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ASYMPTOTIC PROPERTIES OF
STOCHASTIC PREY-PREDATOR MODELS

GUANGBIN WANG, JINGLIANG LvV* AND XIAOLING ZOU

(Communicated by L. Mihokovic)

Abstract. In this paper, we study three stochastic two-species predator-prey models. We con-
struct stochastic models from deterministic models by introducing three different stochastic per-
turbations to the growth equations of the prey and predator populations. For the first model, we
obtain sufficient conditions for the stochastic model to be asymptotically stable in probability at
three different equilibrium points. In addition, using a suitable stochastic Lyapunov method, we
study the existence and uniqueness of the solution, the existence of positive recurrence and the
ultimate boundedness of the three stochastic systems under certain conditions. we also discuss
the global asymptotic stability of the equilibrium point and extinction of the last two stochastic
systems. Finally, we provide some numerical simulations to illustrate our mathematical results.
‘We show that stochastic models still retain the desirable stability property of their deterministic
counterparts if stochastic perturbations are relatively small.

1. Introduction

Predator-prey systems have been an important topic in mathematical biology due
to their universal existence and importance. As a result, interest in mathematical models
of interacting populations among species has grown rapidly [1,2,3,4,5,6,7,8,9, 10].
One of the well-known models is the Lotka-Volterra model, which describes the time
evolution of two interacting species: a prey population that grows with a constant birth
rate in the absence of a predator species, while the predator population decays with a
constant death rate without the presence of a prey species. And the population model

has the form
dx(z) = x(al —b1x — cly) dr,

dy(r) = y(az —byy+ czx) dr

where a; >0, by >0, c; >0, ap >0, bp >0, co > 0. The biological meaning of each
parameter can be referred to [11]. And a; > 0O indicates that the predator y has other
food source besides x. The functions x(7) and y(¢) represent, respectively, the number
of prey and predator. Obviously, the model (1) has four equilibrium points: E° = (0,0),

1_ (¢ 2 _ - Ko [k a5 a ok _ aby—apey  x
E'=(%0), E2=(0,9), E* = (x",y"), where £ = 7L, § = 72, x" = U2, y* =

ey
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2221% . And the parameters are hypothesized to be deterministic, which ignore the
162 TC102

environmental stochasticity.

However, population dynamics in the real world are often affected by some uncer-
tain factors, namely environmental noise [ 12, 13]. Therefore, a large number of scholars
have introduced stochasticity into deterministic systems to analyze the role of stochas-
ticity in population dynamics [14, 15, 16,17, 18, 19,20]. In this paper, we consider the
following stochastic systems:

dX (1) = F(X(t))dt + Gi(t)dB(t), i=1,2,3,
11

x(t) ) x(ay —bix—cyy
where X (t) = , B(t ,F(X(t)) = .
) <y<r>) 0=t ) Fx0) (y(az—bzersz
A stochastic perturbation can be proportional to the distance from its equilibrium

value [21,22]. Therefore, we assume that stochastic perturbation is directly proportional
to distance (x(z),y(¢)) from value of (x*,y*), we get

_ (o1 (x(t) —x%) 0
Gi(X(1)) = ( 0 Gz(y(t)_y*))'

At the same time, motivated by the references [23, 24], we also assume that the
stochastic perturbation is proportional to the distance between (x(z),y(¢)) and (x*,y*)
and (0,0). We have

orx(t) (x(t) — x* 0
Gy (X(1)) = ( 1 (0 ) o2y(1) (v(1) —y*))

and

_ (oux(t)(v(r) —¥") 0
G3 (X(t)) - < 0 Gzy(l) (x(t) _x*) ) .

The main aims of this paper are to investigate how different types of stochasticities
have different effects when applied to the same deterministic model. The arrangements
of this paper are organized as follows: in Section 2, we establish the existence of the
unique positive global solution for the model with G (X (t)) . In addition, we analyse
the stability of different equilibrium points and sufficient conditions for positive recur-
rence. Finally, we show that the system with G (X (t)) is stochastically ultimately
bounded. Different results of the stochastic model with G (X (t)), like the existence
and uniqueness of the positive solutions and their boundedness, a set of sufficient con-
ditions for asymptotic stability of equilibrium point, extinction, existence of positive
recurrence, are presented in Section 3. In Section 4, we present the existence and
uniqueness of the solution and prove the global stability of the equilibrium point of the
system with G3 (X (t)) . Then a Lyapunov function is performed to obtain the sufficient
conditions for extinction and the positive recurrence. Our analysis result reveals that the
system with G3 (X (t)) is stochastically ultimately bounded. The last section, a number
of numerical simulation results of the systems are also given to illustrate the analytical
results obtained in Section 2, Section 3 and Section 4.

In conclusion, when the noise intensity is relatively weak, the positive equilib-
rium point of global asymptotic stability is still globally asymptotically stable. In other
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words, small stochastic perturbations do not change the stability of the positive equilib-
rium.

2. Analysis of model with G, (X (1))

2b1

THEOREM 1. Suppose that 61 < and o, sz . Then for the model with

G1(X(r)), there exists a unique positive solution (x(t)7y(t)) € R% = {(x,y) €R?|
x>0,y > 0} for any initial value (x(0),y(0)) € R?..

