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(Communicated by J. Matkowski)

Abstract. In this paper the extension of the weighted Montgomery identity is established by us-
ing the integral formula of Pečarić, Matić and Ujević. Further, by using this extended weighted
Montgomery identity for functions whose derivatives of order n−1 are absolutely continunous
functions, new inequalities of the weighted Hermite-Hadamard type are obtained. Also, applica-
tions of these results are given for various types of weight function.

1. Introduction

If f : [a,b]→ R is absolutely continuous on [a,b] and Pw(x,t) is the Peano kernel
defined by

P(x,t) =

⎧⎨
⎩

t−a
b−a for t ∈ [a,x],

t−b
b−a for t ∈ (x,b],

(1.1)

the Montgomery identity ([6]) states

f (x) =
1

b−a

∫ b

a
f (t)dt +

∫ b

a
P(x,t) f ′(t)dt. (1.2)

If w : [a,b] → [0,) is some nonnegative integrable weight function, the weighted
Montgomery identity ([7]) states

f (x) =
1∫ b

a w(t)dt

∫ b

a
w(t) f (t)dt +

∫ b

a
Pw(x,t) f ′(t)dt (1.3)

where Pw(x, t) is the weighted Peano kernel defined by

Pw(x,t) =

⎧⎨
⎩

W (t)
W (b) for t ∈ [a,x],

W (t)
W (b) −1 for t ∈ (x,b]

(1.4)
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and W (t) =
∫ t
a w(s)ds for t ∈ [a,b] , W (t) = 0, for t < a and W (t) = W (b) , for t >

b . For the uniform weight function w(t) = 1
b−a , t ∈ [a,b] the weighted Montgomery

idenity reduces to the Montgomery identity.
Let g : [a,b] → R be some function and x ∈ [a,b] . Let w : [a,b] → R be some

integrable function. The approximation of the integral
∫ b
a w(t)g(t)dt will involve the

values of the higher order derivatives of g in the node x . We consider subdivision
 = {x0 < x1 < x2} of the interval [a,b] , where x0 = a, x1 = x and x2 = b . Further,
let {wk j} j=0,1,...,n be w−harmonic sequences on each subinterval [xk−1,xk] , k = 1,2,
such that w1 j(a) = 0 and w2 j(b) = 0, for j = 1, . . . ,n .

In [4] the following theorem has been proved.

THEOREM 1. Let w : [a,b]→ R be an integrable function and x ∈ [a,b] . Further,
let us suppose {wk j} j=1...,n are w−harmonic sequences of functions on [xk−1,xk] , for
k = 1,2 and some n ∈ N , defined by the following relations:

w1 j(t) :=
1

( j−1)!

∫ t

a
(t− s) j−1w(s)ds, t ∈ [a,x]

w2 j(t) :=
1

( j−1)!

∫ t

b
(t− s) j−1w(s)ds, t ∈ (x,b],

for j = 1, . . . ,n. If g : [a,b] → R is such that g(n−1) is absolutely continuous function,
then we have∫ b

a
w(t)g(t)dt =

n


j=1

Aj(x)g( j−1)(x)+ (−1)n
∫ b

a
Wn,w(t,x)g(n)(t)dt,

(1.5)

where for j = 1, . . . ,n

Aj(x) =
(−1) j−1

( j−1)!

∫ b

a
(x− s) j−1w(s)ds (1.6)

and

Wn,w(t,x) =

⎧⎨
⎩

w1n(t) = 1
(n−1)!

∫ t
a(t− s)n−1w(s)ds for t ∈ [a,x],

w2n(t) = 1
(n−1)!

∫ t
b(t− s)n−1w(s)ds for t ∈ (x,b].

(1.7)

REMARK 1. The identity (1.5) was also obtained in [5] and we call it an integral
formula of Matić, Pečarić and Ujević.

In [8] and [9] the weighted Hermite-Hadamard inequality for convex functions is
given.

