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Abstract. Let 2", % be Banach spaces and S: 2" — % be an invertible Lipschitz map. Let
T:2 — % beamap and there exist A;,A, € [0,1) such that

[1Tx—Ty— (Sx—Sy)|| < A l|Sx = Sy[| + A2 |Tx = Ty||, Vx,ye 2.

Then we prove that 7 is an invertible Lipschitz map. This is non-linear version of 26 years
old Casazza-Kalton-Christensen-van Eijndhoven perturbation. It also a non-linear version of
29 years old Soderlind-Campanato perturbation and 3 years old Barbagallo-Ernst-Thera pertur-
bation. We give applications to the theory of metric frames. The notion of Lipschitz atomic
decomposition for Banach spaces is also introduced.

1. Introduction

Let 2 be a Banach space and 14 be the identity operator on 2". Carl Neu-
mann’s classical result says thatif 7: 2" — 2 is a bounded linear operator such that
|IT —19|| <1, then T is invertible [38]. Following two results are consequences of
this result. They are known as Paley-Wiener theorems.

1. Sequences close to orthonormal bases in Hilbert spaces are Riesz bases [39,51].
2. Sequences close to Schauder bases in Banach spaces are Schauder bases [4,43].

History of Paley-Wiener theorems are nicely presented in [1,42]. It was in the setting
of Hilbert spaces, Paley-Wiener theorem was first generalized by Pollard [41], second
generalized by Sz.-Nagy [20] and third generalized by Hilding [32]. Hilding proved the
following theorem.

THEOREM 1.1. [32] (Hilding perturbation) Let 5¢ be a Hilbert space. If a
linear operator T : I — J is such that there exists A € [0,1) with

ITh=h|| < AITh][+AlR]l, Vhe A,
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then T is bounded, invertible and

1-2 1+/l
—||h||<||ThH ||h||7 Vhe A,
1- 1+)L

h T7'n| < hl|, Yhe .
leAII < | < H B €

It took around 50 years to strengthen Theorem 1.1 to the most generality for Ba-
nach spaces.

THEOREM 1.2. [9,11,48] (Casazza-Kalton-Christensen-van Eijndhoven pertur-
bation) Let 2 ,% be Banach spaces and S : X — % be a bounded invertible opera-
tor. If a linear operator T : 2~ — % is such that there exist A1, € [0,1) with

1T = Sx|| < Au[|Sx[| + A2 T[], Vxe 2,

then T is bounded, invertible and

l+?L1
Sx|| < || Tx Sx A
1+/1 || I <[ITx]| < || I, vxe
A1 1+Az 1
X S Vye % .
bl <70 < 22 Sl v

There is a generalization of Theorem 1.2 which is due to Guo with an extra as-
sumption that 7 is bounded.

THEOREM 1.3. [25] Let 2°,% be Banach spacesand S: 2 — % be a bounded
invertible operator. If a bounded linear operator T : 2~ — % is such that there exist
A1 €10,1) and Ay € [0,1] with

ITx — Sx|| < Aq||Sx|| + 42| Tx||, Vxe X,

then T is invertible. Further, for every € > 0 satisfying 1 > A, —€ >0 and A +
e||TS~Y| < 1, we have

1—A—¢||TS™! 14+ A +¢||TS7!
LTS o < e < LEREEITS o e
1+7L2—€ 1—A+e
—Ate 1+A—¢ _1
<T™ S , Wew.
1+Al+8||TS IH ”SHHy” H yH —A _EHTS,lH” ””yH y

Theorem 1.2 and its variants are useful in various studies such as stability of frames
for Hilbert spaces [11], stability of frames and atomic decompositions for Banach
spaces [46], stability of frames for Hilbert C*-modules [26], stability of G-frames [47],
multipliers for Hilbert spaces [45], quantum detection problem [5], continuous frames
[23], fusion frames [10], operator representations of frames (dynamics of frames) [15],
pseudo-inverses of operators [21], outer inverses of operators [50], shift-invariant spaces
[34], frame sequences [17], sampling [52] etc.
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The main objective of this paper is to generalize Theorem 1.2 for Lipschitz func-
tions between Banach spaces. We do this in Theorem 2.7. We show that our result
generalizes Soderlind-Campanato Perturbation (Theorem 3.1) and Barbagallo-Ernst-
Thera perturbation (Theorem 3.2). We then give an application to the theory of frames
for metric spaces. Further, the notion of Lipschitz atomic decomposition for Banach
spaces is introduced and a perturbation result is derived using Theorem 2.7.

2. Non-linear Casazza-Kalton-Christensen-van Eijndhoven perturbation

Let .# be a metric space and 2 be a Banach space. Recall that a function
[ — Z is said to be Lipschitz if there exists » > 0 such that

f(x) = fO)| < bd(x,y), Vx,y€ ..

A Lipschitz function f: .# — 2  is said to be bi-Lipschitz if there exists a > 0 such
that

ad(x,y) <[lf(x) =fW)ll, Vxye.#.

DEFINITION 2.1. [49] Let 2" be a Banach space.

(i) Let .# be a metric space. The collection Lip(.#,.2") is defined as Lip(.#, Z")
={f:.# — Z is Lipschitz}. For f € Lip(.#,Z"), the Lipschitz number is
defined as

P e B0
Llp (f) . )@yé//?x;éy d(x7y) .

(ii) Let (.#,0) be a pointed metric space. The collection Lipy(.#,.Z") is defined as
Lipy(A, 2" ) ={f: 4 — Z is Lipschitz and f(0) = 0}. For f € Lipy(.#, Z"),
the Lipschitz norm is defined as

fllup = sup  WE=ION

XYEM xFy d(x7y)

THEOREM 2.2. [49] Let 2" be a Banach space.

() If A is a metric space, then Lip(.#,Z") is a semi-normed vector space w.r..
the semi-norm Lip(-).

