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L? BOUNDEDNESS FOR MAXIMAL SINGULAR INTEGRALS
WITH MIXED HOMOGENEITY ALONG COMPOUNDS CURVES

SHAOYONG HE* AND YAN XU

(Communicated by N. Elezovic)

Abstract. In this paper, we study the maximal truncated singular integral operators with rough
kernel along certain compound curves, which contain many classical model examples. We prove
the L? boundedness of such maximal singular integral operators under very weak conditions on
the integral kernels both on the unit sphere and the radial direction. The main results essentially
improve and extend certain previous results.

1. Introduction and main results

Let R", n > 2, be the n-dimension Euclidean space and let "1 pe the unit sphere
in R" equipped with the induced Lebesgue measure do. Now we give a function
n
F(x,t):= Y, x}% where (x,t) € R" x (0,00),and o; > 1 for j=1,---,n. Itis clear that
i=1
for each fixed x € R", the function F(x,t) is a decreasing function in ¢t > 0. Moreover,
there is a unique function p : R” — R such that F(x,p(x)) = 1. Fabes and Riviére [10]
showed that (R",p) is a metric space which is often called the mixed homogeneity
space related to {o;}}_;. For A >0, let A; be the diagonal n x n matrix, that is
A; = diag{A* --- A%}, Forafunction ¢: R — R™, where R* = (0,0), we shall
let Ay : R" — R" be the mapping

where y' = A, -1y € 5"
Note that the change of variables related to the spaces (R",p) is given by the
transformation

x1=p*cosb---cosB, ,cos6, 1,
X2 =p*cos@---cosh, 5sin6, |,
Xn_1 = p%-1cos 0 sin 6,
Xp = p*sin0y.
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Therefore, it is easy to check that
dx = p* 1J(xdpdo (),

where p®~1J(x') is the Jacobian of the above transform and o = Y/i_; 0. Further-
more, we can check that J(x') € C=(S"~!) and there exists M > 0 such that

1<J(X)<M, ¥ es L.

We would like to mention that if oy = 0y =--- =, = 1, then p(x) = |x|.
Let Q be a real valued and measurable function on R” with Q € L!'(§"~!) and
satisfy

Q(Ayx) =Q(x),VYA >0, and - QLN )do(y') =0. (L.1)

For a suitable function /# on (0,e), we define the parabolic singular integral operator

T, by
Th(f)(x) =p.v./n W

For h(t) =1, we denote T, =T. For oy = op = -+ = o, = 1, the operator T
reduced to the classical singular integral operator, which has been received an increas-
ing interest in recent years, see e.g., [5, 6,9, 11, 12, 15, 16, 18, 20] et al. For o > 1,
i=1,---,n, Fabes and Riviere [10] first initiated the singular integrals with mixed ho-
mogeneity and established the L” boundedness of these singular integral operators for
1 < p < oo when Qe CH(S"!). In 1976, Nagel, Riviere and Wainger [19] improved
the result of [10] to the case Q € Llog" L(S"~!). Inspired by the ideas in [12], Chen,
Ding and Fan [7] extended further the condition to the case Q € H'(5"~!). To this end,
Chen, Wang and Yu proved that T is bounded on L” (R") for % < p <2 provided

that Q € Fg(S"~!) for some B > 1, where

h(p(¥))f(x—y)dy. (1.2)

n—1y ._ 1ron—1y . u / 1 p ! co
Fp($") = {Q eL(S ).é/sesnpi1 - 1Q(Y) | (10g7|<y’,’g">|) do(y') <+ }

We would like to remark that the function class Fg (8"~!) was originally introduced in
Walsh’s paper [22] and developed by Grafakos and Stefanov [15].

For the general operator 7, in the Euclidean setting, thatis a; =--- =0, =1,
Fefferman first studied the singular integral operator 7;, and established the L? bound-
edness of Tj, for 1 < p < e, provided that Q € Lip(§"~') and 7 € L*(R*). Sub-
sequently, many works on the LP boundedness for 1 < p < e for 7T}, were obtained
[9, 12, 13, 20]. For example, Duoandikoetxea and Francia [9] showed that T, is of type
(p,p) for 1 < p < co, provided that Q € LI(S"~!) and h € Ay(R"), where Ay(R™)
denotes the set of all measurable functions / defined on R satisfying the condition

