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ANISOTROPIC NONLINEAR ELLIPTIC SYSTEM
WITH DEGENERATE COERCIVITY AND L DATA

NOUR ELHOUDA ALLAOUI AND FARES MOKHTARI

(Communicated by I. PaZanin)

Abstract. In a bounded open subset Q2 C R” with n > 2, we study nonlinear degenerate aniso-
tropic elliptic systems with L™ data, where m being small. Therefore, we prove the existence
of a weak solution u : Q@ — RY with N > 2, under various hypotheses on the data f.

1. Introduction

Let us consider the Dirichlet elliptic problem

_ZIDZ- (ai(x,u(x),Diu(x))) = f(x), x€Q, (L.1)

u(x) =0, X € 0Q,

d
where € is a bounded open subset of R", n>2, fiu:Q — RN, N>2, Du= a—u,
Xi
and the vector fields @; : Q x RN x RN — RN i =1,...,n are Carathéodory functions.
Hence, we aim at proving the existence of a bounded weak solution u for problem
(1.1) under suitable assumptions on the vector fields a@; for all i = 1,...,n, and the

right hand side f € L (€;RY), we have studied the following states: the first is when
A / X /
fe (WOI’(p’)(Q;RN)> , and the last case f is not in (W()l’(p’)(Q;RN)> therefore the

solution u doesn’t belong to W()l’(pi)(Q;RN) but is in W()l’(qi)(Q;RN) such that ¢; €
(1,p;) forall i =1,...,n, where ¢; as in (3.12) and p; as in (3.11). Our regularity
results given in Theorems 3.3 and 3.4 are new and have not been proven before neither
in the isotropic nor in the anisotropic case. An important feature is the fact that, due

n
to (3.1), the operator A(u) = — » Dj(a;(x,u,Dju)) is well defined between W()l’(pi) Q)
i=1
and its dual space (WO1 (pi) (Q))’ but, from (3.2), it fails to be coercive if u is large. This
shows that the classical methods for elliptic operators can’t be applied. To overcome
this problem, we will proceed by approximation by means of truncations in a; to get a
coercive differential operator. Next, we prove some anisotropic uniform estimates on
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the sequence of approximate solutions. Finally, we pass to the limit in the approximate
system to obtain the existence of a weak solution for problem (1.1).

Existence of weak solutions # has been profoundly examined in [21, 35, 8, 33],
while uniqueness seems to be a delicate matter, see [ 13]. For the scalar case with lower
order term we refer the reader to [9, 10, 11,7,20]. For some recent developments on
anisotropic elliptic equations and systems, see [4,28,5, 2,3, 15, 18, 19]. The case of
p-Laplacian operator is treated in [17, 12], and the anisotropic case, in which each
component of the gradient D;u may have a possibly different exponent p;, is dealt
in [22] and [23].

In addition, it is important to mention that for the given system we’ve to add a
basic condition, as in some previous works treated, the isotropic case when p = 2:

sometimes use assumptions on the support off-diagonal coefficients when we deal with

B

elliptic systems: in [32] off-diagonal coefficients a:xj must disappear when y* is large,

while [36] the system is supposed to be tridiagonal, i.e., ag‘;ﬁ =0 for B > a; [24]
and [25] require that the support of af‘}ﬁ (x,y) is confined in square along the y* = +yP
diagonals, in [26] different conditions on the support are given. In the case of the
anisotropic elliptic system, in [14] and [16] the authors use the following structure

condition
VxeQ, VEeRY, VseRY with |s| <1,
ai(x,&).(I-s®s5)&) =20, i=1,...,n,
where (I —s®s) is the rank N — 1 orthogonal projector onto the space orthogonal to
the unit vector s € RV, see also [1,6,29].

This paper is organized in the following way: The section 2 is devoted to mathe-
matical preliminaries. Following that, assumptions and results are highlighted in sec-
tion 3. Next, we approximate problem (1.1) with some non degenerate problems in
section 4, and we show some a priori estimates on the solutions of these problems in
section 5. Finally, we pass to the limit in the approximate problem in section 6.