THEOREM 2. Let p : [a,b]→ R be a nonnegative function. If f is a convex func-
tion given on an interval I , then we have

f ( ) � 1
P(b)

∫ b

a
p(x) f (x)dx � b−

b−a
f (a)+

 −a
b−a

f (b) (1.8)
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or

P(b) f ( ) �
∫ b

a
p(x) f (x)dx � P(b)

[
b−
b−a

f (a)+
 −a
b−a

f (b)
]

(1.9)

where

P(t) =
∫ t

a
p(x)dx and  =

1
P(b)

∫ b

a
xp(x)dx. (1.10)

THEOREM 3. (The Fejér inequalities) Let p : [a,b] → R be nonnegative, inte-
grable and symmetric about a+b

2 . If f : [a,b]→ R is a convex function, then

f

(
a+b

2

)∫ b

a
p(x) dx �

b∫
a

p(x) f (x) dx �
[
1
2

f (a)+
1
2

f (b)
]∫ b

a
p(x) dx. (1.11)

If f is a concave function, then the inequalities in (1.11) are reversed.

Some recent results on Hermite-Hadamard and Fejér inequalities can be found in
[2] and [3]. The aim of this paper is to give the extension of the weighted Montgomery
identity and to obtain certain Hermite-Hadamard type and Fejér type inequalities. Fur-
ther, some applications for special cases of weight functions are given.

2. Main result

For integrable function w : [a,b]→R we put W0 =
∫ b
a w(t)dt and  = 1

W0

∫ b
a tw(t)dt .

For n � 2 we put

Tn,w(x) =
n


j=2

Aj(x)g( j−1)(x).

Let g : [a,b]→R be such that g(n−1) is absolutely continuous function, then the identity
(1.5) states:

g(x) =
1

W0

∫ b

a
w(t)g(t)dt− Tn,w(x)

W0
− (−1)n

W0

∫ b

a
Wn,w(t,x)g(n)(t)dt, x ∈ [a,b]. (2.1)

REMARK 2. If we put n = 1 in (2.1), then we obtain the weighted Montgomery
identity (1.3).

REMARK 3. If we put n = 2 in (2.1), then we get the following identiy:

g(x) =
1

W0

∫ b

a
w(t)g(t)dt− ( − x)g′(x)− 1

W0

∫ b

a
W2,w(t,x)g′′(t)dt. (2.2)

THEOREM 4. Let g : [a,b]→R be such that g(n−1) is absolutely continuous func-
tion, for n ∈ N , and let w : [a,b] → [0,) be an integrable function. Then we have the
following identity:

1
W0

∫ b

a
w(t)g(t)dt−g( ) =

Tn,w( )
W0

+
(−1)n

W0

∫ b

a
Wn,w(t, )g(n)(t)dt. (2.3)
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Proof. We apply x =  in (2.1). �
Now, let us consider the special case for n = 2.

COROLLARY 1. Let g : [a,b] → R be such that g′ is absolutely continuous func-
tion and let w : [a,b] → [0,) be an integrable function. Then we have the following
identity:

1
W0

∫ b

a
w(t)g(t)dt−g( ) =

1
W0

∫ b

a
W2,w(t, )g′′(t)dt. (2.4)

If, additionally, g is convex function and g′′ exists on (a,b) , then the following in-
equality holds

1
W0

∫ b

a
w(t)g(t)dt−g

(
1

W0

∫ b

a
tw(t)dt

)
� 0 (2.5)

and the identity in (2.5) holds if g is linear function.

Proof. We apply Theorem 4 for n = 2. Then we have T2,w( ) = 0, so the identity
(2.4) follows.

If g is convex function and g′′(x) exists, then g′′(x) � 0 on [a,b] (see [9]). Since
w is nonnegative function on [a,b], then it is easy to show that W2,w(t, ) � 0, so the
inequality (2.5) is valid.