(R 1y
||h||Ay::;u%<R /Oh(r)vdr) < oo,
>
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It is easy to see that L™ = A C Ay, © Ay for 0 <7y <79 < . Fan and Pan [12]
extended the result of [9] to the singular integrals along polynomial mappings provided
that Q € H!'(S""!) and h € Ay(R") for y> 1 with [1/p—1/2| < min{1/2,1/¥},
where ¥ denotes its dual exponent. In 2009, Fan and Sato[13] obtained that 7j, is
bounded on L?(R") for some > max{y,2} with [I/p—1/2| < min{1/y,1/2} —
1/B, provided that h € Ay(R™) for y> 1 and Q satisfies the following size condition:

B
sup //Sn—lxan ‘Q (x/) Q (y/) (10g m) dG(x/)dG(y/) < +oo.  (1.3)

5/65"71
For the sake of simplicity, we denote
WFg (" = {Qe L'(s" ") : Qsatisfies (1.3)}.

It should be pointed out that the condition (1.3) was originally introduced by Fan and
Sato in more general form in [13]. Moreover, Fg(S"~') C WFp(S"~") was proved for
n=2.

Very recently, Liu and Wu [18] considered a family of operators which is broader
than 7},. To be more precise, let Py be a non-negative polynomial on R with Py(0) =0,
where N is the degree of Py. For suitable mappings 7 and ¢ defined on R™, they
studied the parabolic singular integral operators Tj, o p¢ along the compound curves
{Apy(9)(w) 1 u € R"} defined by

QW)r(p(y))
Thare(f)(x) = P~V~/n Wh(p(y))f(x—APN(¢)(y))dy. (1.4)
Clearly, 7}, is the special case of Tj o pg¢ for Py(t) = ¢(t) =t. In particular, for
o == 0y =1, Ap (4)(u) = Pv(¢(|u]))u’. Moreover, they established the following
result.

THEOREM A. ([18]) Let Py(t) be a real polynomial on R of degree N satisfying
Py(0) =0 with Py(t) >0 for t #0, and let ¢ € 3, where S is the set of functions ¢
satisfying the following conditions:

1. ¢ is continuous strictly increasing function on (0,%) and ¢ € C';

2. there exists Cy, cg > 0 such that 1¢'(t) = Cy (1) and ¢(2t) < ce(1) for all
t>0.

Suppose that h € Ay(R") for some y> 1 and Q € WFg(S"™!) for B > max{y,2}
and satisfies (1.1). Then Ty, o py defined as in (1.4) is bound on LP (R") for p satisfying
in|l/p—1/2| < 1/max{y,2} —1/B.

As is well-known, the maximal truncated singular integrals is concerned to the
existence a.e. of pointwise limit. Our main purpose of this paper is to resolve this issue
by establishing the L” boundedness of Th’iQ Po> where

Tare (W) =sopl [ SEHp0) -0 IDL 09

>0
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For € > 0, denote by

PO P9 s

zhmmsz

the truncated singular integral operator associated with Tj, o pg . Such operator in the
Euclidean setting, have been studied for example in R. Fefferman [14], Duoandikoetxea
and Francia [9], Fan and Pan [12], where the L” boundedness for 1 < p < e under
different assumptions of €. It should be pointed that the authors in [1, 4] studied the
boundedness of maximal truncated singular integral operators defined by polynomial
mappings and rough kernels on product spaces.

We have the following results concerning Th*.,Q., Po-

THEOREM 1.1. Let T}/q p, be given by (1.5). Let Py(t) be a real polynomial

on R of degree N with Py(0) =0 and Py(t) > 0 for t #£0, and let ¢ € 3. Assume
that h € Ay for vy >2 and Q € WFp (8"Y) for B >3 and satisfies (1.1). Then for

;fﬁf_lg < p < B —1 there exists a constant C > 0 such that

1T q.po(Nllr < CIIf -

The bound C may depend on N,¢,y and [, but it is independent of the coefficients of
Py .

THEOREM 1.2. Let Py, ¢ be as in Theorem 1.1. Suppose that h € Ay for 1 <
y<2and Qe WFg (8"=1Y for B >3y /2 satisfying (1.1). Then T, q py defined as in

(1.5) is bound on LP(R") for p satisfying % <p< 2(% —1)). The bound is

independent of coefficients of Py ,but may depend on N,¢,7v,3.