2. Mathematical preliminaries

Let Q be a bounded open subset of R” and p; > 1, i=1,....n, n > 2. We
introduce the anisotropic Sobolev spaces W (?)(Q) and WO1 (pi) (Q) which are defined
respectively by

whed(Q) = {g e WH(Q) : Dig € LPI(Q), Vi=1,...,n},

and

WOL(Pi)(Q) — Wol’l Q) NWhr)(Q).

which is a Banach space under the norm

n

HgHWOL(m(Q) = lgll.1 (@ +21 1Digllri() -
=

We need the anisotropic Sobolev embedding Theorem.
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THEOREM 2.1. [34] Suppose g € W()l’(pi)(Q). Then

n 1
Igllza@) < CTTIDig i ) - .1
i=1
where _
qzﬁ*z—np_ if p<n, 1 1&1
qE[l,oo) lfﬁ)’% p izlpl

The constant C, depends on py,...,pn, nif p <n. Furthermore, if p > n, the inequal-
ity (2.1) is true for all ¢ > 1 and C depends on q and |€Q|.

One has the following lemma.

LEMMA 2.2. [31] Letve W()l’(pi)(Q). Then there exists a constant C > 0 such
that

vIlzri) < Cllow |l Lriq)-

We use standard notation for the vector and matrix-valued versions of the space/
norm introduced above, as an example the RY -valued of WO1 P i)(Q) is denoted by
WOL(Pi) (Q, RN) .

3. Assumptions and main results
We assume that the vector fields a; : Q x RY x RN — RV, i=1,...,n, are Cara-

thédory functions, satisfying the following conditions, there exist ¢; > 0, 7 > 0, such
that fora.e. x€ Q, all u € RV and all £, €RY, i=1,...,n, we have

1-L

n pi
jai(x,u,8) < e (hl +ulP+ 3 Iéjlp-’) , |nl e L(Q), (3.1)

j=1
e )&, (2)
(1 +[uf)®
(ai(x,u,) —ailx,u,8")) . (£ = &) =0, (3.3)
0<O<p—1, (3.4
where p; > 1 is real number and 1/p = 1/nY_, 1/p;. Defining p, = max p; and
ISN
P-= 1Iélil£npi'

The fundamental problem presented by extending the results of an equation to a
system is to obtain as estimation of the truncation, since the truncation is different for
both scalar and vector cases, therefore as additional structure condition is needed in
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order to prove the existence of a solution for the elliptic system with L™ data. Here we
use the following condition

a; (x,u,8)E >0, V(x,§) € Qx RN, i

1,...,N, (3.5
see set assumption in [37].

Here a;; and &, are the 1-th row of vectors a; and &, respectively
‘We make the further restriction

m < # (3-6)
np+p—np—

As prototype examples, we consider the following models

g, (D g
i—1 l (I'HMDQ B ’

u=>0

on 0Q.
and
Di| —————Du| =f in Q,
Z ( T )
u=20 on dQ,

where a : RY — (0,0) is a bounded continuous function
Our main results are the following

THEOREM 3.1. Let f € L"(Q;RN) with m > — satzsjjzmg (3.6), >3, N>2,
and assume that p € [2 n). Then every solution u € Wl’(m)(Q RN) to problem (1.1) is
such that u € L= (Q;RN), which is weak solution of (1.1) in the sense that

/ S ai(x,u, Di).Dipdx = / f.dx, Vo € Wy P (Q;RY). (3.7)

THEOREM 3.2. Let f € L"(Q;R") with m = = satisfying (3.6), n >3, N >

v“cll S

assume that p € [2,n). Then every solution u € Wo pi (Q;RN) to problem (1.1) is such
0

that X 71 ¢ LY (Q) for every A >0, which is weak solution of (1.1) in the sense

(3.7).

REMARK 1.

e If we take N = 1, the results of Theorems 3.1-3.2 are the same as the results of
Theorems 1.1-1.2 found in [18].
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THEOREM 3.3. Let f € L™ (Q;RN). Assume that 0 as in (3.4) and p < n, such

that _
np n
np—(1+0)(n—p) P

Then every weak solution u € W()l’(pi)(Q;RN) to problem (1.1) in the sense of (3.7), is
such that u € L’(Q;RN), with

(3.8)

wip(ps — 60— 1)
= = I 3.9
mp(1—p) —mpm— 1) T EEP G2

REMARK 2.

np
np—(1+0)(n—p)
continuous embedding WO1 P i)(Q) < L7 (Q) we deduce that u € L’(Q) for all

e Hypothesis m > guarantees that r > p*. Since we have the

re[l,e).
el pi=2,and N=1, feL™(Q), with —— 2 <m<™ then ue
n+2—-0(n-2) 2
| . nm(1-0) . .
Hy(Q)NL" (L), such that r = — which is the same result as in Theorem

1.3 in [8].

