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ON GENERALIZED SINGULAR NUMBER OF
POSITIVE MATRIX OF 7 MEASURABLE OPERATORS
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(Communicated by L. Mihokovic)

Abstract. Let (.#,T) be a semi-finite von Neumann algebra, Lo(.#) be the set of all T-
measurable operators. We studied generalized singular numbers of 2 x 2 positive matrices with
entries in Lo(.#'). We proved the equivalence of several inequalities associated with these gen-
eralized singular numbers and gave symmetric norm’s version of this results, i.e., we extend the
related inequalities of 2 x 2 positive semi-definite block matrices in [1, 5] to the 2 x 2 positive
matrices of T-measurable operators case.

1. Introduction

We denote the space of all compact linear operators on a complex separable Hilbert
space H by K(H). In [4], Bhatia and Kittaneh proved that if x,y € K(H) are self-
adjoint and +y < x, then

si(y) <sj(xdx),  j=1,2,-, ey
where 5;(z) (j=1,2,---) is singular value of z € K(H) and x@®x for the block-diagonal
operator ( g 2) defined on H ® H . They also proved the following arithmetic-geome-
tric mean inequality for singular values (see [3]): if x,y € K(H), then
25j(xy") <sj(x"x+yy),  j=12, (2)
Zhan [13] has proved that if x,y € K(H) are positive, then

six—y) <sjlxdy),  j=12,--- 3)

Tao has proved in [11] that if x,y,z € K(H) such that (Z)i ;}) > 0, then

2s,-(z><s,-(<’iz>), j=12, 4)
<y
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Tao has showed that (2)—(4) are equivalent.
Audeh and Kittaneh proved in [1] that if x,y,z € K(H) such that (Z)i )Z]) >0,

then
SJ(Z)gsl(‘XGBy)? ]:1727 (5)

They obtained the following generalization of (1): if x,y € K(H) are self-adjoint and
+y < x, then
25i(y) <si((x+y) @ (x—y)), j=1,2,--. )

They have proved that (1) and (5) are equivalent, and (4) and (6) are equivalent. Burqan
and Kittaneh [5] have proved that if x,y,z € K(H) such that < Z)i i) >0, then

si(z+2") <sj((x+y) @ (x+y),  j=1,2,-- 7

and this inequality is equivalent with (1). We recall that while the inequalities in [4,
11, 13] are formulated for matrices, they can be extended in a natural way to compact
operators on a complex separable Hilbert space (see [1]).

Let (.#,7) be a semi-finite von Neumann algebra, Lo(.#) be the set of all 7-
measurable operators, [, (x) be the generalized singular number of x € Ly(.#). In [7],
Han and Shao generalized (1)—(4) for 7-measurable operators associated with .# and
proved that the generalized singular numbers version of (2)—(4) are equivalent. In this
paper, we prove that if y € Lo(.#) is a self-adjoint operator, then

we(y) < e (y+ ©y-), t>0,

where yy, y_ are the positive and negative parts of y, respectively. As application, we
extend (5)—(7) to the generalized singular number case. We also prove the equivalence
of the corresponding inequalities and some symmetric norm inequalities.

2. Preliminaries

Let Ly(0,0:) (0 < o < o) the space of all u-measurable real-valued functions f
on (0,0). We define the decreasing rearrangement function f* : (0,¢) — (0, ) for
f € Lo(0,) by

FO)=inf{s>0: u{we(0,0): |f(o)] >s}) <t} 1=0.

Let E be a Banach subspace of Ly(0, ), simply called a Banach function space on
(0,0) in the sequel. E is said to be symmetric if, for f € E and g € Ly(0, c¢) such that
g (r) < f*(¢) forall t >0, one has g € E and ||g||g < ||f||E (see [2, 8]).