(ii) If (A ,0) is a pointed metric space, then Lipy(.# , Z") is a Banach space w.r..
the norm || - ||Lip, . Further, Lipy(Z") := Lipy(2", Z") is a unital Banach algebra.
Inparticular, if T € Lipy(2") satisfies || T —14||Lip, < 1, then T is invertible and
T-! € Lipy(Z).
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We now develop perturbation result for Lipschitz functions using various results.
Our developments are motivated from the linear version of improvement of Paley-
Wiener theorem by van Eijndhoven [48]. Since Lipy(£") is a unital Banach algebra,
we can talk about the notion of spectrum and resolvent. In the remaining part of the
paper, the spectrum of an element T € Lip,(2") is denoted by o(T') and the resolvent

by p(T).

THEOREM 2.3. Let A be a closed non-empty subset of C, such that for any r € A,
there is a sequence {r,}, C A converging to r such that |r,| > |r| for any n € N. Let
T be a Lipschitz operator on 2~ with TO = 0. If there is € > 0 such that

[(Tx—rx) —o(Ty—ry)|| > ellx—y||, VreAVxyeZ, (1)

then the distance between A and the spectrum of T is at least €.

Proof. The proof of this Theorem rely on the following lemma.

RESOLVENT LEMMA. Let T be an element from an unitary Banach algebra <f
and A be a complex number lying in the resolvent set of T ; denote by dist(A,o(T))
the euclidean distance between the number A and the non-empty compact spectrum
o(T) of the operator T . Then

1
dist(A,o(T))

The proof of Theorem 2.3 is done in two steps, each one requesting the use of the
Resolvent Lemma.

First, one proves that A and the spectrum of T are disjoints. Let us assume the
contrary, and pick r a member of AN (T) of the highest modulus. Then the numbers
r, are in the resolvent set of T, so (T —r,l9- )" is a Lipschitz operator, and relation
(1) implies that

(T =ALy) | =

T~ ral) ™ = Lip(T —ral) ™) < 3.
But 7, is converging to r, an element of the spectrum of 7', so by the Resolvent lemma
(T — ral )~ Y| goes to the infinity, a contradiction.

The next step is to prove that the distance between the (now we know being dis-
joint) sets A and o(T) is indeed superior to €. To this end, we pick r from A; relation
(1) implies that

™| =

(T = rL) [l = Lipg(T —rlo)™") <

The Resolvent Lemma reads that
1 .
dist(A,0(T))’
by combining the two previous inequalities, one proves the conclusion of the Theorem
23, O

(T = 2L2) "] >
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THEOREM 2.4. Let Z be a Banach space, T : & — Z be a map, TO =0 and
there exist Ai,Ay € 0,1) such that
ITx—=Ty— (x=y)l| < Allx =yl + A Tx=Ty|, Vx,ye 2. 2)
Then
G) T is Lipschitz and
+ M

< Tx=Tyl <

-4

||x yll, VxyeZ. 3)

1+ /l
(i) We have

(iii) T is invertible and

1— 1+ A
Ryl < T T < T Yeye 2
(iv) We have
1-A 1+ 1—A 1 1+,
<IT N < —2L and <IT Y|y, < —22.
1_|_12 H ”Llpo 1_)‘2 an 1"’&1 ” HLZPO 1-&1

Proof. Let x,y € 2. Then using Inequality (2)

ITx =Tyl < Tx—Ty — (x=y)[[ + lx =yl < Mllx =yl + M| Tx = Tyl + [ x =y
=(1+/11)||x—yH+/leTx—TyH

— [ITx=Ty| < Hx vl

and
[x =yl < 1 Tx =Ty — (x = y) || + |Tx = Tyl < Arllx = yl| + A2[|Tx — Ty[| + || Tx — Ty||
:/llllx—yH+(1+/12)||Tx—Ty||
1—
1+ 4
Hence T is Lipschitz and (i) holds. Let ¢ < 0. Then

ITx =Ty —ax—y)|=[l(1-a)(x—y) = (x—y = (Tx=Ty))|

Hx I < Tx =Tyl

> (1—a)lx—=yl| = [|Tx =Ty — (x—y)||

> (1—a)lx =yl = Allx =yl = A2 Tx = Ty||

= (l—a—)|lx =yl = A Tx = Ty||

> (I—o—A)[lx =yl = Al|Tx = Ty — a(x —y) || + Aaar[[x - y||
=1 -a-M+Ao)[x—y| =) Tx—Ty—alx—y)|
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which implies
l—o— A +Aa

_ _ _ > _
[Tx—Ty—a(x—y)|| > e flx—yl
S el Ul TN B S Y RN
- 1+ 4 TN

By applying Theorem 2.3 for oy =0 and f3; = L&; we get (—eo, %) Cp(T). Since

0 € (—oo, %) T is invertible. Using Inequality (3) we then get

HT_ T Y, VYuveZ

] —1 —1 l+k1
T 'u—-T < ju—
Tl e T < ] <

which gives (iii). Finally (iv) follows from (i) and (iii). [
THEOREM 2.5. Let 2", % be Banach spaces and S € Lipy(Z , %) be invertible.
Let T: 2 — % be amap, TO =0 and there exist A,Ay € [0,1) such that
|Tx—Ty— (Sx—Sy)[| < A1[|Sx = Sy[| + Aol [Tx = Tyl|, Vx,y€ 2. 4)
Then
G) T is Lipschitz and

A
+ Lo Isr- sy, vaye 2

< Tx=Tyll <

1+/l

(1) oS —T is invertible for all o € (—00, %) .