THEOREM 3.4. Under the assumptions (3.1)—(3.5), let f € L"(Q;RN), with m >
1 and p <n, such thatfori=1,....n

np np

<m< 3.10
0T 0) T 2nm—1-8) ~ "~ = (11 0)(n—P) (3.10)
p—mp(1 p—mp(1
np—mp+6) o np—mp(1+90) G
nm(p—1—0) np—mp(l+6)—nm(p—1—0)
Then there exists a function u € WO1 (a) (Q;RN), with
pinm(p—1—10) )
= i, i=1,... 3.12
1 nﬁ_ml_)(l_Fe) <pl7 l b 7n7 ( )
which allows to solve (1.1) in the sense
n
/Ea,-(x,u,D,-u).D,-(pdx:/f.(pdx, Vo € C3(RY). (3.13)
(¥ Q

REMARK 3.

o If 6> % then the lower bound for m in (3.10) is smaller than 1, and if

06 < % then the lower bound for m in (3.10) is greater than 1.

e The lower bound of m in (3.10) guarantees that (3.11) is well defined.
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e We note that ¢; < p; forall i =1,...,n, due to the upper bound for m in (3.10).

e Since we have 6 < p — 1 the inequalities (3.8) and (3.10) are well defined.

o If we take p; =2, and N = 1, with f € L"(Q)

then u € Wy (Q), with g = 0/ -0)
rem 1.8 in [8].

__n__
> n+1-0(n—1)

4. Approximate solutions

Let T be the standard scalar truncation defined as
Tg R —-R

X if |x| <eg,
x = Te(x) = . .
esign(x) if |x| > €.

We introduce the following cubic truncation function

Te(y) = (Te(y1),---, Te(YN))

= (max(—g,min(g,y;)),...,max(—¢&,min(g,yy))),

which satisfies
| ZeW) < yl, [ Ze(y)] < Ne.

We consider the following family of approximate problems

- iDi (ai(x, Te(ue),Dite)) = fe x €Q,
- e =0, X €09,

where fe = Z:(f), such that

fe — fstronglyin L™ (Q;RY),

and
[ felln@amyy < NNl mmny-

<m<

(n=2)°
< 2, which is the same result as in Theo-

4.1)

4.2)

(4.3)

4.4)

We are going to prove the existence of weak solution for problem (4.2) that is a

function u, € W()l’(pi)(Q;RN) such that for all ¢ € W()L(p")(Q;RN)
n
/ Za,-(x, Te(ue),Diug).Dipdx = / fe-@dx.
oYt Q
For ug,ve € WO1 P i)(Q;RN ), we denote by A the operator

n
Acug — (Ve —>/ Zai(x,%(ue)7Dius)~DivedX> .
Qi1

(4.5)
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Clearly, A is well-defined and monotone. This function satisfies condition (3.2), we
deduce from the coercivity condition that A is coercive.

The growth condition (3.1) implies that A is hemicontinuous. By (3.1) and by
using Holder’s inequality we obtain

n
(Autg, ve)| clz{/ <h|+|ugﬂ+2|pjugw> dx}
=1

j=

=

Since the solution |ug| is in LP(Q), this because, there exists j € {1,...,n} so that
pj =P, then |ug| € LP(Q), by using Lemma 2.2, the boundedness of A. According to

!/
(3.3) and that f, € ( Lr) (o, RN )) , we can apply the surjectivity result given in [27].

This gives the existence of a weak solution u, € WO1 (p) (Q;RN) for problem (4.2) each
of them satisfying the weak formulation (4.5).
5. A priori estimates
Throughout the paper, we will denote by ¢ or C the positive constants depending

only on the data of the problem, but not on €.

LEMMA 5.1. Assume that m > Q and let f € L"(Q;RN), p > 2, and let ue
p

be a solution of (4.2) in the sense of (4.5). Then, the sequence (ug) is bounded in
Wy P (Q;RY) NL=(Q;RY).
LEMMA 5.2. Assume that m = — , and let fo € L"(Q;RN),p >2 and let ug be a
P

-0
solution of (4.2) in the sense of (4.5). Then, there exists A > 0 such that eMuel 7 ¢
LY(Q).