If g is linear function, then g(x) = kx+ l for some k, l ∈ R . Now we have

1
W0

∫ b

a
w(t)g(t)dt−g

(
1

W0

∫ b

a
tw(t)dt

)

=
1

W0

∫ b

a
w(t)(kt + l)dt−

(
k · 1

W0

∫ b

a
tw(t)dt + l

)

=
k

W0

∫ b

a
tw(t)dt +

l
W0

∫ b

a
w(t)dt− k

W0

∫ b

a
tw(t)dt− l

=
l

W0
·W0− l = l− l = 0. �

REMARK 4. The inequality (2.5) is the special case of the lefthand side of the
weighted Hermite-Hadamard inequality for the case where g is convex function whose
the first derivative is absolutely continuous function and the second derivative exists.

THEOREM 5. Let g : [a,b]→R be such that g(n−1) is absolutely continuous func-
tion, for n ∈ N , and let w : [a,b] → [0,) be an integrable function. Then we have the
following identity:

b−
b−a

g(a)+
 −a
b−a

g(b)− 1
W0

∫ b

a
w(t)g(t)dt

= − (b− )Tn,w(a)+ ( −a)Tn,w(b)
W0(b−a)

− (−1)n

W0

∫ b

a

(
b−
b−a

Wn,w(t,a)+
 −a
b−a

Wn,w(t,b)
)

g(n)(t)dt. (2.6)



WEIGHTED MONTGOMERY IDENTITY AND HADAMARD INEQUALITIES 275

Proof. We apply x = a and x = b in (2.1) and multiply it by b−
b−a and −a

b−a re-
spectively, and add those two identities. �

COROLLARY 2. Let g : [a,b] → R be such that g′ is absolutely continuous func-
tion and let w : [a,b] → [0,) be an integrable function. Then we have the following
identity

b−
b−a

g(a)+
 −a
b−a

g(b)− 1
W0

∫ b

a
w(t)g(t)dt =

1
W0(b−a)

∫ b

a
y(t)g′′(t)dt, (2.7)

where

y(t) = ( −a)
∫ t

a
(b− − t + s)w(s)ds+(b− )

∫ b

t
( −a− s+ t)w(s)ds,

for t ∈ [a,b] .
If, additionally, g is convex function and g′′ exists on (a,b) , then we have

1
W0

∫ b

a
w(t)g(t)dt � b−

b−a
g(a)+

 −a
b−a

g(b) (2.8)

and the identity in (2.8) holds if g is linear function.

Proof. We apply Theorem 5 for n = 2. Then we have

− (b− )T2,w(a)+ ( −a)T2,w(b)
W0(b−a)

=
(b− )( −a)

b−a

(
g′(b)−g′(a)

)

=
(b− )( −a)

b−a

∫ b

a
g′′(t)dt

and

− 1
W0

∫ b

a

(
b−
b−a

W2,w(t,a)+
 −a
b−a

W2,w(t,b)
)

g′′(t)dt (2.9)

= − 1
W0(b−a)

∫ b

a

[
(b− )

∫ t

b
(t− s)w(s)ds+( −a)

∫ t

a
(t − s)w(s)ds

]
g′′(t)dt

= − 1
W0(b−a)

∫ b

a

[
(b− )

∫ b

t
(s− t)w(s)ds+( −a)

∫ t

a
(t − s)w(s)ds

]
g′′(t)dt.

Now, we add last two identities to obtain

− (b− )T2,w(a)+ ( −a)T2,w(b)
W0(b−a)

− 1
W0

∫ b

a

(
b−
b−a

W2,w(t,a)+
 −a
b−a

W2,w(t,b)
)

g′′(t)dt

=
1

W0(b−a)

∫ b

a
y(t)g′′(t)dt (2.10)
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so the identity (2.7) holds.
If g is convex function and g′′(x) exists, then g′′(x) � 0 on [a,b] (see [9]). Now,

we have to prove that y(t) � 0 for t ∈ [a,b] . After some calculation, we get

y(a) = y(b) = 0.

The first derivative y′ equals:

y′(t) = (b− )
∫ b

t
w(s)ds− ( −a)

∫ t

a
w(s)ds

and the second derivative y′′(t) equals

y′′(t) = −(b−a)w(t).