(iii) T is invertible and

1-&2 1 1 1"‘}‘2 |
— o —|lu—v T lu—T" S Yz llu— v, Vuvew.
1421 [[S]|zip, | i<l vl < ” [ zipy [ = V|
(iv) We have

-4 1+ A

1_'_}’2||SHU170 < ||T||Lip0 l—”SHL,pO and

1—12 l 1 1_’_}’2 1

T e ST leipy < 71T

0 STy M7 N < 15 N

Proof. Define R := TS~'. Then Inequality (4) gives
178 u—TS™ v — (SS7'u—SS™ W) || < A[|SS™ e — SS™W|| + M| TS ' — TSy,
Yu,v € ¥,
i.e.,
|Ru—Rv— (u—v)|[| < A|lu—v|| +A2||Ru—Rv||, VYu,ve%.
By applying Theorem 2.4 to R we get the following.
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(1) R is Lipschitz hence T is Lipschitz. Further,
1-

1+/1 < [R(Sx) = R(Sy)|| < -5, VxyeZ.
But ||R(Sx) —R(Sy)|| = [|Tx—Ty||, Vx,y € Z .
(i1) ol —R isinvertible for all o € < oo, %) Since S is invertible we then have
aS — T is invertible for all o € (—oo, %) .

(iii) R is invertible hence T is invertible. Further,

1—&2 1 1 B B B - -
T [T S T IR e R M <SR ) =5 R )|
1Po ipy
=||T™ M—T_lvH < HS_IHLipOHR_lu—R_lvH
14+,
< 1— ||S 1||L1P0||u ||a Vu,ve@.

(iv) This follows easily from (i) and (iii)). [J
Our next task is to derive the results by removing the condition 70 = 0.

THEOREM 2.6. Let Z  be a Banach space, T : & — 2 be a map and there
exist A1, € [0,1) such that

[Tx =Ty — (x=y)[| < Alx =yl + A Tx=Ty[|, Vx,ye 2.
Then
(i) T is Lipschitz and

1— +/11
T T
2yl < 7= 1] <

||x yl, Vxye 2.

(1) olg —T is invertible for all o € (—00, %) .

(iii) T is invertible and

1— 1—|—)L2
T T
S N LS AN

7, ol Yeye 2

(iv) We have

1-A . 1+ A4

<
1+4 S Lip(T) 1-A and
1-4 1+ A
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Proof. Define
Tx=Tx—T0, Vxe Z.
Then 70 = 0 and

ITx=Ty—(x=y)| = Tx =Ty = (x= )| < Atllx = yll + 4[| Tx — Ty
=Alx=yl+2lTx=Ty|, Vxye2.

Applying Theorem 2.4 and using the fact that ‘a map is bijective if and only if its
translate is bijective’, proof is complete. [

THEOREM 2.7. Let 2", % be Banach spaces and S € Lip(Z",%) be invertible.
Let T : & — % be a map and there exist A1, A € [0,1) such that

ITx—Ty— (Sx—=Sy)| < Ai[|Sx = Sy[| + Ao Tx =Ty, Vx,ye 2.
Then
(i) T is Lipschitz and

1— 1+
Tx—T
o <|Tx =Tyl <

Vx,ye 2.

(1) oS —T is invertible for all o € (—oo, %) .
(iii) T is invertible and

1-4 1
1+ A1 Lip(S)

1+/12
-4

lu—v] < ||T u—T"1 | < Ll(_l)Hu—vH, Yu,ve %

(iv) We have
1—Ar . . 1+

T1-A

1-4 1 <Lip(T™!) < 1E2 +/12
1—)Ll

Lip(S) and

ip(571).

Proof. Define R := TS~ and the proof is similar to proof of Theorem 2.5. [

Following two corollaries are motivated from [32].

COROLLARY 2.8. Let p > 1. Let X, % be Banach spaces and S €
Lip(Z,%) be invertible. Let T : 2" — % be a map and there exist Aj,A; € [0,1)
such that

T~ Ty — (Sx—8y)| < (alISx = SYI)P + Qo Tx = Ty|)P)7, Vaye 2. (5)

Then
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(1) T is Lipschitz and

1-A 1
< Tx=Ty| < Vax, Z.
o 73Ty e
(i) aS—T isinvertible for all o € <—m,%>.
(iii) T is invertible and
1-A 1 1 +A,2
— T 'u—T Lip(S~ —
2 Ty e ST e T < R Lip(s ™ v,
Yu,v € ¥
(iv) We have
1-X 1+ A
Lip(S) < Lip(T) < Lip(S d
T Lip(S) < Lip(T) < 754 Lip(S)  an

Proof. Note that if r,s > 0, then

1
P+ <r4+s if p>1.

Hence Inequality (5) gives

1
[Tx =Ty — (Sx = Sy)|| < (A1]|Sx = Sy[)?+ (A2l | Tx — Ty[|)?)»
gAIHSX_SyH +AZHT'X_T.VH7 vx).y ceZ.

Result follows by applying Theorem 2.7. [J

179

COROLLARY 2.9. Let 0 < p < 1. Let 2, % be Banach spaces and S €
1
Lip(Z ,%) be invertible. Let T : & — % be a map and there exist Ay, A, € {0,2175>

such that

|72~ Ty — (Sx—$y)[| < ((Aa|Sx = Sy[)?+ (Ra| Tx— Ty|)P)F . Vxye 2.

Then

(1) T is Lipschitz and

21y, 1420~

152 = Syl| < [ Tx =Tyl < 7”5 -5, VxyeZ.

142774 1-2v"12
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1y
(1) oS —T is invertible for all o € (—00, %) .
1+27 "4y

(iii) T is invertible and

1 14
1-2r""A 1 1427 A
2] < T = T < (s
142712, Lip(S) 1-27 12
Yu,v e %.
(iv) We have
1-2"14 1420712
- 1. . 1.
TLIP(S) < Lip(T) < TLIP(S) and
14+27 L 1-27""1
11 1
1-27""A 1 1+27 A
A < Lip(r) < P2 (s
1+27 14 Lip(S) 1-27"14

Proof. Note that if ;s > 0, then

(rp—l—sp)% < 271’_1(r+s) if p<l.
Hence Inequality (5) gives
1
1Tx =Ty — (Sx = Sy) [ < (A1]|Sx = Sy ()P + (A2 Tx — Ty[|)") »
1 1
<25 M ||Sx— Syl +27 o[ Tx —Ty||, Vx,ye 2.
Result follows by applying Theorem 2.7. [

Next we generalize Corollary 1 in [11].