Proof of Lemmas 5.1-5.2. We define the function

Gk . RN —>RN
y —=G(y)=y— %) =01 —=Ti1),--,y8n — Te(yn)) -

For k > 0, if we take Gy (ug) as test function in (4.5) yields

N n
Z/ Zai7l(x7%(ug),Diug)Diuédxz/Qfg.Gk(ug)dx. (5.1

=1 Ik >k} 5
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Using (3.2), (3.5), and (5.1) we can deduce that

n |Diu£|Pi
Jon o e
(=N k>4 (51 (1+ |ue])
.
<= ai(x, 7 (ug),Diug).Djug dx
=y 1\ug|>k}lZ l

l N n
<X Y auln Tiue), D) Dk dx

Tz 1/ e | >k} i =

. /Qfg.Gk(ug)dx.

Therefore, Holder’s inequality implies

1
1 |Diu£|pi _,
L dx < elfellmany, ( [ [Geu)” ax)" . 52)
/{|us|>k},-§1 Ot ) ’ o
N
such that [ug| = |uk| (1-norm of vector ug = (uf,...,uY)). In fact (5.2) is exactly

=1

-0
(3.2) in [18]. So the rest of the proof that (i¢) is bounded in L=(Q) and e*luel 7' g
bounded in L'(Q) is similar to scalar case in [18].

We are going to prove that (u¢) is bounded in WOl P i)(Q;RN ): taking ue as test
function in (4.5), we obtain

n
/Qzai(x;ue;Dius)~Diu£dx < uell = @mm) 1 fell L @immy -
i=1

By assumption (3.2) and (4.1), we get

|Djug|Pi
o3 > oo s < el s o

S0,

n
. Ug||L>
[ 3 el ax < P 1y 5,
Qi=y T
< C.

Therefore, the proof of Lemmas 5.1-5.2 is concluded. [J

LEMMA 5.3. Let p; € [1,+e), i=1,...,n. We have for all k >0

Djue|P dx < c(2 +k)9/ | fe|dx. (5.3)

/{k<|u£|<k+1} =S
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Proof. We take 71 (Gy(ug)) as a test function in (4.5), such that
T1(Gulue)) = Fi(ue — Ti(ue)) = (Ti(ug — Tilug)), ..., T (uf — Te(u)))
where for all x € R
x—ksign(x); k< |x|<k+1,
Ti(x = Ti(x)) = q sign(x); x| > k+1,
0; |x| <k.
So
N n
Z/ Y aii(x, ue, Diute ) Diul dx = / Je- T (Gr(ue))dx. (5.4)
1=1 7 {k< g | <k+1} Q

i=1
According to (3.2) and (5.4), we have

|Diu8|pi »
(1+ |u£|)e

S

/{kngv_1 lu | <k-+1}

1

I

< a;(x,ug,Diug).Diug dx
X /{k<271|u2|<k+1}izi l( sy e 8) e

n

N
< / a; 1 (x,ug, Diug )Didl. dx
X 1:21 {kg|ué|<k+1} Z 1, ( ywe M 8) “e

i=1
_ / o T (Galue)) dx.
Q

which implies

L 1
/ |Diute P dx < —(2+k)9/ el .
=1 1k |ug |[<k+1} T {lue|>k}
Consequently
/ Ditte|” dx < c(2+k)9/ feldx. O
kel <k+1} {Jue K}

LEMMA 5.4. Assume that m satisfies (3.8), and let us be a solution of (4.2) in
the sense of (4.5). Let r as in (3.9), then ug is bounded in W()l’(pi)(Q;RN) AL (Q;RY).

Proof. We set
A ={x € Q:|ug| =k}, Bi={xeQ k< |ug| <k+1}.

Let y > 1, using the fact that

N P N
(Z Oti) <SNPY (o), 0 >0, (5.5
i=1 '
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and due to the anisotropic Sobolev inequality (2.1), we have

n oo #j
<cIIl 3 / e |P17 VD jug |Pi dx (5.6)
j=1 \k=0"Br
1
n npj
]‘[ cz (1+k)Pir=1 / IDjue|Pidx |
j=1 k=0 By
from Lemma 5.3, we get
| %
. il n pj
([ an) " < 1 (e S aewm-viarar [ o
Q j=1 k=0 /L
n npj
< C2(2+k yPitr= ”"Z/ fg|dx> .
j=1\' k=0
Therefore, changing the order of summation, and using the fact that
(5.7)

h
S kP <c(h+1)PHY
k=0

where ¢ = ¢(p), one obtains

() <11
< " (C/ TACEN R )+e+1d)

. H
ZC/ [fel (34 Jug )P0 dx)

< c(E/ 13+ ey 07004 )

Since m > 1, by Holder’s inequality and this last inequality, we obtain

1
np;

Z/ |f£\z (24 k)Pt +9dx>

1

npj

Sl

% n
</ |u£7p*dx)” <CZ (/ (3 + [ue]) (pi(y=1)+6+1)m dx)
Q
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Knowing that 1min pi = p— < pi < max p; = p+, we have
<isn

1<isn
(<)
Q

<C<1+2/|u|p+yl+9+l m
(5.8)

<l—|—/u |(P+(r=1)+6+1)m dx ,.