REMARK 1.1. It should be pointed out the introduce of the compound curves
Py(¢(2)) originates from Al-Salman’s works [1, 2]. In the current paper, our theorems
show that the L” -boundedness of the maximal singular integral operator, whose kernel
has the additional roughness in the radial direction due to the presence of &, depends
on the index Y, which characterize the roughness of . Moreover, that our results are
new even for the case o = --- ¢y, = 1, the Euclidean setting.

REMARK 1.2. Forany ¢ € 3, it is easy to check that there exists a constant By
such that ¢(2r) > By¢(r) forall >0 (see[2, 3, 17, 21]). We note that model examples
for functions ¢ € 3 are t°(c > 0), 7In(1+7),¢InIn(e+¢) and real-valued polynomials
P on R with positive coefficients and P(0) =0 (see [2]).

The paper is organized as follows. In Section 2 we will introduce some notations
and give some technical lemmas. The proofs of our main results will be given in Section
3. Before proving the theorem, we want to say a few words. Although we can follow
the ideas from [9, 11, 12, 15, 16, 18], for instance, the Littlewood-Paley theory without
any modifications. We understand that the underlying space in this note is a special
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homogeneous group. Moreover, we find that the methods and techniques are not an
easy process of copy and paste, which may be more complex, such as the proof of
Lemmas 2.4 and 2.5.

Throughout this paper, the letter C, sometimes with certain parameters, will stand
for positive constants not necessarily the same one at each occurrence, but are indepen-
dent of the essential variables. In what follows, we let p’ denote the conjugate index of
p which satisfies }—)+ 1% =1 for p > 1. For a measure ¢, we denote by |o| the total
variation of ©.

2. Some notations and preliminary lemmas

In this section, we will establish some necessary notations and lemmas. We
first introduce some relevant notations and definitions. For given positive polynomial
Py(t) = Zﬁvzl Bit", we let

Noy

(PN(I))ak = Ea,-kti for k € {172,...’,1}
i=1

for x,& € R,
n n Nog .
Apy(o) Z %X &e= Y aixd(p(x))'xp - &

k=1i=1

where ¢ € 3. We denote N = max{Noy : 1 <k<n} and o;; =0 whenever i > Noy.
Hence, we can write
n Nog N )
Apy(g)(x) - & = Z Z aix®(p() % - & =D (Li(§)X)o(p(x))',

i=1

where Li(&) = (a;1&1,ai282,+ -, ain&,) . For v € {0,1,--- N}, we set

(Zalld) x172a,2¢ x2» : Zazn(P )
Therefore,
x)-&= ; (Li(E)¥)o(p(x))'.

Let E; ={£ €R":2/ < p(&) <2771} . Forany v € {1,2,---,N'}, we define the
measures {0} and {|c)|} as follows,

7 (€)= | o) o

\Q u)h(p(u))| o—iEOv () gy, 2.1

v
‘Gj opw)*
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It is easy to check that G? (§)=0 and

Thare(£)(x) = Y, o * f(x).

JEZ

Now we introduce some lemmas, which will play key roles in the proofs of our main
theorems.

LEMMA 2.1. [18] Let h € Ay for 1 <y < oo. Suppose that Q2 € WFp ("1 for
some B > 0 and satisfies (1.1). Then for j€Z, v € {1,2,....N'} and & € R", there
exists a C > 0 such that

1. sup|o (&) < C;
JEL

2. [0} (&)~} (&)l <Clo ) Ly (©):
3. for [9(27TYL, (&) > 1,
6¥(€)] < Clog|[ (0@ ) Lu(E)) P for 1<y<2,
o7 (&) <C (logo@ VL)) P for y>2.
Let |0}| be defined as in (2.1), we define the maximal function by
oy f(x) =sup||o}|* f(x)]. (2.2)
i€z
LEMMA 2.2. [18] Let h € Ay(R") for some y> 1, and let Q € L'(S"~'). Then

the maximal function defined in (2.2) is bounded on LP(R") for p > 7.

Clearly, Lemma 2.2 reveals that for 1 < y < 2, the range of p is shrunk to p >
Y > 2. Itis natural to enlarge its range. We first recall the following lemma.

LEMMA 2.3. If |0} |l ;s < C||fl s and 5 = ’% — Llj , then for arbitrary function
sequence {g;} we have
1 1
2\° 2\’
(Zloreat) | <e|(Zer)
JEZ 14 JEZ 14

LEMMA 2.4. Let h € Ay(R") for 1 <y <2. Suppose that Q € WFg(S" ') for
B >3y /2. Then for v € {0,1,--- N}, the operator o, satisfies

oy flle <C| fller (2.3)

B+ B+yY
for p-<P<Y
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Proof. We prove this lemma by induction on v.