COROLLARY 2.10. Let 2", % be Banach spaces and S € Lip(Z", %) be invert-
ible. Let T : 2" — % be a Lipschitz map and there exists A € [0,1) such that

|Tx—Ty— (Sx—=Sy)|| < AISx = Sy|| + [ Tx =Ty, Vx,ye 2.
Then T is invertible and

Lip(T™") < Lip(s™").

2
1—A
Proof. Define R:=TS~'. Then

|IRu—Rv— (u—v)||<Allu—v|+||Ru—Rv|, Yu,ve.
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Note that Lip(R) # 0. Let
1-A
O0<e <min{1,.—}.
ip(R)
Define A; :== A — ¢eLip(R) and A, := 1 —¢€. Then 4,4, €[0,1) and
|Ru—Rv— (u—v)| < Allu—v] + |Ru— Ry
< Alu = ]|+ [[Ru—Rv[| + &(Lip(R)|u — v[| — [|Ru — Rv]])
= (A +¢eLip(R))||lu—v||+ (1 —¢)||Ru—Rv|, Vu,ve#.
By applying Theorem 2.6 we get that R is Lipschitz, invertible and
2—¢
(A +e€Lip(R))’
Since € can be made arbitrarily small, we must have

2
Lip(R™) < ——.
P(R™) < 77—

Lip(R™) < -

Substituting the expression of R gives

1
Lip(§—1)

Lip(T~1) < Lip(ST™!) =Lip(R™!) < % O

We finally derive the following non-linear version of Theorem 1.3.

THEOREM 2.11. Let 2", % be Banach spaces and S € Lip(Z ,%') be invert-
ible. Let T : 2" — % be a Lipschitz map and there exist A; € [0,1) and A, € [0,1]
such that

[ Tx—Ty— (Sx—Sy)|| < A1]|Sx — Sy[| + Ao [ Tx —Tyl|, VYx,ye Z.

Then T is Lipschitz invertible. Further, for every € > 0 satisfying 1 > A, — € >0 and
M +eLip(TS™Y) < 1, we have

@
1— A —eLip(TS™)
1+A—¢

1+ A +eLip(TS™1)
1-A+e

[15x = Syl < I Tx =Tyl < 15x = Sy,

Vx,ye 2.

. —1
(i) aS—T is invertible for all o € <—<>°7 %) .

(iii) T is invertible and

1—A+e 1 1 _1
—v|| < ||IT -T
T T eLip(Ts ) Lips) 1 VIS IT =Tl
1+A—c¢

Lip(S~"u—v|l, Vuye.

<
1— 2 —eLip(TS—T)



182 K. M. KRISHNA

(iv) We have

1 — A —eLip(TS™1)
l+A—¢
1—Ar+¢ 1

1+ A+ €Lip(TS~1) Lip(S)

1+ A +eLip(TS™)
1—Ar+¢€

_ l+A—¢
<Lip(T™h <
() S T —enip(ts )

Lip(S) < Lip(T) < Lip(S) and

Lip(S™1).

Proof. Define R := TS~!. Then for every £ > 0 satisfying 1 > A, — & > 0 and
A +eLip(TS™1) < 1,

||IRu—Rv — (u—v)|| < Ar||lu — v|| + A2||Ru— Ry||
=A1||lu—v|| + (22— €)||Ru— Rv|| + €||[Ru — Rv||
< Ar]lu—v|| + (A2 — €)||Ru — Rv|| + €Lip(R) ||u — ||
= (A1 + eLip(R))||lu—v||+ (A2 —€)||Ru—Rv||, Vu,ve ¥.

Remaining parts of the proof is similar to the proof of Theorem 2.5. [J

It is an easy observation that the constant A; in Theorem 2.11 can not be strength-
ened. We are therefore left with the following open problem.

QUESTION 2.12. Can the constant A, be strengthened further in Theorem 2.11?

3. Applications

Our first two applications of Theorem 2.7 are easy proofs of Soderlind-Campanato
perturbation and Barbagallo-Ernst-Thera perturbation.

THEOREM 3.1. [6,44] (Soderlind-Campanato perturbation) Let 2~ be a real
Banach space, A : 2 — % be a map and there exist o« > 0,0 < B < 1 such that

laAx — oAy — (x—y)[| < Bllx—yll, Vxye 2.

Then A is Lipschitz, invertible and Lip(A~!) < ﬁ.

Proof. Set T = aA and Ay = 8 in Theorem 2.7. Then Lip(A~") =Lip(T ') <

1 1

THEOREM 3.2. [3] (Barbagallo-Ernst-Thera perturbation) Let 2~ be a real Ba-

nach space, A : X — Z be a map and there exist o« > 0,0 < B < 1 such that
[Ax — Ay — (ox — ay) || < Bl|[Ax — Ay, Vx,ye 2. (6)

Then

() If B < 1/2, then A is Lipschitz, invertible and Lip(A~") < a(lligﬁ)'
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(i) If & is a Hilbert space, then A is Lipschitz, invertible and Lip(A~') < 148

[0
Proof. Set T = éA and A, = 8 in Theorem 2.7. Then
() aLip(A™!) =1+ =1+p< L.
(i) aLipA~')=1+L=1+B. O

We now give applications to the theory of frames. Paley-Wiener theorem for
orthonormal basis in Hilbert spaces inspired the study of perturbation of frames for
Hilbert spaces. This was first derived by Christensen in his two papers [12, 13]. This
motivated the perturbation of frames and atomic decompositions for Banach spaces
[16]. Crucial result used in all these perturbation results is the Neumann series. Later,
using Theorem 1.2, Casazza and Christensen [11] improved the results obtained in pa-
per [13]. Using Theorem 1.2 Stoeva made a systematic study of perturbations of frames
for Banach spaces [46]. For the sake of completeness, we note that Theorem 1.2 was
used in the study of perturbations of frames for Hilbert C*-modules [26].

Large body of work on frames for Hilbert spaces (see [14,22,27,28]) lead to the
well developed theory of frames (known as Banach frames and 2 -frames) for Banach
spaces (see [7,8, 18,24]) lead to the beginning of frames for metric spaces (known as
metric frames) [35].