We denote by .# a semi-finite von Neumann algebra with a faithful normal semi-
finite trace T and by Lo(.#) the set of all T-measurable operators. For x € Lo(.#),
we define the distribution function A (x) of x by A (x) = 7(e( ) (|x|)) for # >0, where
€(1,)(|x]) is the spectral projection of |x| in the interval (#,0), and define the general-
ized singular numbers p(x) of x by p(x) =inf{s > 0: A;(x) <t} for ¢t > 0. Itis clear
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that g, (x) =0, for all # > 7(1). For further information about elementary properties of
the generalized singular numbers, we refer the reader to [6].
We recall that if .#Z = M, and 7 is the standard trace, then

.ut(x):Sj(x)a te[j_laj)7 ]21727
Recall that if x € Ly(.#), then for any 7 > 0,
1 (x) = inf {||xe|| : e is projectionin .#Z, T(e™) <1}. (8)

Moreover, the infimum can be restricted to the family of all spectral projections of |x]
(see [6, proof of Proposition 2.2]).
We denote by M, (.#) the semifinite von Neumann algebra

M, () = {("“ xm) XijEM, i j= 1,2}

X2,1 X22

on Hilbert space ¢ @ ¢ with trace Tr® 7.
Given a symmetric Banach function space E on (0,0) (7(1) = o). Let

E(A 1) ={xelo(A): |H@)|e <}, [xlle=lL@)]E

Then (E(.#,7),] - ||g) is a Banach space. This space is called noncommutative sym-
metric space, and denoted by E(.#) for convenience. If 1 <p <eoand E=L,(0,a),
then E(.# ) = L,(.'), which are the usual noncommutative L, -spaces associated with
(A7) (see[10, 12]).

3. Main results
LEMMA 1. Let y € Lo(#) be self-adjoint operator. Then

we(y) < e (y+ ©y-), t>0,

where y., y_ are the positive and negative parts of y, respectively.

Proof. 1t is clear that |y| = y; +y—, y =y1 —y—, y1y— =0, y_y;+ = 0. Let
v+ = Jo Adey (y4) (respectively, y_ = [;° Ade) (y-)) be the spectral decomposition of
v+ (respectively, y_ ). Then

yeoy = [Aderr)® [ Ader o) = [TAd(er )@ et ©

By (8) and (9), we get that for any € > 0, there is a spectral projection e¢ of y, ©y_
such that t(et) <t, W (y+ ®y_)+€> ||(y+ ®y_)e| and e = e; Bea, where e; is a
spectral projection of y+ and e, is a spectral projection of y_. Hence, e;Les, and so
f =e1+ ey is aprojection. Since

fr=1—f<l—ej+1—er=¢f +e5,
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we deduce that 7(f*) <t. Applying [6, Lemma 2.5]), we obtain that

ws(v) = pe(Iyh) < MIFI = 110+ + )l = lly+er +y-ez|
= |[e1y+e1 +eay—ea|| = max{|[e1yer]], leay—ea| }
= [[e1y+e1 B eay—ea|| = [[y+e1 Dy-_er|
= [+ ®y-)(e1 @ e2)||
= ||+ By-el < (y+®y-)+e.

The proof is complete since € is arbitrary. [l
LEMMA 2. Let x,y € Lo(.#) be self-adjoint operators such that +y < x. Then

,th(y)gl.lt(x@x), t>0.

Proof. Let y4, y_ be the positive and negative parts of y, respectively. Then

o) (V)¥e[0,00) (¥) < €[0,00) (¥)X€[0 ) ()
y ( 0,0) (y)ye(_oo 0) (V) < e(e0) (V)X (—eo) (V)

Using Lemma 1 and [6, Lemma 2.5], we get that

1 (y)

N

e (y+ B y—) < e (€]0,00) (¥)X[0,00) (V) D €(—0,0) (V)X (o 0) (V)
Lt ((€[0,00) (V) B €00y (1)) (X D X) (€[0,00) (V) B €0 0) (¥)))

(€10, ( )@ e( o))t (x )
,LL,(x@x) O

NN

We will use the following result (see [9, Proposition 3]), for easy reference give
its proof.

LEMMA 3. Let x € Lo(A). Then

W (xDx™) = pr(x), t>0.

