma 3.2, vi P eG,and vy, »p € A,, and so

1

1 o
1-p'

— viva | — [viva]

77,2 (m P> )

CZy CZ+

1 1 1 iy o
Sl vl 2wl 2" — ¥
<J ]CZ+ ) <|J| JCZJr ‘J‘ ]CZ+ ‘J‘ ]CZ+

< Ap(vi)Ap(v2)-

Thus u € Ap. To prove the converse, fix u € A, NGs. Then by Lemma 3.3, u’ € A,
with ¢ = s(p — 1) + 1. But then by Theorem 3.2 there exist uj,u; € A; such that

1
u = ulué_q, or equivalently, u = ufué ? = yivy. By Lemma 3.1, v € A; NGy, and

again by Theorem 3.2 and Lemma 3.2, v, € A, N G... This completes the proof. [

In the following, we use Theorems 2.6, 2.8 for the extension to the classes .Ap
and G,, and, as we shall see, the range of the indices will be governed by factorizations
of the weights. For the continuous case, the authors in [5] have shown that w € G, iff
w = wow; where wo € G. and wi € G,NA;. But then w| € A;, and thus w € G, iff
w=uv!/" with u € G.. and v € A;. We shall also use the Jones Factorization Theorem
for A,, Theorem 3.2, i.e. w € A, iff w=uv'"7 with u, v € A;.

THEOREM 3.4. Let w=uv'/" be in G, with u € Goo and v € A, and let C; =
Geo(u). Then w € A, for all p > Cy. This range of p is optimal.

Proof. Let p>C;. Then

1 > 'l = > <uv1/r>lip, h
Uy 1,

CZ+ CZ+

1 1 e 1
< sup u— pl/r— i sup —
JczZ+ |J| JCZZ+ ‘J‘ JCZZ+ JczZ+ yl/r

1 1 ! 1
< — uinf!/" [ — ul=r sup — < C,
‘J‘JZ J <sz 1/r

CZy CZy Jcz+ Vv

since u € A, for p > C; by Theorem 2.8. From Corollary 2.3, we conclude that the
sequence w(n) = n°1~! belongs to G.. C G, which shows that the range of p is best
possible. This completes the proof. [

The next result will give us the precise range of higher summability for w € G,.

THEOREM 3.5. Let w=uv'/" be in G, with u € Goo and v € Ay. If Co = Ai(v)
then w € G, for all r < p < Cor/(Cy —1). This range of p is optimal.
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Proof. Let p satisfies the above inequality, and then choose g > 1 such that

< Cor
q(C—1)
Since c
Pq 2
1< —< 57—,
r C2 —1
then by Theorem 2.6, we get that v € G,,,/,. This and Holder’s inequality and the fact

u € G give us that

1 1 1

1 1/d 1/q
— wh = — uPyvPIr < | = ui'p — Vap/r
7,2 " =% <|J| P> ) <|J| P> )

CZ+ CZ+ CZ+ CZ+

p/r

1

<supu?-C | — v < C'supu? -infyP/”
J <|J| ng"+ ) J J

1 p

" 1

<C <_|J| 3wy /r> .
JCZy

Let 0 < o < 1 and consider the sequence w(n) =n~%. Using the estimate in Lemma
(2.6), then w € G, for 1 <r < 1/c. We fix such an r and write w = vl/’, and v=n"%".
This is the factorization w = uv'/” with u = 1. By recalling the estimate in Corollary
2.2, we get that A;(v) =C, =1/(1 —oar). Thatis Cor/(Co—1) = 1/o which is
the precise upper bound of higher summability for this weight. This completes the
proof. [

For the next Theorem, we need the fact that v € A; implies that (1/v)" € G.. for
every ¥ > 0 (see Lemma 3.2).

THEOREM 3.6. Let w = uv'™P be in A, with u, v € Ay, and let C = A;(u).
Then w € G, forall 1 <r < C/(C—1). This range of r is optimal.

Proof. Using Theorem 2.6, we obtain that

1 L1 L1 11 1
— w o= — u < — — u’
/] chz’+ /] chz‘+ vip=h) = [ yrtp= 1) || chz’+
1 1 '
<Csup—— | — u
sl (JJCZZ'+ )

1 r

Jczt+ v Jczt

P
1 1
< CAT(w)C" | — —— - inf
l(u) (JJZ yp—1 chnz+lxt>

CZy

r r l '
< CA(u)C (712 W> .

CZy
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To prove the optimality of the range for the exponent r, we use the weight sequence
w(n) = ne=! for C > 1. Applying Lemma 2.6 for this sequence with o = % —1, we
get that w € G, (w) for oo > —1/r. Which leads to the best possible range 1 < r < %
after direct substitutions. This completes the proof. [

COROLLARY 3.1. Let w=uv'"F be in A, with u, v € Ay. If C = max{A; (u),
Ai(v)}, then w* € A, for 1 <1 <C/(C—1). This range of T is optimal.

Proof. From Theorem 3.6 we have that w and w!=P" are in G for 1 <1<
C/(C—1) and hence w* € A,. Again using Corollary 2.2, we observe that the se-
quence w(n) =n"% 0 < a < 1 belongs to A; C A,, and thus we can take u =n~%,
v=1. Then C =1/(1 — ) and thus C/(C — 1) = 1/o which is best possible. This
completes the proof. [

We will now use Theorem 3.6 to investigate the exact range on g < p such that
w € A, implies w € Ay.

THEOREM 3.7. Let w = w!'™P be in A, with u, v € Ay and let C, = A;(v).
Then w € Ay for all q satisfying

(p—D(C.—1)

+1<g<p.

This range of q is optimal.

Proof. Since w!'™? =vu! " isin A, we get from Theorem 3.6 that w!~#' € G,
for 1 <r<C,/(Ci—1). Hence since w € A,

1 | (1) (p=1)/r
r(1-p'
— wil — w

CZy CZ+

1 1 7l
<C— wl — wi=?'
7,2 (J P> )

CZ+ CZ+
< C < oo,

Thus w e Ay, for g=1+(p—1)/r, thatis (p—1)(Cs —1)/Ci+1 < g < p. We will
now show that this range is best possible by considering the sequence w(n) = n and fix
po > 2. Then, applying the estimates in Lemma 2.5 and Corollary 2.2 respectively to
getthat w € A,, and w = v'=70 with v=n'"70 € A,. Since A,(v) =1/ (2 — pl) =C.
the lower bound of the range of g given above is 2. This completes the proof. [l
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