For stating these definitions we need the definition of BK-space (Banach scalar
valued sequence space or Banach co-ordinate space).

DEFINITION 3.3. [2] A sequence space .#; is said to be a BK-space if all
the coordinate functionals are continuous, i.e., whenever {x,}, is a sequence in .#
converging to x € .4, then each coordinate of x, converges to each coordinate of x.

DEFINITION 3.4. [35] Let .# be a metric space and .#,; be an associated BK-
space. Let {f,}, be acollection in Lip(.#,K) (where K=R or C)and S: .#; — .# .
If:

i) {fu(x)}n € 4, foreach x € .,

(ii) There exist positive a,b such that ad(x,y) < [[{fu(x) = fu(V) }nll.z, < bd(x,y),
Vx,y € M,

(iii) S is Lipschitz and S({f,(x)}») = x, for each x € .4,

then we say that ({f,},,S) is a metric frame for .# with respect to .#;. We say
constant a as lower frame bound and constant b as upper frame bound.

As noted in [35], we observe that if ({f,},,S) is a metric frame for .# w.r.t. .4,
then Definition 3.4 tells that the analysis map

Op: M >x— Opx:={fu(X)}n € My

is well-defined and bi-Lipschitz. Further, SOy =1 ,. Now we improve Theorem 4
in [11] to metric frames for Banach spaces.
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THEOREM 3.5. Let ({fu}n,S) be a metric frame with lower frame bound a and
upper frame bound b for a Banach space 2 w.rt. My. Let T : My — 2 be a
Lipschitz map and suppose that there exist Ay, Az, 4 > 0 such that max{A,,A; + ub} <
1 and

[S{cntn—S{dn}tn— (T{cn}n—T{dn}s)|
< Ml[S{entn = S{dn}nll + 22T {cn}n — T{dn}nall
+ull{en—dntall,  V{entn, {dn}n € Aa. (7
Then there exists a collection {gn}n in Lip(:Z,K) such that ({gn}n,T) is a metric
frame for X~ with lower and upper frame bounds
a(l—21y) b(1+Ay)
I+A+ub’ 11— (A +ub)

respectively.
Proof. Given x,y € 2, by taking {c,}, as Ox and {d,}, as Oy in Inequality
(7) we get
1S6yx — SOy — (TOrx — TOyy)
I < A[ISOpx = SOyl + Aol T Opx — T Oyl + | 6px — Opyl],  Vx,y € 2.
But SOpx = x,Vx € 2 and hence
X =y = (TOpx = TOpy)|| < Arllx = || + 42| TOpx — T Oyl + | 07 — O]
< (4 + uLip(6y))|lx — yll + A2 T 6px — TOpy||
< (a+ub)x— ]+ X2 TOx~T6p||, Vxye 2.
Theorem 2.7 now says that the map 70y is Lipschitz invertible and

1-A

. _ l—l—)tz
— = < Lip(To,) ' <
T2t ap S (767

S 1= (A +ub)

Define g, := f,(T0;)~! forall n € N. Then g, is Lipschitz for all n, {g,(x)}, € 4y,
for each x € .Z and

I{gn(x) = gn ) }all = A ((T0) ™ (1) = /(T O) ™' ()}
<bI(T0r) ™ (x) = (T6) ' )l

1+ A
<php— "=  |lx—
\bl—(xl—F‘ub)HX y||7 mee,%”,
a—7M e <al(To,) ) — (To) " )]
1+ A +ub : :

<IHAWTO) ™ () = £u(T8) " )l
= [{gn(x) —&n)}all, Vye 2
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which establish lower and upper frame bounds. Further,
T{gn()}n = T{fua(TO;) " () }n = TO((TO) "' (x)) =x, Vxe€ 2.

Therefore ({gn}n,T) is a metric frame for 2°. O

We now give another application of Theorem 2.7. For this purpose, we introduce
the notion of non-linear atomic decompositions.

DEFINITION 3.6. Let 2" be a Banach space 2" and .#,; be a BK-space. Let
{fua}n be a sequence in Lip(:2",K) and {7,}, to be a sequence in 2" If:

() {fu(x)}n € Ay, foreach xe 27,

(i1) There exist positive a,b such that
allx=yll < [{/fa&) = faO) bl < bllx=yl, Vx,ye 2,

(iil) x=Y,_; fu(x)7,, foreach xe 2",

then we say that ({f, }n,{7u}n) is a Lipschitz atomic decomposition for 2 with respect
to .#;. We say constant a as lower Lipschitz atomic bound and constant b as upper
Lipschitz atomic bound.

In [8] it is proved that not every Banach space admits an atomic decomposition.
Motivated from this, we ask the following open problem.

QUESTION 3.7. Classify Banach spaces which admit Lipschitz atomic decompo-
sitions.

Following proposition gives various examples of Lipschitz atomic decomposi-
tions.

PROPOSITION 3.8. Let ({gn}n,{®n}n) be an atomic decomposition for a Banach
space % w.rt. BK-space M#y. Let 2 be a Banach space and let A : X — % be a
bi-Lipschitz map such that there exists a linear map A : % — 2 satisfying BA=14.
Then ({fy = gnA}n,{Tn = Bwy}n) is a Lipschitz atomic decomposition 2" w.r.t. M.
In particular, if a Banach space admits a Schauder basis, then it admits a Lipschitz
atomic decomposition.

Particular case of Proposition 3.8 gives the following example.

EXAMPLE 3.9. Let ({gn}n,{wn}n) be an atomic decomposition for a Banach
space 2 w.rt. a BK-space .#;. Let T : 2" — Z be any bi-Lipschitz map. De-
fineA: Z2x— (x,Tx) € Z®Z and B: Z & Z > (x,y)—x€ Z . Then A is
bi-Lipschitz, B is linear and satisfies BA = . Hence ({f, := gnA}n, {71 = Bw,}»)
is a Lipschitz atomic decomposition for .2~ w.r.t. ..
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At this point it seems that it is best to develop some theory of Lipschitz atomic
decompositions before giving an application of Theorem 2.7.