Since y′(a) � 0 and y′(b) � 0 and the function y is concave on [a,b] , we conclude that
y(t) � 0, for every t ∈ [a,b].

If g is linear function, then there exists k, l ∈ R such that g(x) = kx + l. Then
the lefthand side and the righthand side of (2.8) equals to g( ), so the identity in (2.8)
holds. �

REMARK 5. The inequality (2.8) is the special case of the righthand side of the
weighted Hermite-Hadamard inequality for the case where g is convex function whose
the first derivative is absolutely continuous function and the second derivative exists.

Let us consider the case for symmetric function w .

THEOREM 6. Let g : [a,b] → R be such that g(n−1) is absolutely continuous
function, for n ∈ N , and let w : [a,b] → [0,) be an integrable function such that
w(a+b− t) = w(t) for every t ∈ [a,b] . Then we have the following identities:

1
W0

∫ b

a
w(t)g(t)dt−g

(
a+b

2

)

=
Tn,w( a+b

2 )
W0

+
(−1)n

W0

∫ b

a
Wn,w

(
t,

a+b
2

)
g(n)(t)dt (2.11)

and

g(a)+g(b)
2

− 1
W0

∫ b

a
w(t)g(t)dt

= −Tn,w(a)+Tn,w(b)
2W0

− (−1)n

2W0(n−1)!

∫ b

a
z(t)g(n)(t)dt, (2.12)

where

z(t) =

⎧⎨
⎩

∫ b
a |t− s|n−1 w(s)ds, for n even

∫ t
a |t− s|n−1 w(s)ds− ∫ b

t |t − s|n−1 w(s)ds, for n odd.
(2.13)
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Proof. If w is symmetric function on [a,b] , then is easy to show that

W0 = 2 ·
∫ a+b

2

a
w(t)dt

and

 =
1

W0

∫ b

a
tw(t)dt =

1
W0

∫ a+b
2

a
tw(t)dt +

1
W0

∫ b

a+b
2

tw(t)dt

=
1

W0

∫ a+b
2

a
tw(t)dt +

1
W0

∫ a+b
2

a
(a+b− s)w(s)ds

=
1

W0

∫ a+b
2

a
tw(t)dt +

a+b
W0

∫ a+b
2

a
w(s)ds− 1

W0

∫ a+b
2

a
sw(s)ds

=
a+b

2
.

The first identity follows from (2.3) and the second identity follows from (2.6) by ap-
plying x =  = a+b

2 . �

Then for n = 2 we get the Fejér inequalities:

COROLLARY 3. Let g : [a,b] → R be such that g′ is absolutely continuous func-
tion and let w : [a,b] → [0,) be an integrable function such that w(a+b− t) = w(t)
for every t ∈ [a,b] . Then the following identities hold:

1
W0

∫ b

a
w(t)g(t)dt−g

(
a+b

2

)
=

1
W0

∫ b

a
W2,w

(
t,

a+b
2

)
g′′(t)dt (2.14)

and
g(a)+g(b)

2
− 1

W0

∫ b

a
w(t)g(t)dt =

∫ b

a
y(t)g′′(t)dt, (2.15)

where

y(t) =
b−a

4
− 1

2W0

∫ b

a
|t− s|w(s)ds.

If g is convex function and g′′ exists, then the following inequalities hold:

g

(
a+b

2

)
� 1

W0

∫ b

a
w(t)g(t)dt � g(a)+g(b)

2
. (2.16)

If g is concave function and g′′ exists, then the inequalities in (2.16) are reversed.