Proof. Since the coefficients of the model with Gy (X (¢)) are locally Lipschitz
continuous, for any given initial value (x(0),y(0)) € R?, there is a unique maximal
local solution (x(r),y(t)) on ¢ € [0,7.), where 7, is the explosion time. To show the
solution is global, we need to show T, = co. We choose a sufficiently 1arge non-negative
number ry such that both of x(0) and y(0) lie within the interval [— ro]. For each
integer r > ry, we define the stopping time

:inf{IG 0,7) | x ¢ G’) or y¢ Gr>}

where inf@ = co. Clearly, 7, is increasing as r — co. Set lim,_, ;o T, = T, Whence
T < To. If we can show that .. = oo, then 7, = . To complete the proof, we need
to show that 7., = e. Motivated by [21, Theorem 2.1], let’s define a C2-function
V:R2 — Ry by V(x,y) = (x X —x"In % ) —|—(y y* y*lnyl*)é. Let r > rp and
T > 0 be arbitrary. For 0 <7 < 7, AT, it follows from Itd formula that

ﬁ 0\ (—b1 —ci + -b1 ﬁ 0
0L 2 —by —c1-bh)\0o L
(&) €2
|
o, 0 o x* 0 o, 0 x—x*
+<0 O'2><0 é) <0y* 0 o y—y* dr

Lo
1

e (34 (5 .) 670 (66)

1 *
deE(x—x*y—y ) [
0

where

X0 o1 0
Oy* 0 o
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Therefore, we can get that

weeern ()2 60 (G)

We can now integrate from O to 7. AT and then take the expressions to get
EV(x(t: AT),y(t: AT)) < V(x(0),y(0)) £ K.

Note that for every m € 7. < T, there is at least one of the x(7,,®), y(7,, ®) which is

equal either  or 1 and hence V (x(7,),y(7:)) is no less than the smallest of ( r—x* —

* r 1 * * r 1 1 * * 1 1 1 * * 1 1
X IHF)E, <r—y -y ln}?)a, <7—x —X lnrx—*)a and (;—y -y lnry—*>a

Consequently,

K> E[lg<r(0)V (x(7, 0),y(%, 0))]

1 . s 1 1 1 . s 1 1
ANMl-—x"—x'In— | —A|—-——y" —y'In— | —
r rx* J ¢y r rv* ) ¢

where 14, is the indicator function of 7,. Letting r — oo gives lim, 1o P{7, < T} =0.
Hence
P{1.<T}=0.

Since T > 0 is arbitrary, we must have P{T.. < e} =0. So P{T. = oo} =1 as re-
quired. [

The stochastic system can be centered at its positive equilibrium point by the fol-
lowing change in variables:

* *
U =X—X, Up=y—y.

The linearized counterpart of the nonlinear SDE system with G (X (t)) about
(x*,y*) reads:

{dul = (Aul+éu2)dt—|—01uld31(t)a (2)

dup = (C‘ul —l—Duz)dl + o1updB; (1)

where A = a; — 2b1x* — cy*, B=—cix*, ¢C= c2y*, D = ay —2byy* + cox*. Note
that the stability of the zero solution of (2) is equivalent to the stability property of the
equilibrium solution (x*,y*) of system with G;(X(r)). One can state the following
theorem for the stability of different equilibrium points of the model with G; (X (z)).

THEOREM 2. (I) Equilibrium E' = (%,0) is asymptotically mean square stable if

. . 302 ..
(l)a2—|—”,']i2—%>0,(u) Glgy/% andazg./zy#.
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(1) Equilibrium E* = (0,9) is asymptotically mean square stable if

(i) oy < V=24, A <0, (ii) 0o < \/—2D, D <0,
(iii) 01 < \/ B and 0 < /22

(IIT) Equilibrium E* = (x*,y*) is asymptotically mean square stable if

(i) oy < V=24, A <0, (ii)) on </—2D, D <0,

(iii) 01 < |/ 3 2.

L and o> <

Proof. For the axial equilibrium E' = (%,0), L have A= —b, B= —ci%, C =
St
0, D = ay + c2%. Define the function V (u,us) = u1 +uy" , then

=3 =1

=1 1 1 33 3
u? (—bixuy —cifuy) — 3 51422 (ag + cof)up + §622u2

I 1,y 1 2 1 3 =l
_<§b1x+ §61>u12 26‘11412 Uy — §<02+C2X—ZG2> 2.

Therefore £V is negative definite. The equilibrium solution (0,0) of the model (2)
is globally asymptotically stable. Hence the equilibrium solution E! = (£,0) of the
model with Gy (X (t)) is globally asymptotlcally stable.

We define a Lyapunov function V = (a)lu + a)2u2) where ®; and w, are pos-

LV =

1
~otui —

N =

itive real constants to determined. One can express V = (u1 uz) (0] (Zl> , where
2
[ 0
- (0 wz)

Let 4,(Q) and A,(Q) be the smallest and largest eigenvalues of Q, respectively,
and then we have

1
FM(Q) SV < 54(0).
Define K; = 12,(Q) and K> = 12,(0Q), so that the inequality Ki |u* <V < K> [uf®

holds, where |u|* = u? + u3. Meanwhile

. . . R 1 2.2 0
£V = (Auy + Buy Cuy + Duy) (gZ;) + ETV <01 ’/8(01 quzwz)
2Us

. of » (A OF s .
= <A+ 71> ouy + <D+ Tz)wzuz + (Boy + Doy )uyuy
= —u'Mu

where the symmetric matrix M is defined as
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Now we choose ®; and @, in such a manner that M becomes positive definite. Mean-
while, we will find some conditions so that all the principal minors of M become posi-
tive.