Proposition 2.3 in [8] shows that under certain conditions, there is a close relation-
ship between Banach frames and atomic decompositions. Following is the non-linear
version of that result.

PROPOSITION 3.10. Let 2" be a Banach space and .#; be a BK-space. Let
{fu}n be a sequence in Lip(Z",K) and S: My — X be a bounded linear operator. If
the standard unit vectors {e, },, form a Schauder basis for .4y, then the following are
equivalent.

@) ({futn,S) is a metric frame for 2.

(i) ({fu}tn,{Sen}tn) is a Lipschitz atomic decomposition for £ w.rt. AMy.

Proof. We set 1, = Se,,,Vn € N and see that

ifn(x)’cn = ifn(x)Se,, =S (i fn(x)e,,> =S{fix)}n), Yxe 2. O

n=1 n=1 n=1

Well established dilation theory of frames for Hilbert spaces says that frames are
images of Riesz bases under projections [19, 28,33]. This result has been extended
to frames and atomic decompositions for Banach spaces [8,29-31,36]. In the next
theorem we derive a dilation result for Lipschitz atomic decompositions. We need a
proposition to use in the theorem.

PROPOSITION 3.11. [37] A sequence {t,}, ina Banachspace X" is a Schauder
basis for 2 if and only if the following three conditions hold.

(1) 1, #0 forall n.

(i) There exists b > 0 such that for every sequence {ai}y of scalars and every pair
of natural numbers n < m, we have

n
Zaka <b .
k=1

m
Z ar Ty
k=1

(iii) Span{z,}, = 2.

THEOREM 3.12. Let ({fn}n,{Tu}n) be a Lipschitz atomic decomposition for a
Banach space X w.r.t. ;. Then there is a Banach space 2% with a Schauder basis
{wn}n, an injectivemap 0 : 2" — 2 andamap P: % — % satisfying P(2) = 2,
P2 =P and Pw, = 071,,Yn € N.
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Proof. We generalize the idea of proof of Theorem 2.6 in [8] (which is motivated
from the arguments in [40]) to non-linear setting. Let coo be the vector space of scalar
sequences with only finitely many non-zero terms. Let {e,}, be the standard unit
vectors in ¢y .

Case (i): 1, # 0, for all n. We define a norm on cqp as follows. Let {a,}, € coo.
Define

. ®)

o n
2 [ 2 ATk
n=1 k=1

Proposition 3.11 then tells that {e, }, is a Schauder basis for the completion of ¢y, call
as 2 w.r.t. just defined norm. Define

= max
n

0: %2 >x+— 0x:= an(x)en cZ.
n=1
From the first condition of the definition of Lipschitz atomic decomposition, from Def-
inition 8 and from the construction of %, it follows that 0 is well-defined. From the
third condition of definition of atomic decomposition, 0 is injective. We next define

s ianenHF<ianen> = ianTHG%.

n=1 n=1 n=1

By verifying I" is bounded linear on dense subset coy of 27, we see that I" is bounded
on Z . Then

rox=r (i f,,(x)en> = ifn(x)r,, =x, VxeXZ. )
n=1 n=1

So if we define P := 0T, then P> = OT'OT" = OT" = P. Equation (9) tells that P(2) =
2. We next see that Pe, = 0T'e, = 07,, Vn. Thus we can take w, = ¢,, for all n to
get the result.

Case (ii): 1, =0, for some n. Let J = {n: 1, # 0}. We now apply case (i) to
the collection {a, }ney. Let 8, Z, T and P be as in the case (i). Without affecting the
definition of atomic decomposition, we can take f,, = 0 for all n € J°. Now consider
the space 2 @ (*(J¢) and let {p,}ncse be an orthonormal basis for ¢2(J¢). Define
Q: Z®lJ)27Dy— Qz®y) =PzD0 € Z G *(J°). Now the space 2 @ (*(J°)
has Schauder basis {7, ©0,0® ,Om}neJ,mle and Q satisfy the conclusions. Thus we
can take w, = e,, for all n € J and w, = p,, for all n € J° to get the result. [J

We leave the further study of Lipschitz atomic decomposition to future work and
end the paper with an application of Theorem 2.7.

THEOREM 3.13. Let ({fu}n,{Tu}n) be a Lipschitz atomic decomposition with
lower Lipschitz atomic bound a and upper Lipschitz atomic bound b for 2~ w.rt.
My. Let {wn}n be a collection in X" and suppose that there exist Ay, Az, b = 0 such
that the following conditions hold.
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(i) Foreach x € 2, the series ¥, fn(x)®, convergesin Z .
(i) max{Ay,A;+ub} <1 and

(iii)

=

2 (Cn - dn)rn

n=1

=

2 (Cn - dn)wn

n=1

<M + A

i (cn—dn) (10 — )
n=1

+ul{en—dutall, Yentn, {dn}n € Ay (10)

Then there exists a collection {gn}n in Lip(2",K) such that ({gn}n,{®n}n) is a Lips-
chitz atomic decomposition for 2~ with lower and upper Lipschitz atomic bounds
a(l —A,) b(1+Ay)
I+A+ub’ 1— (A +ub)

respectively.

Proof. From the first condition we get that themap T': 2" 3 x+— Y| fu(X)w, €
2 is well-defined. Now using Inequality (10),

lx—y—(Tx=Ty)|| =

HMS

(fn( ) = fa () @n

3 () — fuly
n=1

iUMw—ﬂMXm—%)
n=1

3 ()~ il

n=1

+ 1 l{fa(x) = fa ()}l
= A=yl + A2 [Tx =Ty [ + pl[{fa(x) = fu(¥) }ull
S (Mt ub)x—yl+2A|Tx-Ty|, VxyeZ.

| -

Theorem 2.7 then says that T is Lipschitz, invertible and

1-A
L+ A +ub ~

1+ A,

i e ST
SER) S TGy n)

Define g, == f,7~!, Vn € N. Then {g,(x)}, € .#y, for each x € 2~ and

{8n () = gn ) }all = {A(T~"x) = £ T 3)}ulla BIT 2= Ty

1+ A
< T /17, 1N - ) v) ’%/a
ol e
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Finally

-4 -1 -1 -1 -1
—y|| < — < —
a2 =y <l = T < AT = ATl
= [{gn(x) —&nM}all, Vx,y€ 2.
Y gn(x)w, = an(Tflx)wn =T(T"'x)=x, Yxe2. O
n=1 n=1

We conclude the paper with the following remarks.