Proof. First, since w is symmetric function, by applying n = 2 to the identity
(2.11) we get T2,w

(
a+b
2

)
= 0, so the identity (2.14) is valid. Further, we apply n = 2 to
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the righthand side of the identity (2.12) and get:

−T2,w(a)+T2,w(b)
2W0

− 1
2W0

∫ b

a
z(t)g′′(t)dt

= −W0
b−a
2 g′(a)−W0

b−a
2 g′(b)

2W0
− 1

2W0

∫ b

a

(∫ b

a
|t− s|w(s)ds

)
g′′(t)dt

=
b−a

4

(
g′(b)−g′(a)

)− 1
2W0

∫ b

a

(∫ b

a
|t− s|w(s)ds

)
g′′(t)dt

=
b−a

4

∫ b

a
g′′(s)ds− 1

2W0

∫ b

a

(∫ b

a
|t− s|w(s)ds

)
g′′(t)dt

=
∫ b

a

(
b−a

4
− 1

2W0

∫ b

a
|t− s|w(s)ds

)
g′′(t)dt (2.17)

so the identity (2.15) holds.
The inequalities (2.16) holds from the inequalities (2.5) and (2.8) with  = a+b

2 . �

3. Examples

Using general identities (2.3), (2.6), (2.11) and (2.12) obtained in the previous
section we shall give some special cases for various types of weight functions. Fur-
ther, we obtain the Hermite-Hadamard type and Fejér type inequalities for these weight
functions, as special cases of Corollary 1, 2 and 3.

EXAMPLE 1. w(t) = 1, for t ∈ [a,b] .
Since w is symmetric function, we can apply Theorem 6 to get identities:

1
b−a

∫ b

a
g(t)dt−g

(
a+b

2

)

=
Tn,w( a+b

2 )
b−a

+
(−1)n

b−a

∫ b

a
Wn,w

(
t,

a+b
2

)
g(n)(t)dt (3.1)

and

g(a)+g(b)
2

− 1
b−a

∫ b

a
g(t)dt

= −Tn,w(a)+Tn,w(b)
2(b−a)

− (−1)n

2(b−a)n!

∫ b

a
((t−b)n +(t−a)n)g(n)(t)dt,

where

Tn,w

(
a+b

2

)
=

n


j=2
j odd

(b−a) j

2 j−1( j−1)!
g( j−1)

(
a+b

2

)
, (3.2)

Tn,w(a)+Tn,w(b)
2(b−a)

=
n


j=2

(−1) j−1(b−a) j−1

2 j!
·
(
g( j−1)(a)+g( j−1)(b)

)



WEIGHTED MONTGOMERY IDENTITY AND HADAMARD INEQUALITIES 279

and

Wn,w

(
t,

a+b
2

)
=

⎧⎨
⎩

w1n(t) = (t−a)n
n! for t ∈ [

a, a+b
2

]
,

w2n(t) = (t−b)n
n! for t ∈ (

a+b
2 ,b

]
.

(3.3)

Specially, for n = 2 we get the identities from the Corollary 3

1
b−a

∫ b

a
g(t)dt−g

(
a+b

2

)
=

1
b−a

∫ b

a
W2,w

(
t,

a+b
2

)
g′′(t)dt (3.4)

and
g(a)+g(b)

2
− 1

b−a

∫ b

a
g(t)dt =

∫ b

a
y(t)g′′(t)dt, (3.5)

where

y(t) =
(b− t)(t−a)

2(b−a)
.

It is easy to check that W2,w(t, a+b
2 ) � 0 and y(t) � 0, for every t ∈ [a,b] . Therefore, if

g is a convex function and g′′ exists, then the following inequalities hold:

g

(
a+b

2

)
� 1

b−a

∫ b

a
g(t)dt � g(a)+g(b)

2
,

which are the classical Hermite-Hadamard inequalities.

EXAMPLE 2. w(t) = 1√
1−t2

, for t ∈ (−1,1) .

Since w is symmetric function, we can apply Theorem 6 to get identities:

1


∫ 1

−1

g(t)√
1− t2

dt−g(0) =
Tn,w(0)


+

(−1)n



∫ 1

−1
Wn,w(t,0)g(n)(t)dt (3.6)

and

g(−1)+g(1)
2

− 1


∫ 1

−1

g(t)√
1− t2

dt

= −Tn,w(−1)+Tn,w(1)
2

− (−1)n

2(n−1)!