For the axial equilibrium E> = (0,¥), we obtain A=a—c19,B=0,C=c) >
0, D = ay — 2b,$. Principal minors of M are

2 2 2 P)
. O ~ O . O C o
M11:—<A+71)(91 and M22:<A+71><D+72>(01(02— 42-

Positivity of the first principal minor Mj; forces A + %12 < O0and A < 0. Since
.
(A+GT'2)(15+6722)
and wp, = é Note that w, is positive, and m; will be positive under the condition
0> < V/—2D with D < 0. Hence M becomes positive definite if o7 < v/ —2A and
0y </ —2D with A <0 and D < 0. A A
For the interior equilibEium point E* = (x*, y*z, we have AA =-bix* <0, B=
—cx" <0, C=cx* >0, D= —byy* <0. Since A <0 and D < 0, it is possible to
choose suitable values of m; and @, so that M becomes positive definite. We choose

2
~ o7 . . ..
A+ - is negative and @;, @, are chosen to be positive, we select @) =

) = —% and o, = é Then the corresponding principle minors of M become
2 2 2
. O ~ O A O
MM:—(A—i-?l)COl and M22:<A+71) <D+72>wla)2

One can easily observe that the first principle minor is positive if o; < \/—2A, and

the second principle minor will be positive when o, < v/—2D. Hence the positivity
of both principle minors imply the positive definiteness of M subject to the conditions

01 <V —2A and 0, < \/—2D with A < 0 and D < 0. Therefore, all eigenvalues of
M become positive. Thus, we have

LV < =2 (M) |uf?

where A (M) is the smallest eigenvalues of M and A (M) > 0. Therefore the equilib-
rium solution (0,0) of the (2) is globally asymptotically stable. Hence the equilib-
rium solutions E2 = (0,9) and E* = (x*,y*) of the model with Gy (X(r)) are globally
asymptotically stable.

For the equilibrium point E® = (0,0), the stochastic system reads:

{ dx(r) = x(al —bix— cly)dt + o1xdBy (1),
dy(r) = y(az — bay + cox)dt + G2ydB; ().
And many scholars have studied it well (e.g. [5, 11,25,26,27,28,29,30]). U

2b;

X

2b,
y*
(x(t),y(t)) of the system with G1(X(t)) is positively recurrent.

THEOREM 3. Suppose that o] < hold. Then the solution

and 0 <
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Proof Define V(x,y) = (x—x* —x*In %)L +(y—y*—y*lny%)é. D={(x,y) €
R% |+ <x<N,+ <y<N}. Applying Itd formula we have

1 L 0 —bl —Cl) (—bl (6) ) L 0
LV ==(x—x"y—y* ‘ + ‘1
Z(x Y y)[<0 %)(cz —by —c1 —by 0%

(G EIC)
(B 06

1 * *
—(2by — oy ) (y —y")*

1
———(2b _02* 2
(21— 03" x =) = 5=

2C1

When (x,y) — (0,0), we have

1 * *
~—(2by— a3y")(y")* < 0.

1
———_— (2 2 x *\2
2LV (2b) — ojx™) (x") 0

2cy

When x — 0 and y — +oo, we get

1 1
LV = =5 -(bi— oixt)(x")? — 3e; (22~ o3y )(y—y")* — —oe.
When X — -|—z>o and y— 0, we Obtain
PV = _L(zb1 o) (x—x")? — L(sz —05)")(y*)? — —ee.
2¢y 2¢;

When x — +o0 and y — 4o, we deduce

PV =~ (2b) — o) (x—x)

1 * *
7 —(2by— o3y ) (y —y*)? — —oo.

2C2

Therefore, for (x,y) € D¢, £V < 0. Using the similar proof of [Theorem 3.26] of
[31], it is a sufficient and necessary condition for positive recurrence. The proof is
complete. [J

THEOREM 4. Suppose that 61 < 4/ leil and 0y < 4/ 2;12 hold. The system with
G1(X (1)) is stochastically ultimately bounded for any initial value (x(0),y(0)) € R%..

Proof. We first claim that there is a positive constant K = K(0), which is inde-
pendent of the initial value (x(0),y(0)), such that the solution X = (x,y) of the system
with G| (X(r)) has the property that

lim supE |x|? <K
t——o0
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Define V = x% + éye, where ¢ < min{by,c;}. It follows from It6 formula that

dv = {6x%(a; — bix—c1y) — M(ff(x—x*)%ce*z

2
c 6(1—-06 S C
+0y% (a2~ bay o)< — B2y o2 Ly,
(6] 2 (6]
—|—961(x—x*)x9_ldBl(t)—|—gecg(y—y*)ye_lde(t). 3)
2

Denote

1—
2LV =0x%(a; —bix—c1y) — ucf(x—x*)%ce*z

2

c 6(1—-06 N e

100 (@ by e & - XD gay e C

(&) 2 Cc2

0(1-06

= 0ax® —0bx% —0c1x0y — %Gf(x—x*)zxef2
c c 6(1—6 c
+6mﬁ—~4%w“*—+9®%——L——Lﬁ@—ffﬁﬁ—-
(&) 2 2 2

£F-V
where
F=0a1x% — 0 x%"! — 011y — wﬁ%(x_X*)zxe_z + 9612)’(90i
- 6b2y9+1é +0cy%x— wgg(y _y*)zye—zé o C%ye.

When x <y, we can get

F < —Oclxeye(yl_e —xl_e) —Obyx' P — 9b2y1+9£ + 0ax? + 9a2y9 <
(&) (&)
¢ 0(1-6) 2 g0 0(1—0) w2 g0 C
+x0 4+ = - o ()X - = -y )
()] 2 2 )

Since the coefficient of the highest of x is —05; < 0 and the coefficient of the highest
of y is —Obgé < 0, then there exists a constant K| such F < Kj in Ri. When x >y,
we can get

F<—0(b;—c)x! 0 — 6192)11+9£ —0c1x%y+ 0a1x® + 6any? <

) 2
0(1—0) 2 g0 0(1—0) 2 90 C ¢
I G a2 - D 2 (22 L 0 L0
2 2 &) 2
Since the coefficient of the highest of x is —0(b; —¢) < 0 and the coefficient of the
highest of y is —Obzé < 0, then there exists a constant K, such F < K5 in Ri.
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Therefore F < K/, V(x,y) € Ri, where F/ = min{Kj,K,}. Hence we have £V <
K’ —V . Substituting this into (3) yields

AV < (K' = V)dr + 061 (x —x")x® " 1dB, (1) + cieoz(y —y W0 ldBy(1). @)
2

From (4) and once again by It6 formula, we obtain

dle'V] = ¢ (Vdt +dV) < K'e'dr + €' 001 (x —x*)x®1dB (1)
c e
+¢ 00,y =y B (1).