NI~

Proof. 1t is clear that |x ®x*| = |x| @ |x*|. Similar to the proof of Lemma 1, we
have that

(1) (X @ [¥7]) = €(r.0) (IX]) @ €(e,) (IX°[), >0

Hence, A (x®x*) = A(x) + A, (x*) for any £ > 0. As the map: s — A,(xPx*) is con-
tinuous from the right, it is obvious that Ay, (yg.) (x@©x*) <t for any # > 0. Therefore,
Ay vy (%) + Ay (xapery (8°) < 2. Tt follows that Ay, (v (X) < 5 OF Ay (vans) () < 5.
It implies that ,u%(x) < W (x®dx*) or ,uz( *) < ,u,(x@x ). Since /,L%(x) = U%(x*)
(see [6, Lemma 2.5]), we have that ,LL%()C) < W (x®x*). Conversely, for € > 0, we
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choose projections e; and e, such that 7(ef) < &, T(ey) < 5, [lxei | < He (x)+€ and

Ix*ea]l < py (x) + €. Set e = ey B ez. Then 7(et) <t and
Hr (x & x7) < [[(x@xt)e|| = [|xer & x"er|| = max{|lxe[], [[x"eal|} < ps (x) +e.

Letting € — 0, we obtain the desired result. [
THEOREM 1. Let x,y, € Lo(#) and (Z)i )Z]) > 0. Then
t(z) < w(x@y), >0

Proof. Since (; ;) > 0, we have that

o< (35)(E) (0 - (27)

It follows that + (Z(l 8) <x@y. By Lemma 2, we get

w(( 25 ) <nteanenen), >0

70

,u,((z(i (Z))> = W (z®z"). Hence, th(z®7") < W ((x@y)® (xDy)) for any t > 0.

Using Lemma 3, we obtain desired result. []

On the other hand, ( 0 Z) ( ) ( ) By [6, Lemma 2.5], it follows that
<

We use a similar method in the proof of [1, Theorem 2.4] to obtain the following
result.

THEOREM 2. Let x,y € Lo(.A) be self-adjoint operators such that +y < x. Then

20 (y) < e ((x+3) © (x =) <2 (x®x), >0,

1 1Y. . . x+y O
1
Proof. Since 7 ( | 1) is a unitary operator in M (.#') and ( 0 x—y) >

0, we deduce that
O<L 1 -1 x+y 0 N\ 1L /1 1) _ /(xy
S22\ 1 0 x—y/)v2\-11) \yx)"

xXy\, x+y 0
Hence, ;,Lt(<yx)) —/.1;(< 0 x—y))' By [7, Lemma 3.3], we have that

) < (31 ) =il oG-y 10
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On the other hand, 0 < (x+y) B (x—y) =x®x+y® (—y) < 2(xDx), and so the second
inequality holds. [J

COROLLARY 1. Let x,y € Lo(#) be self-adjoint operators. Then

P (x+) < pe (0 +y4) © (0= +y-)), 1>0.

Proof. ltis clear that +x < |x|, +y < |y| and +(x+y) < |x|+|y|. By Theorem 2,
we get that

My (x+y) < %”t(((|x|+ W)+ Ce+3)) @ (3] + [y]) = (e +¥)))

= Za (7))@ 2 +y0)
(e +y4) @ (- +y-)),  t>0. O

THEOREM 3. The following statements are equivalent:
(i) If x,y € Lo(.#) are positive operators, then

Wx—y) < (xay), t>0.

(ii) If x,y € Lo(A), then
20, (") < e (xX"x+y%y), 1> 0.

(iii) If x,y,z € Lo(.#) and (Zx ;) >0, then
X z
< .
@ <ul(Z5) 10
(iv) If x,y € Lo(A) are self-adjoint operators such that +y < x, then

2u(y) S ((x+y)@(x—y)), >0

(V) If x,y € Lo(A) are self-adjoint operators, then

e (x+y) < e (x4 +y4) B (x= +y-)), 1>0.

Proof. 1t is known from [7] that (i), (ii) and (iii) are equivalent.

(iii) = (iv) follows from the proof of Theorem 2.

(iv) = (v) follows from the proof of Corollary 1.