∫ 1

−1
z(t)g(n)(t)dt,

where

Tn,w(x) =
n


j=2

Aj(x)g( j−1)(x) (3.7)

and

Aj(x) =

⎧⎨
⎩

(−1−x) j−1
( j−1)! F(1− j, 1

2 ,1; 2
x+1 ), x �= −1,

2 j−1

( j−1)!B( 1
2 , j− 1

2), x = −1
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and

z(t) =

⎧⎪⎨
⎪⎩

∫ 1
−1

|t−s|n−1√
1−s2

ds, for n even

∫ t
−1

|t−s|n−1√
1−s2

ds− ∫ 1
t

|t−s|n−1√
1−s2

ds, for n odd.
(3.8)

Here B is Beta function

B(p,q) =
∫ 1

0
t p−1(1− t)q−1dt, Re(p), Re(q) > 0

and F is hypergeometric function

F(a,b,c;x) =
1

B(b,c−b)

∫ 1

0
tb−1(1− t)c−b−1(1− xt)−adt,

for c > b > 0.
Specially, for n = 2 we get the identities from the Corollary 3:

1


∫ 1

−1

g(t)√
1− t2

dt−g(0) =
1


∫ 1

−1
W2,w(t,0)g′′(t)dt (3.9)

and
g(−1)+g(1)

2
− 1


∫ 1

−1

g(t)√
1− t2

dt =
∫ 1

−1
y(t)g′′(t)dt, (3.10)

where

y(t) =
1
2
− 1

2

∫ 1

−1

|t − s|√
1− s2

ds.

It is easy to check that W2,w(t,0) � 0 and y(t) � 0, for every t ∈ (−1,1) . So if g is a
convex function and g′′ exists, then the following inequalities hold:

g(0) � 1


∫ 1

−1

g(t)√
1− t2

dt � g(−1)+g(1)
2

,

which are the Fejér inequalities for special weight function w(t) = 1√
1−t2

.

EXAMPLE 3. w(t) =
√

1− t2 , for t ∈ [−1,1] .
Since w is symmetric function, we can apply Theorem 6 to get identities:

2


∫ 1

−1
g(t)

√
1− t2dt−g(0)

=
2 ·Tn,w(0)


+

(−1)n ·2


∫ 1

−1
Wn,w(t,0)g(n)(t)dt (3.11)

and

g(−1)+g(1)
2

− 2


∫ 1

−1
g(t)

√
1− t2dt

= −Tn,w(−1)+Tn,w(1)


− (−1)n

(n−1)!

∫ 1

−1
z(t)g(n)(t)dt,
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where

Tn,w(x) =
n


j=2

Aj(x)g( j−1)(x), (3.12)

Aj(x) =

⎧⎨
⎩

4(−1−x) j−1

( j−1)! B( 3
2 , 3

2 )F(1− j, 3
2 ,3; 2

x+1 ), x �= −1,

2 j+1

( j−1)!B( 3
2 , j + 1

2 ), x = −1

and

z(t) =

⎧⎨
⎩

∫ 1
−1 |t− s|n−1√1− s2ds, for n even

∫ t
−1 |t− s|n−1√1− s2ds− ∫ 1

t |t− s|n−1√1− s2ds, for n odd.
(3.13)

Specially, for n = 2 get the identities from the Corollary 3:

2


∫ 1

−1
g(t)

√
1− t2dt−g(0) =

2


∫ 1

−1
W2,w(t,0)g′′(t)dt (3.14)

and
g(−1)+g(1)

2
− 2


∫ 1

−1
g(t)

√
1− t2dt =

∫ 1

−1
y(t)g′′(t)dt, (3.15)

where

y(t) =
1
2
− 1


∫ 1

−1
|t− s| ·

√
1− s2ds.

Since w(t) is nonnegative function on [−1,1] , it is easy to check that W2,w(t,0) �
0 and y(t) � 0, so if g is a convex function and g′′ exists, then the following inequali-
ties hold:

g(0) � 2


∫ 1

−1
g(t)

√
1− t2dt � g(−1)+g(1)

2
,

which are the Fejér inequalities for special weight function w(t) =
√

1− t2 .