Case 1. It is easy to check that oj(f)(x) < C|f(x)|, which yields the estimate
(2.3) for v=0.

Case 2. Let m € {0,1,---,N'} and suppose that (2.3) holds for v=m—1. We
will prove (2.3) for v =m. Let y € S(R") such that y(z) =1 for |t| < 1 and y(t) =0
for |¢| > 2. Define the measures {7} by

—

(&) =0} (&) —v(92T ) L&)} (8)
for ve{l,---,N'}. By Lemma 2.1, we obtain that

7 (@) <cmint, (le 07 L)) 7. o

Obviously, we have

O (x) < sup |7 £1(x)| + CM (051 ) ()
je

< (T f @) +CM (0,1 f) (),

JEL

where M is the Hardy-Littlewood maximal operator. It follows from our assumption
and the L” mapping properties of M that

1M (65-1f) W)llr < C£ller

for ﬁ%’ <p< % Thus, it suffices to prove

(S e« f )Pl < Cllf 2.5)

JEZL

for % <p< % By the well-known Rademacher’s function, (2.5) follows from
the following lemma. [

LEMMA 2.5. Let V'(f)(x) = X € (‘Lj-”*f(x)) with € = {&}, €j=1 or —1.
Jjez
Then
Ve flly < ClA Nl

B+ B+yY
for g <P<H

Proof. Forany v € {1,2,---,N'}, we choose a sequence of nonnegative functions
{W¥i}kez in C5(RT) such that

L supp(¥p) < [0(251) ™" 925 7]
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2. 0< W < 1, S, Wi(r)? =1
1,2,

(d/dz)f\lfk) <Cli[ 7, forall >0 and j =

Define the operator S; by

— —~

Sk(£)(E) =i (ILv(E)]) F(E).
Then

Ve () = 2 & (17 = f(8))

JEL

=2 ¢ (T}ﬂ * 3 SiiSikf (x)>

JEL keZ

= Z Z Sij_;,_k (T;n*Sj+kf) (x)

kEZ jET.

DAANIE! .6)

keZ

By the Littlewood-Paley theory and Plancherel’s theorem, we have

IV () 2 \CH 2 |7} *SJ+kf| ||L2
JEZ

<cz/ &)PI7(E) P,

JEZ

where ' '
Ajr={E eR": 927V <Ly (§)| < 92717V
By (2.4), we get

IVE* ()l 2 < CB| £l 2, (2.7)
where
kP k<2
Bi={1 —2<k<2
Bff"‘)v k>2.

This together with (2.6) yields
Ve (2 < Clf 2

Hence,

(S 12 ) P) 2 < ClL A2

jez
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Applying Lemma 2.3 with s =2, and g = g9 = 4, we obtain that
m m 1 1
IV Fllzso < CICY 127 %Sk f1P)2 oo < CNCY, Sjnf P2 < Cllfllao,  (2.8)
JEZ JEZ

where the middle inequality is a application of Lemma 2.3 and the first and last inequal-
ities follow from the Littlewood-Paley theorem.
Interpolating between estimates (2.7) and (2.8) we obtain that

6,
V&' fllzr < CB|| flLr,

where 1/p=6,/2+(1—6,)/q0. Observe that V" =¥, V;" maps L’ — L? for all
p’s for which p| < p < pi, where p; = %. Then

1
ICX 177 £ 0)P) 2l < Cllfllem s for p € (p),p1).-
jez

Now continuing this way, together with bootstrapping argument, we can obtain ulti-
mately that

B+y _ Bty

IVe" flly < Clf s for g <P

This completes the proof of Lemma 2.5. [

Now we take a radial Schwartz function @ € S(R") such that ¢(7) =1 for |¢| < 1
and ¢(#) =0 for |t| > 2. Define the measure {®]} by

— —

0} (&) = 6} (E)1y(&) — o}~ (&), (&) (2.9)

for ve {1,2,---, N}, where T, (§) = Hﬁivﬂ(p(qb(zfﬂ)kLk(’g')). It is easy to see that
N N

o = of. (2.10)
v=1

LEMMA 2.6. [16] For j€Z and v € {1,2,--- N}, there exists a constant C >
0, which is independent of the coefficients of Py, such that

1.