Taking expectation of both side of the above inequality, we get ¢/ EV <V (x(0),y(0)) +
K'e". This implies that
lim supEV < K'.
t—+oo
On the other hand, we deduce [X|* < 2max{x,y}. Thus |X|® < 2% max{x%,y%} <
0

22V . We have

li 0 L

t_l}IJ'I_lNSupE‘X‘ <22K =K.

Then, for any € >0, let H = 18(_22 By Chebyshev’s inequality, we attain P{|X| > H} <

E(—%ILYD . Hence

K
tlir+n supP{|IX| >H} < —= ==&.

VH
This means
liT supP{|X|<H}>1-¢. O
——+oo

3. Analysis of model with G, (X (1))

THEOREM 5. For any initial value (x(0),y(0)) € R%, there exists a unique pos-
itive solution (x(t),y(t))T €R% ={(x,y) eR*| x>0,y >0} for the model with
G>(X (1)) on t >0 and the solution will remain in R%. with probability 1 i.e., (x(t),y(t))T
€ Ri forall t > 0.

Proof. Define a C?-function V : R — R, by V(x,y) —x2 1-1 Inx+y2 — I-
%ln y. By the famous It6 formula, we compute

1 1
LV = Exfl(x% —Dx(a; —bix—cyy) + §x2<— Ex% +1

1 B i 1 B 1 1 02 20y, _ y¥\2
+5y 1(y2—l)y(az—bzerCzX)+§y 2(——y2+1>M
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1 1 1 1 *
+§(y2—1)(a2—b2y+c2x)+ <—§y2+1>622(y—y)2

Gl2x2+ 2x+ Glx ﬂ x%+ ﬂ_ﬂ_ﬂ X
8 4 4 2 2 2 2
+

0 i W, o T/ T T - VAR A T
2 8 8 4 4 2
b (e} c a o2 (y*)?
by oy o) . (2_ 507) e
2 2 2 2 8
2 (*\2 2 (%2
¢ 1cp o7 (x) o5 (y") a  a
p— 2 — —y2 - =
+2xy xy+ n + A 5 5

2
The coefficient of the highest term of x is —%‘ < 0 and the coefficient of the
2
highest term of y is —% < 0, therefore there exists a constant K such that £V (x,y) <

K forall (x(t),y(t)) € R%. By virtue of the similar proof of [Theorem 2.1] of [32], we
complete the proof. [

2b1

THEOREM 6. If 67 < and 63 < 2}12, then the equilibrium solution (x*,y*) of

the model with G, (X (1)) is globally asymptotically stable.

Proof. Define a C*-function V : R3 — Ry by V(x,y) =x—x"—x*InZ + (y—
y* —y*In ny) Z—; . In view of It6 formula, we get

* (512)6* 2
LV = (x—x")(a; —bix—cry) + 5 (x—x%)
2.k

* Cl O y * Cl

+ (y—y") (a2 — boy + cox) — + —2—(y—y*)* —

(6 2 (6

2k
* * * orx *
=(—x)[—bi(x—x") —c1(y—y")] + L (x—x")?

) ealo—x) —baly—y7)] L
2 2

2. % %
oix } c 05y
—<b1— 12 )(x—x )2—C—l<b2—27)(y_y*)2.

Therefore £V is negative definite. The equilibrium solution (x*,y") of the model
G>(X (1)) is globally asymptotically stable. [J

THEOREM 7. Suppose that by — T >0 and by — —2 > 0 hold. Then the
solution (x(t),y(t)) of the system with G (X (t)) is posztzvely recurrent.
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Proof. Define V(x,y) =x—x"—x*In &+ (y—y" —y"In ). D={(x,y) €R: |
1+ <x<N, 1 <y<N}. Applying Itd formula, we get

2 Lk
orx

LV =(x—x")(a; —bix—c1y)+ (x—x%)?

2.k
c1 , 63y C1
+ (y—y") (a2 — bay+ c2x)— + —2—(y — y*)?—
(6 2 (6
oix*

2

= (r—x)[=bilx—x) —erly—y")] +

2 * 2.k
ox y ¢ o}
:—(bl— 5 )(x—x >2——‘(b2— 2 ) -y
When (x,y) — (0,0), we obtain

2 *
ﬁv:-(bl—clzx )(x*)2—6—1<b2—62y )(y*)2<0.

When x — 0 and y — +-<o, we have

sz* . c 0.2* .
e U [ o (o [

When x — 4+ and y — 0, we deduce

2 ok 2%
oix . ¢ o} .
zv:-(zal— L )(x—x)2——1<b2— 2y>(y )2 = —eo.

When x — +o0 and y — 4o, we attain

G2x* . c 02 * .
e R e i R [N A

Therefore, for (x,y) € D, £V < 0. Using the similar proof of [Theorem 3.26]
of [31], it is a sufficient and necessary condition for positive recurrence. The proof is
complete. [J

2, *)2
THEOREM 8. If a; — 61(+) <0 and by — 63x* > 0. Then the species x(t) of the
2 (,%)2
model with G, (X (t)) will go to extinction almost surely. In addition, if a, — % <0

and species y(t) goes extinct, given that species x(t) goes extinct.

Proof. Applying Itd formula, we have
o2 (x—x*)?
2
o (x)°
2

dlnx = (al—blx—cly— )dt—i—Gl(x—x*)dBl(t)

o2x?
)dz— 12 dr + o1xdB, (1) — 01x"dB (1).