REMARK 3.14. So far in the literature, there are three ways to prove Theorem 1.2

one given in [9], another in [48] and yet another in [11]. As we mentioned earlier, we
have done the non-linear version of arguments used in [48]. We hope that arguments
used in [9] and [11] can be generalized to give different proofs of Theorem 2.7.

Acknowledgements. 1 lovely thank two anonymous reviewers for several sugges-

tions, finding mistakes, better terminologies and generalized results. Theorem 2.3 and
its proof (in its present form) which is much more generalization from the earlier result
in the manuscript is due to one of the reviewers. One of the reviewers suggestion made
us to give more appropriate title. I thank Dr. P. Sam Johnson, Department of Mathemat-
ical and Computational Sciences, National Institute of Technology Karnataka (NITK),
Surathkal for several discussions.

[1]
[2]
[3]
[4]
[5]
[6]
[7]
[8]

[9]
[10]

[11]

REFERENCES

MAYNARD G. ARSOVE, The Paley-Wiener theorem in metric linear spaces, Pacific J. Math., 10:
365-379, 1960.

JOZEF BANAS AND MOHAMMAD MURSALEEN, Sequence spaces and measures of noncompactness
with applications to differential and integral equations, Springer, New Delhi, 2014.

ANNAMARIA BARBAGALLO, OCTAVIAN-EMIL ERNST AND MICHEL TH]::RA, Orthogonality in lo-
cally convex spaces: two nonlinear generalizations of Neumann’s lemma, J. Math. Anal. Appl., 484
(1): 123663, 18, 2020.

R. P. BOAS, JR., Expansions of analytic functions, Trans. Amer. Math. Soc., 48: 467487, 1940.
SARA BOTELHO-ANDRADE, PETER G. CASAZZA, DESAT CHENG AND TIN T. TRAN, The solution
to the frame quantum detection problem, J. Fourier Anal. Appl., 25 (5): 2268-2323, 2019.

SERGIO CAMPANATO, On the condition of nearness between operators, Ann. Mat. Pura Appl. (4),
167: 243-256, 1994.

PETER CASAZZA, OLE CHRISTENSEN AND DIANA T. STOEVA, Frame expansions in separable
Banach spaces, J. Math. Anal. Appl., 307 (2): 710-723, 2005.

PETER G. CASAZZA, DEGUANG HAN AND DAVID R. LARSON, Frames for Banach spaces, In
The functional and harmonic analysis of wavelets and frames (San Antonio, TX, 1999), vol. 247
of Contemp. Math., pages 149-182, Amer. Math. Soc., Providence, RI, 1999.

PETER G. CASAZZA AND NIGEL J. KALTON, Generalizing the Paley-Wiener perturbation theory for
Banach spaces, Proc. Amer. Math. Soc., 127 (2): 519-527, 1999.

PETER G. CASAZZA, GITTA KUTYNIOK AND SHIDONG L1, Fusion frames and distributed process-
ing, Appl. Comput. Harmon. Anal., 25 (1): 114-132, 2008.

PETER G. CASAZZA AND OLE CHRISTENSEN, Perturbation of operators and applications to frame
theory, J. Fourier Anal. Appl., 3 (5): 543-557, 1997.



190

[12]
[13]

[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]
(23]
[24]
[25]
[26]
[27]
(28]

[29]

[30]
[31]
[32]
[33]
[34]
[35]
[36]
[37]
[38]

[39]

K. M. KRISHNA

OLE CHRISTENSEN, Frame perturbations, Proc. Amer. Math. Soc., 123 (4): 1217-1220, 1995.

OLE CHRISTENSEN, A Paley-Wiener theorem for frames, Proc. Amer. Math. Soc., 123, (7): 2199—
2201, 1995.

OLE CHRISTENSEN, An introduction to frames and Riesz bases, Applied and Numerical Harmonic
Analysis, Birkhduser/Springer, [Cham], second edition, 2016.

OLE CHRISTENSEN AND MARZIEH HASANNASAB, Operator representations of frames: bounded-
ness, duality, and stability, Integral Equations Operator Theory, 88 (4): 483-499, 2017.

OLE CHRISTENSEN AND CHRISTOPHER HEIL, Perturbations of Banach frames and atomic decom-
positions, Math. Nachr., 185: 3347, 1997.

OLE CHRISTENSEN, CHRIS LENNARD AND CHRISTINE LEWIS, Perturbation of frames for a sub-
space of a Hilbert space, Rocky Mountain J. Math., 30 (4): 1237-1249, 2000.

OLE CHRISTENSEN AND DIANA T. STOEVA, p-frames in separable Banach spaces, Adv. Comput.
Math., 18 (2-4): 117-126, 2003.

WOICIECH CZAJA, Remarks on Naimark’s duality, Proc. Amer. Math. Soc., 136 (3): 867-871, 2008.
BELA DE Sz. NAGY, Expansion theorems of Paley-Wiener type, Duke Math. J., 14: 975-978, 1947.
J1U DING, New perturbation results on pseudo-inverses of linear operators in Banach spaces, Linear
Algebra Appl., 362: 229-235, 2003.

R. J. DUFFIN AND A. C. SCHAEFFER, A class of nonharmonic Fourier series, Trans. Amer. Math.
Soc., 72: 341-366, 1952.

JEAN-PIERRE GABARDO AND DEGUANG HAN, Frames associated with measurable spaces, Adv.
Comput. Math., 18 (2-4): 127-147, 2003.