(v) = () If x,y € Lo(#) are positive operators, then by (v), we have that

e (x =) = pe(x+ (=) < W (x4 + (=9)+) & (x4 (=y)-))
= ((x+0)®O0+y) =mxay), >0 0
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THEOREM 4. Let E be a symmetric Banach function space on (0,a). Then the
following statements are equivalent:

(i) If y € E(A) is a self-adjoint operator, then
Ve < lly+ @ y-e-
(ii) If x,y € E(#) are positive operators, then
Ix=yllz < [lx&ylle.
(iii) If x,y € E(#) are self-adjoint operators such that +y < x, then

2|ylle < l(x+y) @& (x—y)|lE-
(iv) If x,y € E() are self-adjoint operators, then
x=ylle < G +y4) & (- +y-)le-
Proof. (i) = (ii) If x,y are positive operators, then x —y < x and —(x —y) < y.
Let €] = ¢€|p.)(x —y) and ez = €(_o0)(x —y). Then (x —y)4+ =e1(x —y)er < erxer,
(x—y)— = ea(x—y)er < exyen. Hence, by (i),

[x=vlle < [(x =)+ & (x—y)-[le < [lerxer & eayea||k
= [[(e1@e)(x®y)(e1 @ er)E < xDylE.
(i) = (i) If x,y are self-adjoint operators such that -y < x, then x —y > 0 and
x+y > 0. By (i), we get (iii).
(ii1) = (iv) We use the method in the proof of Corollary 1 to prove (iv).
(iv) = (i) If y is a self-adjoint operator, then by (iv), we have that

IVlE = ly=0lle <[+ +0)& (v~ +0) = [ly+ &y-[le. O

Using a similar method in the proof of [5, Theorem 3.2], we obtain that

THEOREM 5. Let x,y,z,a,b € Lo(A). If( ) 0, then

W(a*zb+b*7"a) < W ((a*xa+ b*yb) & (a*xa+ b*yb)), t>0.
Consequently,

W(z+7°) < ((x+y) @ (x+y)), t>0.
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Proof. Since

a‘xa+b*Zfa+a‘zb+byb 0\ (a0 “xz a0 >0
0 0/ \boO 'y b0 )~

a‘xa—b*zZ'a—a‘zb+byb 0\ [ a O “xz a0 >0
0 0/ \-bO =y AV

we have that +(b*z*a+ a*zb) < a*xa+ b*yb. By Lemma 2, we get
y

and

W (b7 a+a*zb) < W ((a*xa+ b*yb) & (a*xa+ b*yb)), t>0.
Taking a =1 and b = 1, we obtain the second result. [l

THEOREM 6. The following statements are equivalent:

() If x,y € Lo(A) are self-adjoint operators such that +y < x, then

I.lt(y)gl.lt(x@x), t>0.
(i) If x,y,z,a,b € Lo(A) and (Z)i ;) >0, then

W (a*zb+b*7"a) < W ((a*xa+b*yb) ® (a*xa+ b*yb)), t>0.

(iii) If x,y,2 € Lo(.2) and (zx ;) >0, then

W(z+75) < ((x+y)® (x+y)), t>0.

(iv) If x,y,€ Lo(A') and (Z)i f}) >0, then
W(z) < (x@y),  1>0.

Proof. (1) = (ii) and (ii) = (iii) follow from the proof of Theorem 5.
(iii) = (i) From the proof of Theorem 2, we know that (i i ) > 0. By (iii), we

obtain (i).
(i) = (iv) flows from the proof of Theorem 1.

(iv) = (i) Since (;C fc ) >0, by (iv), we get (i). O

Similarly to Theorem 4, we use the method in the proof of Theorem 6 to obtain
the following result.
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THEOREM 7. Let E be a symmetric Banach function space on (0,a). Then the
following statements are equivalent:

(i) If x,y € E(#) are self-adjoint operators such that +y < x, then

Iylle < [lx&xle.

(i) If x,y,2 € E(A), a,b e M and (zx ;) >0, then

la*zb+b*7"a|| < ||(a*xa+ b yb) & (a*xa+ b*yb)||.

(iil) If x,y,z € E(.#) and (Z)i f}) >0, then

lz+2"l < I +y) @ (x+)]I-
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