< <a1 —bix+ Gfx*x -
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That is to say,

t 20, %\2
1nx(t)<1nx(0)—|—/ <a1—b1x+03x*x—w>ds—/ opx* ——ds+M—-M; (5)
0 0

where M = fé o1xdBy(s) and My = fé o1x*dBy (s), whose quadratic variation is
t
(M,M) = / oix’ds.
0

By virtue of the exponential martingale inequality, for any positive constant T, o, 3,
we obtain

P{ sup _M—%<M,M>} >ﬁ}<e—“ﬁ‘.

0<e<T L

Choose T =n, =1, f =2lnn, we get

[ 1
P{ sup M—§<M,M>] >21nn} <=

2
0<t<T L n

An application of Borel-Cantelli lemma yields that for almost all @ € Q, there is a
random integer ny = ng(®) such that for n > no,

1
sup [ —= (M,M)} < 2lnn.
0<i<T 2
That is to say

1 1 (1 olx?

M<2lnn+ = (M,M)=2Inn+ —/ ar

2 2 Jo

forall 0 <7 < n, n > ng. Substituting the above inequality into (5) leads to

2
Oj

*\2 1
Inx(r) —Inx(0) < (al - %)t— (by — Glzx*)/ xds+21Inn—M;.
0

In other words, we have already shown that for 0 <n—1<1t < n,

_ 20 x\2
Inx(7) — Inx(0) < (al o) ) — o) / st Zlnn % ©)
t 2 t
From the strong law of large number, we get
.M
lim — =0. 7
t—1>I-I-l°° 14 @

Substituting (7) into (6), we deduce

1 o (x*)? I
lim supE <a1—¥—(b1—6fx*)7/xds<0.
0

t——foo
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That is to say
tBme(t) =0.
Using It6 formula on the second equation of the model with G, (X (t)) , we have

20y 2
w)dwaz(y—y*)d&@

022(})*)2> 2 2

dlny = <a2 —byy+cox —

< <a2 + cox — > dr — —dl + opydB; (1) — Gzy*de(Z).

Using the similar method above, we can get

Iny(r) ~Iny(0) a, — o 0r)* + l/t coxds — My ®)
t h 2 tJo t

where M, = [ 02y*dB>(s). From the strong law of large number, we obtain
M
lim —2 = 0. 9)
Substituting (9) into (8) and using the fact that lim,_ . x(z) = 0, we attain

In (52 *\2
lim sup — y <az—M

0.
=00 2 <

That is to say, under the premise of species x(¢) extinction, species y(¢) is also extinct

2
if ap — 62( ik < 0. We complete the proof. [l

THEOREM 9. The system with G, (X (t)) is stochastically ultimately bounded for
any initial value (x(0),y(0)) € R%.

Proof. We first claim that there is a positive constant K = K(6), which is inde-
pendent of the initial value (x(0),y(0)), such that the solution X = (x,y) of the system
with G»(X()) has the property that

- 0
tEIPN supE |x|

Define V = x? +y?. It follows from Itd formula that

0(1-0) 59

Gxe(al—blx—cly)— 3 opx’(x x*)2—|—9y6(a2—b2y+czx)

_0U=0) 2oy 2] a4 00y (x— x)PdBL (1) + Boa(y — v )y dB(r).

2
(10)
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Denote
0(1-6
2V =0x%(a; —bix—cyy) — g(flzxe(x—x*)2
0 0
+0y”(az — byy +cox) — ———>0;

< 0ax® + Gagye + Oczxey —

(1>

F-V
where

F = 0a1x% + 0ayy% 4+ 0caxPy +x% +y°
0(1—0) , o 0(1-90)

— Lot (x—x*)? - >

5 o (y—y")>

Since the coefficient of the highest of x is —w < 0 and the coefficient of the

highest of y is —w < 0, then there exists a constant K’ such F < K’ in R2+.

Hence we have £V < K’ — V. Substituting this into (10) yields
AV < (K" = V)dr + 061 (x — x*)xPdBy (1) + 602 (y — y*)yP dBy (1). (11
From (11) and once again by It6 formula, we get
de'V] =¢ (Vdt +dV) < K'e'dr + €' 01 (x — x*)xPdB (1) + € 002 (y — y* )y dB ().

Taking expectation of both side of the above inequality, we get ¢/ EV <V (x(0),y(0)) +
K'e". This implies that
lim supEV < K'.
t——+oo

On the other hand, we deduce |X|* < 2max{x,y}. Thus |X|° < 28 max{x? 9} <
23V . We have

i 0 [N

;lesupE‘X‘ <22K =K.

Then, for any € > 0, let H = 18(_22 By Chebyshev’s inequality, we attain P{|X| > H} <

E(v/[X])
VI Hence
li P{|X|>H} < K €
im <—==¢.
t—>+°°suP vH
This means

tliIJP supP{|X|<H}>1—-¢e. O
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4. Analysis of model with G3(X (1))

THEOREM 10. For any initial value (x(0),y(0)) € R%, there exists a unique pos-
itive solution (x(t),y(t))T €RZ = {(x,y) €R?* | x >0,y >0} for the model with
G3(X (1)) ont >0 and the solution will remain in R%. with probability 1 i.e., (x(t),y(t))T
€ Ri forall t >0 a.s.

Proof. Since the coefficients of the equation are locally Lipschitz continuous, then
for any given initial value (x(0),y(0)) € R%, there is a unique local solution (x(r),y(z))
on t € [0,7,], where 7, is the explosion time. To show this solution is global, we only
need to show that 7, = . Define the stopping times

h =inf{r € [0,7]: P(x(r)) <O or P(y(t)) <0}.

We have T < 7,. By the way, if 75 = = a.s., then 7, = = a.s.