@Y (&) < Clo2 ) Ly (E)];
2. for |p(27THYL,(&)| > 1,

@ (&) < C (log| (027 Ly (&))) P for 1<y<2,

@7 (€)(E)] < C (log 0@ L)) P for y>2.
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For any fixed v € {1,2,---,N'}, the operator ®; is defined by
@y f(x) = sup |}  f(x)|
j€z
Applying Lemmas 2.2 and 2.4, it is easy to establish the following lemma.

LEMMA 2.7. Let Q e WFg(S" '), he Ay(R"). @} satisfies

loy fllee < ClIfllrs p>7.

Furthermore, when 1 <y <2, if B >3y /2, then we have

Proof. By the definition of a)jv in (2.9), we have

loiflw <Clflw, pe (

wi =0/ %oy -0/ " xoy 1,
where @y (§) =11, (§). As @y € S(R"), there holds
[0 | f(x)] < Coy s Mf(x) +Coy_y+ Mf(x),

where M is the Hardy-Littlewood maximal operator. By Lemmas 2.2 and 2.4, Lemma
2.71s proved. [J

3. Proofs of main results

Proof of Theorm 1.1. For any € > 0, there exists an integer k such that 28~ 1 <
€ < 2%, Then by (2.10)

Thapef(®)] < |/g<p( o %h(i)(y))f(x—APN<¢>(y))dy} +]§u123} Z;{G,-V*f(X)}
<p(y)< L j>

N
<oy (1)) + X sup| Y of = f(x)].

v=1k€EZ =k

By Lemma 2.2, it suffices to obtain that

< C|lfller
p

sup\Zwy*f\

k€Z j>k

for ;fﬁ_g < p < B —1. Take a radial function ® € S(R) such that ®(&) =1 when

€] < 1 and ®(&) =0 when [£] > By. Let B (&) = ®(¢(25)"|Ly()]). Then

k=1
2w}’*f(x)=®k*2w}f*f(x)—q)k* 2 w}-’*f(x)—l—(S—CI)k)*Za)}’*f(x)

>k ez j=—e >k

=1J1pf(x) + Do f(x) + T3 f (),
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where § is the Dirac delta function. Thus,

sup
keZ

> o] *f(x)

j=zk

<sup |y f (x)| +sup |[Jo x f (x) |+ sup [J3 1 f (x)].
kEZL kEZL kEZL

We obtain from Theorem A that

iuIZ)‘Jl,kﬂ <CIMY Wi+ )l <ClIflle G.D
S P

L JEZ

for % < p < B. Next, we estimate supycy /2 xf]. It holds that
~+oo

Dy * Zwlz/—j*f(x)

J=1

sup |2 f(x)| = sup
keZ keZ

o0
< D sup
j=1kezZ

~+oo
=: Y H} f(x).
j=1

d)k*w,ffj*f(x)‘

By Lemma 2.7, we have

125 1]

 <CIf e, (32)

foreach p > 7.
On the other hand, one can easily check that

HY F(x) < (X |Bex o+ fF(x)]P)2.
keZ

Hence, by the Plancherel’s theorem, we have

2P, < (z

keZ

2
(Dk*a),z’f]*f) )

L2
—_— —_— 2
<cy [ of )P a8
kezz \(¢(2"))va(<§>|<3¢| k=5 (SFFS)

s Ck%/]R o LA 521y 18,196
S

<Csup 310 LUE P ooty 112
éeR"ke% v {I(0(24) "Ly (&)[<By} 1V 1112

<CB* Y| £,
where the last inequality is obtained by the properties of lacunary sequence. So

|HY £l 2 < CBo 7112 (3.3)
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By interpolation theorem between (3.2) and (3.3), we find a positive number 6, such
that

17 1Nl < CBo ™" 111

Ly =

for any p > v Thus,

Sup|12,ka <Clfl.
keZ Lp

for p > 7. Finally, we estimate sup;.y |J3f|. We have

sup| (8 — @)+ Y, @} * f(x)| < D sup (8§ — Dy) * @} * f(x) ‘_ZA
kezZ =k Jj=>0KkEZ Jj=0
(3.4)
By Lemma 2.7, we obtain
1A, < Cllayll, <ClIfll, (3.5)
for p > 7. Also, we have
A3
12
2 2
<C (2 (6 — D) vy, j+f )
keZ )
2
SO BRI TSI
keZ
2
<Cke%zz/ 20) <Ly (©)< (9251 ™ e a
. B . 2
k+j+1\\v
<Ck€%;/ 2k=iy) <\Lv |<(¢(2k—i71))*" (IOg’ (P(Z )) LV(é)D }f(§)| dé
. . -B
k—i—1\\—V k+j+1\\v
<ckezzlz / S (1 1 M (AN
JUGIK
(i4+j+2)
<Ckezzl / ) < @)l (10250 ) e

i
<C / dg
ke%z <l+1+2) (@(2%+) TV <|Ly (&)< (9 (2K i1 |

i Pl
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Then
1A, <Ci 2 (£l (3.6)