EXAMPLE 4. w(t) =
√

t , for t ∈ [0,1] .
First we apply Theorem 4 to get identity:

3
2

∫ 1

0
g(t)

√
tdt−g

(
3
5

)

=
3Tn,w(3/5)

2
+

(−1)n ·3
2

∫ 1

0
Wn,w

(
t,

3
5

)
g(n)(t)dt (3.16)

and after applying Theorem 5 we get:

2
5
g(0)+

3
5
g(1)− 3

2

∫ 1

0
g(t)

√
tdt

= −6Tn,w(0)+9Tn,w(1)
10

− 3
2

∫ 1

0

(
2
5
Wn,w(t,0)+

3
5
Wn,w(t,1)

)
g(n)(t)dt,
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where

Wn,w(t,x) =

⎧⎨
⎩

tn+1/2

(n−1)!B(n, 3
2) for t ∈ [0,x],

(t−1)n
n! F(− 1

2 ,1,n+1;1− t) for t ∈ (x,1],

Tn,w(x) =
n


j=2

Aj(x)g( j−1)(x) (3.17)

and

Aj(x) =

⎧⎨
⎩

(−x) j

( j−1)!B(1, 3
2 )F(1− j, 3

2 , 5
2 , 1

x ), x �= 0

1
( j−1)!B(1, j + 1

2), x = 0.

Specially, for n = 2 we get the identities from the Corollaries 1 and 2:

3
2

∫ 1

0
g(t)

√
tdt−g

(
3
5

)
=

3
2

∫ 1

0
W2,w

(
t,

3
5

)
g′′(t)dt (3.18)

and

2
5
g(0)+

3
5
g(1)− 3

2

∫ 1

0
g(t)

√
tdt =

3
2

∫ 1

0
y(t)g′′(t)dt,

where

y(t) =
3
5

∫ t

0

(
2
5
− t + s

)√
sds+

2
5

∫ 1

t

(
3
5
− s+ t

)√
sds.

Since w(t)� 0 on [0,1] , we conclude after the Corollaries 1 and 2 that W2,w(t, 3
5 )�

0 and y(t) � 0. So if g is a convex function and g′′ exists, then the following inequal-
ities hold:

g

(
3
5

)
� 3

2

∫ 1

0
g(t)

√
tdt � 2g(0)+3g(1)

5
,

which are the Fejér inequalities for special weight function w(t) =
√

t .

EXAMPLE 5. w(t) =
√

1−t
1+t , for t ∈ (−1,1] .

First we apply Theorem 4 to get identity:

1


∫ 1

−1
g(t)

√
1− t
1+ t

dt−g

(
−1

2

)

=
Tn,w(−1/2)


+

(−1)n



∫ 1

−1
Wn,w

(
t,−1

2

)
g(n)(t)dt (3.19)

and after applying Theorem 5 we get:

3
4
g(−1)+

1
4
g(1)− 1



∫ 1

−1
g(t)

√
1− t
1+ t

dt

= −3Tn,w(−1)+Tn,w(1)
4

− 1


∫ 1

−1

(
3
4
Wn,w(t,−1)+

1
4
Wn,w(t,1)

)
g(n)(t)dt,
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where

Wn,w(t,x) =

⎧⎪⎪⎨
⎪⎪⎩

2
1
2 (t+1)n−

1
2

(n−1)! B( 1
2 ,n)F(− 1

2 , 1
2 , 1

2 +n; t+1
2 ) for t ∈ [−1,x],

(−1)n 2−
1
2 (1−t)n+ 1

2

(n−1)! B( 3
2 ,n)F( 1

2 , 3
2 , 3

2 +n; 1−t
2 ) for t ∈ (x,1],

Tn,w(x) =
n


j=2

Aj(x)g( j−1)(x) (3.20)

and

Aj(x) =

⎧⎨
⎩

2(−1−x) j−1

( j−1)! B( 3
2 , 1

2)F(1− j, 1
2 ,2, 2

x+1 ), x �= −1

2 j

( j−1)!B( 3
2 , j− 1

2 ), x = −1.