Assume that T% < o, then there exists a T > 0 such that P(tt < T) > 0. Define
a C?-function V: RL — Ry by V(x,y) =x—x" —x"InL + (y—»* —yIng) It
follows from Itd formula that

V= (1—%>(a1—b1x—c1y)x+9<1 _y;) (a2 — by +cox)y

= (x—x*)(a1 —bix—c1y) + 0(y —y") (a2 — bay + c2x) (12)

where 6 = Z—;
At the equilibrium point we have

aj—bx*—cy* =0,
(13)
ap — byy* + cox* = 0.

Substituting (13) into (12), we get
y * * * 1 * * *
V=(x—x)][—bi(x—x)—ci(y—y)] +C—2(y—y [ =2y —y) +c2(x —x7)]
. ¢
= by (x—x")2 —by— (y—y")?
e
which follows that V < 0. Then V = 0 holds, only, if x = x*,y = y*. Therefore

o1 1
dV = |V 4+ Zoix* (y—y* ) + —(522})*(36—36*)20—1 dr
2 2 &)

+m<x—x*><y—y*>d31<z>+a(y—y*><x—x*>%d32<z>.

Integrating and using the fact that V < 0, we obtain

V (x(1),5(1)) <V (x(0 2/ x'ot(y—y") +y*622(X—x*)2i—;]ds

+ /0’ol<x—x*><y—y*>d31<s>+ /0 oy =y )x—x) LdBa(s). (14)
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Note that some components of (x(7"),y(7")) equal 0. Thereby

lim V (x(2),y(r)) = eo.

t—1t
Extending ¢ to 7+ in (14), we get

1 ™ * * * 2 C
> <V(H030) 45 [ [oih -y 4y o3 —x) Lds

[ o= x) o=y )aBi(s) + [ ol 3 e )dBals) <o

That contradicts our assumption, So T+ = o a.s. By virtue of the similar proof of
[Theorem 3.3] of [23], we complete the proof. [J
cvE 2 * 2
THEOREM 11. If by — % >0 and bg% - ;1 > 0, then the equilibrium so-

lution (x*,y") of the model with G»(X (1)) is globally asymptotically stable.

Proof. Define a C*-function V : RZ — Ry by V(x,y) =x—x"—x*In2 4 (y—
y* —y*In y%) . In view of It formula, we get

2%

XV:(x—x*)(al—blx—cly)—F%y ()c—x*)zz—1
2
2. %
C O X
+(y—y*)(a2—b2y+02X)é+I—(y—y*)z
2.k
. c ¢
= (r =) [~ brlx—x) —erly—y")] + Z- (- x)2
2
2 Lk
o2x . . . 11 Cl
+17(y—y)2+(y—y)[Cz(x—X)—bz(y—y)]5
* <2 * <2
€1y 03 ) ¢1 X 0j 2
= (b= L2 w2 (5D — )2,
R S Cre e

Therefore £V is negative definite. The equilibrium solution (x*,y*) of the model
G3(X (1)) is globally asymptotically stable. []
2 (v¥)2
THEOREM 12. If a; — @ <0 and ¢y —y*o} > 0. Then the species x(t) of
the model with G3 (X (t)) will go to extinction almost surely. In addition, under the
Z(X*)Z

premise of species x(t) extinction, species y(t) is also extinct if ap — GZT <0.

Proof. Applying Itd formula, we have

2 *\2
G J—
dlnx = <a1 —bix—ciy— %)dt—k o1(y—y")dB,(¢)
2052 2.2
o o
< <a1 —ciy+odyy— 1(; ) )dt— 12y dr + 01ydB, (t) — 61y*dBy(1).
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That is to say,

2 (%2 t 202
o o
Inx(r) < Inx(0 +/ (al—cly+cfy*y—#)ds—/ 1TxyderM—M1 (15)
0

where M = [} 01ydB(s) and M, = |} 61y*dB(s), whose quadratic variation is

!
(M,M) :/ ofy*ds.
0

By virtue of the exponential martingale inequality, for any positive constant T, o, 3,
we get

P{ sup -M—%<M7M>} >ﬁ}<e—“ﬁ‘.

0<t<T L

Choose T =n, oo =1, f =2Inn, we obtain

[ 1 1
P{ sup M——<M7M>] >2lnn}<—2.
0<t<T 2 n

An application of Borel-Cantelli lemma yields that for almost all @ € Q, there is a
random integer ny = np(®) such that for n > no,

1
sup [ —= (M,M}} < 2lnn.
0<I<T 2

That is to say
1
M <2Innt 3 (MM) =2Inn+ 5 /Gly

for all 0 <t < n, n > ny. Substituting the above inequality into (15) leads to
2 (1,%)\2 t
o
Inx(z) —Inx(0) < <a1 - #)t —(c1— Glzy*)/ yds+21Inn — M;.
0

In other words, we have already shown that for 0 <n—1<¢t <n,

Inx(¢) — Inx(0) o (611 B (;12(},*)2> / Jds 2lnn B % (16)

t 2

From the strong law of large number, we deduce

M
lim = =0. 17

t——+oo

1 02 *)2 1
lim supﬂ < <a1 —&) —(cl—Glzy*);/ yds < 0.
0
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That is to say
lim x(r) =0.

t——foo

Applying It6 formula to the second formula of the model with G (X (t)) , we have

(f%(x—x*)2

5 )dt-l—Gz(x—x*)de(l)

dlny = (ag —byy+crx—

2,2 2.2
O O
< <a2—|—czx—x*622x— 2(; ) )dt— 22x dr + 02xdB; (t) — Gox*dB; (1).

Using the similar method above, we can get

o 2 (*)2 t
0O ¢ (g FEEY L vt )
0

where M, = fé 0»x*dB;(s). From the strong law of large number, we attain
M
lim —2 = 0. (19)

Substituting (19) into (18) and using the fact that lim;_, ;.. x(z) = 0, we deduce

. Iny o3 (x*)?
— <ap— 2 <0.
tHI-Pw sup ;S a 2 <0
2(#)\2
That is to say, if a, — w < 0 and species y(r) goes extinct, given that species x(7)

goes extinct. [

) * 52
THEOREM 13. Suppose that by — % >0 and 25 — % > 0 hold. Then the
2 (&)
solution (x(t),y(t)) of the system with G, (X (t)) is positively recurrent.