Py=0+p(y—1)+0)m

'%Lh\

Now choose 7 so that

thus .
(n—p)m(1+6—p-)

np(m—1)—mp,(n—p)
The lower bound of m in (3.8) is equivalent to y > 1. It follows that

nmp(14+6—p4) _

r=vp' = — — >p". (5.9)
np(m—1)—mp(n—p)
D 1
Since m < Q implies _ﬁ* z—, (5.8) yields
p p m
/ lue|"dx < c. (5.10)
Q

Combining (5.6)—(5.10), we deduce that

1
/ Jue [P77 VD jue P dx < C<l+/ el dx)
Q

<C. (5.11)

Therefore, by Lemma 5.3, that Y > 1, and (5.11), we can write forall i=1,...,n

/ Dt P dx = / | Dt | dx + | Dt | dx
Q {uel<1} el >1}

<c+/ e |PF (7 — 1)|Dueg P dx
{lue|>1}
<C.
This finishes the proof of Lemma 5.4. [l
LEMMA 5.5. Assume that m satisfies (3.10), and let ug be a solution of (4.2) in

the sense of (4.5). Then, the sequence (ug) is bounded in WOI"(q")(Q;RN) NLS(Q;RN)
such that

_ 51—
s=q = nq_:nm(p _9), (5.12)
n—gq n—mp
and

T np— mp(l—f—@)'
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Proof. Let A be a positive number to be determined later. Due to Lemma 5.3, we

Djug|Pi o Diug|Pi
/ o Adx:zf/ o] 74X
Q (1+ [ug]) k=0 /B (1+\Ms|)
/\Dug\ dx
1+k

@R [ 1flds

+R)0- AZ/ ol dx.

On the other, changing the order of summation, and using (5.7), and by Holder’s in-
equality we conclude that

Diu
/W Z/|fs\21+kekdx
<eX e [
h=0 By,
<c X [ Il @t luch® " ax
k=0 Bk

= ¢ [ 1fel @+ lue)* " ax

1
C(felle (et “”dx)'")
L
<cC (1 + (/ Iug'”'(““)dx) ! ) .
Q

Let s and ¢; be as in (5.12) and (5.13). Next, it can be checked that g; < p;. Using
again (5.5) and the anisotropic Sobolev inequality (2.1), we see that

get

(1
(1

<26(
<X
<3

7"

N N
/|u8\§*dx=/ Z\ulg| dxécZ/ b |7 dx
Q Q\i=1 I=
n
<c Y T] (/ D, qfdx)
I=1j
N n
<CZ (/ D ug|qfdx>
ke

n
= NC (/ |Djug | dx)

j=1

Q|e\

a
nq;

3 ‘e\

J
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7"

n n E
<C 2/ |Djue|¥ dx
i=1 \i=1/9

Jj=

n
e[ o)
i=17¢

<L

thus -
q
ZF n
(/ lue|d dx)q <c2/ |Diug| % dx. (5.14)
We can assume that _
4 _1q
pi P
If not, we set
qi
= max —,
1 1252 Di

and replace g;bynp;. Notice that since Np; > ¢;, then D;u, remains in a bounded
set of L7(Q), implies that D;ue bounded in L% (Q;RN) for all i = 1,...,n and this
involves the results.

In the sequel, we set ¢; =np;, N = = € (0,1).

ASIEEST

We choose A such that

S0
_ np—mp(1+0)—nm(p—1-0)
N n—mp '

A

It is easy to verify that this involves
(1+0—-1)m' <7q".