Specially, for n = 2 we get the identities from the Corollaries 1 and 2:

1


∫ 1

−1
g(t)

√
1− t
1+ t

dt−g

(
−1

2

)
=

1


∫ 1

−1
W2,w

(
t,−1

2

)
g′′(t)dt (3.21)

and

3
4
g(−1)+

1
4
g(1)− 1



∫ 1

−1
g(t)

√
1− t
1+ t

dt =
1
2

∫ 1

−1
y(t)g′′(t)d,t

where

y(t) =
1
2

∫ t

−1

(
3
2
− t + s

)√
1− s
1+ s

ds+
3
2

∫ 1

t

(
1
2
− s+ t

)√
1− s
1+ s

ds.

Since w(t) � 0 on [0,1] , we conclude after the Corollaries 1 and 2 that W2,w(t,− 1
2) � 0

and y(t) � 0. So if g is a convex function and g′′ exists, then the following inequalities
hold:

g

(
−1

2

)
� 1



∫ 1

−1
g(t)

√
1− t
1+ t

dt � 3g(−1)+g(1)
4

,

which are the Fejér inequalities for special weight function w(t) =
√

1−t
1+t .

EXAMPLE 6. w(t) = 1√
t
, for t ∈ (0,1] .

First we apply Theorem 4 to get identity:

1
2

∫ 1

0

g(t)√
t

dt−g

(
1
3

)
=

Tn,w(1/3)
2

+
(−1)n

2

∫ 1

0
Wn,w

(
t,

1
3

)
g(n)(t)dt (3.22)

and after applying Theorem 5 we get:

2
3
g(0)+

1
3
g(1)− 1

2

∫ 1

0

g(t)√
t

dt

= −2Tn,w(0)+Tn,w(1)
6

− 1
2

∫ 1

0

(
2
3
Wn,w(t,0)+

1
3
Wn,w(t,1)

)
g(n)(t)dt,
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where

Wn,w(t,x) =

⎧⎨
⎩

tn−1/2

(n−1)!B(n, 1
2 ) for t ∈ [0,x],

(t−1)n
n! F( 1

2 ,1,n+1;1− t) for t ∈ (x,1],

Tn,w(x) =
n


j=2

Aj(x)g( j−1)(x) (3.23)

and

Aj(x) =

⎧⎨
⎩

2(−x) j

( j−1)!F(1− j, 1
2 , 3

2 , 1
x ), x �= 0

2
(2 j−1)( j−1)! , x = 0.

Specially, for n = 2 we get the identities from the Corollaries 1 and 2:

1
2

∫ 1

0

g(t)√
t

dt−g

(
1
3

)
=

1
2

∫ 1

0
W2,w

(
t,

1
3

)
g′′(t)dt (3.24)

and

2
3
g(0)+

1
3
g(1)− 1

2

∫ 1

0

g(t)√
t

dt =
1
2

∫ 1

0
y(t)g′′(t)dt,

where

y(t) =
1
3

∫ t

0

(
2
3
− t + s

)
1
s
ds+

2
3

∫ 1

t

(
1
3
− s+ t

)
1
s
ds.

Since w(t) � 0 on [0,1] , we conclude after the Corollaries 2 and 1 that W2,w(t, 1
3 ) � 0

and y(t) � 0. So if g is a convex function and g′′ exists, then the following inequalities
hold:

g

(
1
3

)
� 1

2

∫ 1

0

g(t)√
t

dt � 2g(0)+g(1)
3

,

which are the Fejér inequalities for special weight function w(t) = 1√
t
.
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[6] D. S. MITRINOVIĆ, J. E. PEČARIĆ, A. M. FINK, Inequalities for functions and their integrals and
derivatives, Kluwer Academic Publishers, Dordrecht 1994.
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