Proof. Define V(x,y) =x—x"—x*In &+ (y—y —y"InF)L. D={(x,y) €R: |

+ <x<N, 1 <y<N}. Applying Itd formula, we have
% 622)]* 2 €1
LV = (x—x")(a; —bix—c1y) + (x—x*)"—
2 (6
2k
« Cl o7 X %
+O—y )(02—b2y+02x)5+ 12 =y
2. %
:(x—x*)[—bl(x—x)—cl(y—y*)]—k 22y (x—x*)z—1
2
oix* c

_|_

=)+ —y)[ea(x —x) = ba(y —y")] é

* <2 * <2
=— <b1 -9 ) (x—x")? - (—bzcl o )(y—y*)z-

2¢o (&) 2
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When (x,y) — (0,0), we have
* <2 * 2
c1y* o35 2 byey  x*oj 2
LV =—b ——= - — - — <0.
(b= 52 Y- (22 -T2 o)
When x — 0 and y — +oo, we get
* <2 * 2
c1y O " bycy X0 *
e (WD) () e
e
When x — 4o and y — 0, we obtain
* <2 * 2
1y o, 2 bycr  x'oj 2
LV =—b———= — - - - — —oo,
R T e R
When x — +o0 and y — +<o, we deduce
* 2 * 2
c1y o, 2 byey  x'oj .
LV =—b——= — - - — — —oo,
(1 G )(x x") (Cz 7 Jo=y) =

Therefore, for (x,y) € D, £V < 0. Using the similar proof of [Theorem 3.26] of
[31], it is a sufficient and necessary condition for positive recurrence. The proof is
complete. [J

THEOREM 14. The system with Gs(X(t)) is stochastically ultimately bounded
for any initial value (x(0),y(0)) € R3.

Proof. We first claim that there is a positive constant K = K(0), which is inde-
pendent of the initial value (x(0),y(0)), such that the solution X = (x,y) of the system
with G3(X(r)) has the property that

tliI-&I-l supE |x|? < K.

Define V = x? 4+ y? . It follows from It6 formula that

av = |0x%(a; — bix—c1y) — wafxe(y—y*)z
+60y% (ay — bay + cox) — wdzzye(x—x*)2 dr
+ 001 (y—y)x%dB (1) + 002 (x — x*)y?dB (¢). (20)
Denote
2V =0x%(a; —bix—c1y) — wafxe(y—y*)z
+60y%(ay — bay + c2x) — 79(12_ 9)c722ye(x—x*)2
< 0arx® + 0ary® + Ocrxy® — wafxe (y—y)?— wagye(x —x")?

L£F-V
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where

F=(0a;+1)x% + (6ay + 6cpx +1)y°
6(1—-6) 5 9 6(1—-6) 5 9

o (y—y") - =5 (x—x).

Note that F' is bounded in Ri, then there exists a constant K’ such F < K’ Hence we
have
LV LK —V.

Substituting this into model (20) yields
dV < (K" —V)dr + 001 (y — y*)x%dB (1) + 002 (x —x*)y?dBy (¢1). 1)
From (21) and once again by It6 formula, we get
dle'V] =¢ (Vdt +dV) < K'e'dr + ' 00 (y — y*)xPdB, (1) 4 € 003 (x — x*)ydB ().

Taking expectation of both side of the above inequality, we get ¢/ EV <V (x(0),y(0)) +
K'e". This implies that
tliIJP supEV < K'.

On the other hand, we deduce |X|* < 2max{x,y}. Thus X% < 28 max{x? 9} <

Z%V.We have )
lir+n supE|X|® <22K' 2 K.
{—>—+oo

Then, for any € > 0, let H = 18(_22 By Chebyshev’s inequality, we attain P{|X| > H} <

E(—%ILYI) . Hence

K
tlir+n supP{|IX| >H} < —= ==&.

VH
This means
tliEI_I supP{|X|<H}>1—-¢e. O

5. Numerical simulations

In this section we provide numerical simulation results to substantiate the analyti-
cal findings for the stochastic model system reported in the previous sections. We will
use Milstein’s Method to illustrate our results [33].

For the stochastic model with G (X (t)), we consider the following discretized
equations:

2
X1 = X +x¢ (@1 — brxg — c1ye) At + 01 (v — x*) VA + Gz—l(xk —x*)2 (&2 —1)Ar,

2
Y1 = Yk + k(a2 — bay + cax ) At + 02 (v — y*)VAIM + % (v — y*) 2 (nF — 1)Ar.
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where & and 1y, k= 1,2,...,n are two independent Gaussian random variables that
follow N(0,1).

In fig: 1, to ensure that o7 < 4/ 2)511 and 0y < 4/ 2;12 hold, we select o7 = 0.02 and
o0, = 0.02, then we obtain the existence and uniqueness of the solution for the model
with Gy (X (t)) In Theorem 2, after computing the bounds of the noise intensities

vV —2A =0.3216 and /—2D = 0.3613, we choose o1 = 0.3 and 0, = 0.3. Then the
stability of equilibrium points E? and E* are drawn in fig: 3 and fig: 4 respectively.
For the axial equilibrium point E!, we choose o] = 0.15 and o, = 0.15, the fig: 2
shows that the axial equilibrium point E! is stable. The positive recurrence conditions
prescribed in Theorem 3 are sufficient conditions, we choose 61 =0.2 and 6>, =0.2 to

ensure that o7 < 4/ 2% and 0y < 4/ 2% are established, which can be seen in the fig:
5. fig: 6 shows that the system with G (X (¢)) is stochastically ultimately bounded.