Using Holder’s inequality and below calculations, we get

D:u.|4i Adj
/\Diu8|qidx=/%(l+\u£|) i dx
Q Q

Agj

(1 |ue]) 7

ai 4i
Ditte |7 )p—i </ g )Hx
< — —dx 1+ |u|)Pi~9 dx
(htiviea gty
Diu.|Pi An -
< (/ Lde) (/ (1+\u8|)1*n" dx)
2 (1°+ ] o
w(0-2+1) 5 )" ano A\
<Cql+ /Q|ug\ dx 1+ /Q\ug\lfn dx

n(1+0-2) -
—x q —%
<cC 1—|—</u8|’1 dx) {1+</|u5‘1dx> }
Q Q

——
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it follows that

noA) g

N
2/ |Diug| % dx < C' 1+</ u8|’1*dx) ! . (5.15)
=179 Q

This inequality together with (5.14), implies

(/Q Jue [T dx>

Yo

n
< CZ/ |Djue|? dx
=179

n(1+6-2)

<C l+—</)u£ﬁ*dx) 7
Q

.
LIS

q

+1-1

From (3.4), we get
+1-—n.

Consequently i is bounded in L9 (Q;RY), so, the inequality (5.15) implies
/ |Djute|% dx < C. (5.16)
Q

This finishes the proof of Lemma 5.5. [

6. Proof of main results

In this section, we prove Theorems 3.1, 3.2, 3.3, and 3.4 using the estimates of
Section 5.
6.1. Proof of Theorem 3.4
By Lemma 5.5 the sequence u, is bounded in WO1 (41) (Q;RN), where g; is defined
as (5.13), without losing generality, we can therefore assume that
ue — u weakly in W()l’(qi)(Q;RN).

The sequence u, remains in a bounded set of the space

La- 0. N ;
W, QRY), g- = i
0" (RY), g = min g
Thanks to the Rellich embedding Theorem, we can extract a subsequence denoted again
Ug So that
ue — u strongly in L9 (Q;RY) (6.1)

and
Ug — u a.e. inQ. (6.2)
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Using the same method as [30], we can prove
Diug — Diu a.e.,in Q, i=1,...,n.
Since a; are Carathéodory functions, by (6.2) and (6.3), we get
a;(x, T (ug),Diug) — a;(x,u,Diu), ae.,in Q.

Now we prove that

qi
=

ai(x,ue, Diug) is uniformly bounded in L7 (Q;RY), Vi=1,...,n

Where g; satisfy (5.13), then we have forall i =1,...,n.

g _pi_nm(p—1-96)
pi—1  pi—1lnp—mp(1+06)’

1<

qi

the choice of 1 > 1 is possible since we have (3.11).

1
Now we let 3 € (0,1) is a constant such that, forall i =1,...,n

ﬂ:ﬁ: nm(p—1—0)
pi np —mp(1+0)
and B < 1 since (3.10). Moreover
0 < piB = qi-

Using the assumption (3.1), we getforall i =1,...,n
i
4 _ n riB
|ai(x,ue, Diute )| T < ¢ <|hﬁ +ue PP+ Y |D,,»ug|wl3>
i=1

n
<e <|hﬂ +ue|PP+ 3 |D,-ug|’1i> .

i=1
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(6.3)

(6.4)

(6.5)

(6.6)

Therefore by (6.6) and since u, is in LP(€;RY), we find that, for all i = 1,...,n,

qi
a;(x,ug, Diutg ) uniformly bounded in L7i=T (Q;RN).
By (6.4) and Vitali’s Theorem, we derive forall i=1,...,n

ai(x, Te(ug), Ditte) — a;i(x,u, Dju) strongly in L' (Q; RY),

by (4.3), and (6.7), so that

e—0

(6.7)

lim/ Zai(x,%(ug),Diug).Di(pdx:/ Zai(x7u7Diu).Diqodx, V(pGC(";’(Q;RN).
Q=] Qizq
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6.2. Proof of Theorems 3.1, 3.2, and 3.3

The proof of Theorems 3.1, 3.2 and 3.3 is similar to the proof of Theorem 3.4.

From Lemma 5.1, the sequence u¢ is bounded in WO1 (pi) (Q;RY). This shows that
we can extract a subsequence (denoted again by u, ), such that

ue — u weakly in W, 7I(Q;RV),

ue — u strongly in LP~ (Q;RN), p_ = [min p;,
<isn

Ug — U a.e.,in Q.

Arguing as the proof of Theorem 3.4, by using Lemma 5.1, we find that

ai(x, Te (ug),Diug) — ai(x,u,Diu)

weakly in LP(Q;RN), Vi =1,...,n, with p/ = b

The proof of Theorems 3.1-3.3 are finished.
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