It follows from (3.4) and interpolation between (3.5) and (3.6) that

sup|[J3 e fl|) < C Sl
ke

Lr

forany § >3, p€ (%,[3 —1). This proves Theorem 1.1. [

Proof of Theorm 1.2. Following the same arguments as in Theorem 1.1,

T 0] < | /S<p TSPl An ey 0|+ sup| 3 0 15

j=k

oy (IfD(x +Esup|2w *f(x)].

kEZ j=k

By Lemma 2.2, it suffices to obtain that

sup\Ew * f]

k€Z >k

<C|\fllee
17

2B°+By—7
forW<p<2(

when |&| < 1 and @(&)
proof of Theorem 1.1,

—1)). Take a radial function ® € S(R) such that ®(§) =1

B
7
=0 when || > By. Let (&) = ®(¢(2%)|Ly(E)]). As the

k=1
Ew}’*f(x):®k*2w}f*f(x)—q)k* D w}-’*f(x)—i—(S—CDk)*Za)}’*f(x)

jzk JEL J=—ee Jjzk

=1J1pf(x) + Do f(x) + T3 f (),

where ¢ is the Dirac delta function. Then

Za) * f(x)

j=k

sup
keZ

<sup [y f (x) |+ sup [Jo 1 f(x)| +sup [J3 1. f (x) |-
keZ keZ keZ
By Theorem A,

<CIMYE Wi )l <ClIflley 3.7
Lr JEZL

sup [J1 &.f]
keZ
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for |}—) -il< % - % For the second term, it holds that

~+oo
WY a_;* f(x)

,'7

sup [/ f (x)| = sup
keZ ke,

2 sup

j= 1kEZ

P f(x)|
~+oo

=: Y H} f(x).
j=1

From Lemma 2.7, we have

125 1]

Lr = C||fHLI77 (38)

for p € (%, B T/ ). By interpolation theorem between (3.8) and (3.3), there exists a
positive number 6; such that

HY f]|,, < CBy % |fll,

forany p € (ﬁ%/, %) Hence,

<Cl e

sup |12, f]|
keZ Lr

for p € (ﬁT’ T)/) For the third term sup,.z |/3 1 f|, we have

sup (8 — @x) * D, @) * f(x)| < Y sup |(8 — D)+ @ * f(x ‘_ZA
keZ =k j=0keZ j=0
(3.9)
By Lemma 2.7, we obtain
a0, < Cllo;ll, < ClIfll, (3.10)

for p € (%, %) Moreover,

1A (N5
1 2
<C (2 (5—d)k)*w,2’+j*f‘2>
keZ 5

<C
ke% Ly (&)[=(6(25)

|er @i e
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<cYY o (E)F(8)

keZi= /<1>(2"*"))7V<|Lv(~§)|<(<l>(2"*"*1))7v

ey

keZi= /¢(2k”'))7v<|Lv(§)I<(¢(2k”"1))7v

<cy ¥

keLi= / (0241 <ILy () I<(0(2F1) ™"
x| 7(&)[ ag

~+o0

dg

‘ 2

(1og 02+ Lu(&)]) 7 1@ oz

_2B
)1/

(log (92 —1) (27 1))”

2B
<c / T17(E)) ag
kezigé (9(2k=1))"V<|Ly (&)< (9 (2K 1))~ ( )}

2B

) (10g3¢(i+j+2)v> -

7
<C / J
ke%zz <l+]+2) (¢(2k+i))7v<|Lv(§)\<( (2k+i-1) ’ | g
e
Then
AN, < G.11)

It follows from (3.9) and interpolation between (3.10) and (3.11) that

sup|13,kf|H <Clfl
keZ Lp

for B >37/2, % <p< 2(% —1)). This proves Theorem 1.1. [
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