81— xwv 35 — x®
— Tl
51 3.0
41 20
2 £ 201
FE H
& g5
2 1.0
1] 05
0.0
6 5‘0 160 150 260 2%0 360 6 Sb 160 1.%0 260 2_;70 360
Time Time
Figure 1: The existence and uniqueness of Figure 2: Globally asymptotically stability of
solution of the system with Gy (X (1)) the system with Gy (X (t)) at point E*!
354 — x®
1.2 — y(t)
1.0 >0
@ 08 @ 2.5
g — v E
3206 — v 320
< 041 “ 15
021 101 ﬁ
0.0 0.54
0 50 100 150 200 250 300 3 50 100 150 200 250 300
Time Time
Figure 3: Globally asymptotic stability of Figure 4: Globally asymptotic stability of the

the system with Gy (X (t)) at point E* system with Gy (X (t)) at point E*
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o

~
I
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0.3

0.4 0.5 0.6 0.7 0.8 0 500 1000 1500 2000 2500 3000

Time Time
Figure 5: The positive recurrence of the Figure 6: The stochastic ultimate boun-
system with Gy (X (1)) dedness of the system with Gy (X (1))

Consider the discretized equations for model with G, (X (t)) :

X1 = X+ X (@) — bixg — c1yg) Ar

Ot — )AL+ T [ — ) 2(E2 — D,
Yia1 = Yk + Y (a2 — bayi + coxg ) At

0ok — v IVAML+ B (v — ) P(nE — 1)

where & and 1y, k= 1,2,...,n are two independent Gaussian random variables that
follow N(0,1).

In view of Theorem 5, if we choose 67 = 0.8, 6, = 0.8, then the solution of the
model with G (X (t)) exists and is unique. To guarantee the conditions 67 < 2b;x*
and 0'22 < 2byy* are satisfied, we let o; = 0.25 and 0, = 0.25. Hence the asymptotic
stability are obtained. fig: 8 confirms the conclusion. In fig: 9, we choose o7 = 0.15,

* 2 * 52
0, = 0.1. Then it is easy to obtain b — % >0 and by — y% > 0. If we choose
2(y%)\2
o1 = 1.6, then the first conditions a; — % (; ) <0 and by — 0'12x* > 0 of Theorem 8§
will be valid. As a result, prey population goes to extinction and extinction time for this
2 (v*)2
simulation is 125. Again for 6, = 1.4, second condition a, — % < 0 of Theorem
8 is valid and as a result predator population goes to extinction as depicted in fig: 10.
Fig: 11 shows that the system with G, (X (¢)) is stochastically ultimately bounded.

Let us now turn to model with G3 (X (t)) , consider the discretized equations:

Xpr1 =X+ x5 (@) — bixg — 1y Ar

+ouxe(k —y )IVBIE + T e (v — ) 2(E2 — 1),
Vi1 = Yk +Yi(az — bayk + coxp) At

G2y (i — ) VAT + B [y (e — X (m2 — DAY

where & and 1, k=1,2,...,n are two independent Gaussian random variables that
follow N(0,1).
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Figure 7: The existence and uniqueness of
solution of the system with G (X (t))

o4

50 100 150 200 250 300
Time

Figure 8: Globally asymptotic stability of the
system with G (X (1))
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0.8
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206 E
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Figure 9: The positive recurrence of the Figure 10: The extinction of the system with
system with G» (X (1)) Gy(X(1))
0.80 — x(t)
5] — v
0.75 N M
s 5
v g
X 0.70 B
2]
0.65
1
0.60

1500 2000 2500 3000

Time

0 500 1000

Figure 11: The stochastic ultimate bounded-
ness of the system with G (X (1))

0 50 100 150 200 250 300

Time

Figure 12: The existence and uniqueness of
solution of the system with G5 (X (t))

For numerical simulation of the Theorem 10, we choose the parameters o7 = 0.04
and oy = 0.035. We use different values of 6; and o0, in order to understand their
role on the dynamics. fig: 12 shows that the solution of the model with G3 (X (t))
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exists and is unique. To demonstrate the the environmental effect on the equilibrium
(x*,y*) of the model with G3(X (7)), we consider the environmental forcing intensities

)
as 01 =0.9 and 0, = 1.2 so that this values satisfy the conditions b; — % >0 and

N * 2
bagh - 7L > 0. fig: 13 confirms this. fig: 16 shows that the system with G5 (X(r))
is stochastically ultimately bounded. If we choose o7 = 1.25, then the first conditions
2 (k)2
a — w <0 and ¢ — y*crl2 > 0 of Theorem 12 will be valid. As a result, prey
population goes to extinction and extinction time for this simulation is 125. Again for
2 (1, *)2
0, = 1.6, second condition a; — % < 0 of Theorem 12 is valid and as a result
predator population goes to extinction as depicted in fig: 14. Finally, we choose o1 =

1.1 and 0, = 1.5 such that both conditions required for positive recurrence are satisfied.

g
o

354 X0 — x(t)
— y(t) — y(t)

w
o

o

EY

o
EY

Populations
N h
o

Populations

o
'S

151

1.0 /ﬁ
0.5

0 50 100 150 200 250 300 0 25 50 75 100 125 150 175 200
Time Time

o
N

o
o

Figure 13: Globally asymptotic stability of Figure 14: The extinction of the system with
the system with G3(X (1)) G3(X(1))

0.800
0.775 4
0.7 0.750 1

T 0.7254
v

o
o

Population

= 07001
z

o
o

0.675

0.650 4

o
~

0.625 4

0.3

0.4 0.5 0.6 0.7 0.8 0 500 1000 1500 2000 2500 3000

Time Time
Figure 15: The positive recurrence of the Figure 16: The stochastic ultimate bounded-
system with G3 (X (t)) ness of the system with G3 (X (t))
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