KARLHEINZ GROCHENIG, Describing functions: atomic decompositions versus frames, Monatsh.
Math., 112 (1): 1-42, 1991.

XUNXIANG GUO, Perturbations of invertible operators and stability of g-frames in Hilbert spaces,
Results Math., 64 (3—4): 405-421, 2013.

DEGUANG HAN, WU JING AND RAM N. MOHAPATRA, Perturbation of frames and Riesz bases in
Hilbert C* -modules, Linear Algebra Appl., 431 (5-7): 746-759, 2009.

DEGUANG HAN, KERI KORNELSON, DAVID LARSON AND ERIC WEBER, Frames for undergradu-
ates, vol. 40 of Student Mathematical Library, American Mathematical Society, Providence, RI, 2007.
DEGUANG HAN AND DAVID R. LARSON, Frames, bases and group representations, Mem. Amer.
Math. Soc., 147 (697): x+94, 2000.

DEGUANG HAN, DAVID R. LARSON, BEI L1U AND RUI L1U, Dilations of frames, operator-valued
measures and bounded linear maps, In Operator methods in wavelets, tilings, and frames, vol. 626 of
Contemp. Math., pages 33-53, Amer. Math. Soc., Providence, RI, 2014.

DEGUANG HAN, DAVID R. LARSON, BEI L1U AND RUI L1U, Operator-valued measures, dilations,
and the theory of frames, Mem. Amer. Math. Soc., 229, (1075): viii+84, 2014.

DEGUANG HAN, DAVID R. LARSON AND RUI L1U, Dilations of operator-valued measures with
bounded p-variations and framings on Banach spaces, J. Funct. Anal., 274 (5): 1466-1490, 2018.
SVEN H. HILDING, Note on completeness theorems of Paley-Wiener type, Ann. of Math. (2), 49:
953-955, 1948.

B. S. KASHIN AND T. YU. KULIKOVA, A remark on the description of frames of general form, Mat.
Zametki, 72 (6): 941-945, 2002.

YOO YOUNG KOO AND JAE KUN LIM, Perturbation of frame sequences and its applications to shift-
invariant spaces, Linear Algebra Appl., 420 (2-3): 295-309, 2007.

K. MAHESH KRISHNA AND P. SAM JOHNSON, Frames for metric spaces, Results Math, 49 (77): 30,
2022.

DAVID R. LARSON AND FRANCISZEK HUGON SZAFRANIEC, Framings and dilations, Acta Sci.
Math. (Szeged), 79 (3—4): 529-543, 2013.

JORAM LINDENSTRAUSS AND LIOR TZAFRIRI, Classical Banach spaces. I, Ergebnisse der Mathe-
matik und ihrer Grenzgebiete, Band 92, Springer-Verlag, Berlin-New York, 1977.

CARL NEUMANN, Untersuchungen uber das logarithmische und Newtonsche Potential, Teubner,
Leipzig, 1877.

RAYMOND E. A. C. PALEY AND NORBERT WIENER, Fourier transforms in the complex domain,
vol. 19 of American Mathematical Society Colloquium Publications, American Mathematical Society,
Providence, RI, 1987.



[40]
[41]
[42]
[43]
[44]
[45]
[46]

[47]
[48]

[49]
[50]

[51]

[52]

NON-LINEAR CASAZZA-KALTON-CHRISTENSEN-VAN EIJNDHOVEN PERTURBATION... 191

A. PELCZYNSKI, Any separable Banach space with the bounded approximation property is a comple-
mented subspace of a Banach space with a basis, Studia Math., 40: 239-243, 1971

HARRY POLLARD, Completeness theorems of Paley-Wiener type, Ann. of Math. (2), 45: 738-739,
1944.

JAMES R. RETHERFORD, Basic sequences and the Paley-Wiener criterion, Pacific J. Math., 14: 1019—
1027, 1964.

FRIEDRICH WILHELM SHAFKE, Das Kriterium von Paley und Wiener im Banachschen Raum, Math.
Nachr., 3: 59-61, 1949.

GUSTAF SODERLIND, Bounds on nonlinear operators in finite-dimensional Banach spaces, Numer.
Math., 50 (1): 27-44, 1986.

D. T. STOEVA AND P. BALAZS, Invertibility of multipliers, Appl. Comput. Harmon. Anal., 33 (2):
292-299, 2012.

DIANA T. STOEVA, Perturbation of frames in Banach spaces, Asian-Eur. J. Math., 5 (1): 1250011,
15, 2012.

WENCHANG SUN, Stability of g-frames, J. Math. Anal. Appl., 326 (2): 858-868, 2007.

S. J. L. VAN EUNDHOVEN, Hilding’s theorem for Banach spaces, RANA: reports on applied and
numerical analysis, vol. 9612: Technische Universiteit Eindhoven, 1-6, 1996.

NIK WEAVER, Lipschitz algebras, World Scientific Publishing Co. Pte. Ltd., Hackensack, NJ, 2018.
XIAODAN YANG AND YUWEN WANG, Some new perturbation theorems for generalized inverses of
linear operators in Banach spaces, Linear Algebra Appl., 433 (11-12): 1939-1949, 2010.

ROBERT M. YOUNG, An introduction to nonharmonic Fourier series, vol. 93 of Pure and Applied
Mathematics, Academic Press, Inc. [Harcourt Brace Jovanovich, Publishers], New York-London,
1980.

PING ZHAO, CHUN ZHAO AND PETER G. CASAZZA, Perturbation of regular sampling in shift-
invariant spaces for frames, IEEE Trans. Inform. Theory, 52 (10): 4643-4648, 2006.

(Received November 11, 2022) K. Mahesh Krishna

Statistics and Mathematics Unit

Indian Statistical Unit, Bangalore Centre
Karnataka 560 059 India

e-mail: kmaheshak@gmail.com

Journal of Mathematical Inequalities

v.ele-math.com

jmi@

ele-math.com



