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FURTHER IMPROVEMENTS FOR YOUNG’S INEQUALITIES ON
THE ARITHMETIC, GEOMETRIC, AND HARMONIC MEAN

XIANGRUN YANG, CHANGSEN YANG AND HAITYING L1

(Communicated by M. Krni¢)

Abstract. In this paper, we obtain some improvements and generalizations of Young’s inequali-
ties on the arithmetic, geometric, and harmonic mean. For example,
(1) If0<a<b,B>1and0<v<T<I,then

(aV,b)P — (af,b)P . v(l—v)
(aVeb)P —(at:p)P = T(1—1)°

(2)If0<b<a,B>zland0<v<T< I, then

(aV,b)P — K(h,2)P" (at,b)P _v(l=v)
(aVb)P — K (h,2)P* (atb)f ~ 1(1—1)’

(3)If0<a<b,B>=1and 0<v<T<I,then

(aV,b)P — (a!,b)P _ (@Vub)—(alb) _ v(1-v)
(aV.b)B —(al:b)P = (aVib) —(aleh) ~ t(1—1)’

In addition, we obtain some new results for Young’s inequality for operators.

1. Introduction

In the paper, let N be the set of positive integers. As usual, we denoted the Arith-
metic mean, Geometric mean, and Harmonic mean as aV,b = (1 —v)a + vb, afl,b =
a7’ and alyb = [(1—v)a ' +vb~!]7! for a,b >0 and v € [0,1]. The Young’s
inequality is well known as the following [7]: If a,b >0 and 0 < v < 1, then

a' ™"’ < (1—v)a+vb, (1.1)

where equality holds if and only if @ = b. And this inequality implies the classical
AM-GM-HM inequalities as

alyb < afyb <aV,b. (1.2)
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Zuo, Shi, Fujii [12] and Liao, Wu, Zhao [6] showed the refinement and reverse
inequality of the above Young’s inequality in terms of Kantorovich’s constant as follows

K(h,2)"a'7"p" < (1 —v)a+vb < K(h,2)Ra' b, (1.3)

where a, b >0, r =min{v,1 —v},R = max{v,1 —v} and K(h,2) = (hz}i)z with h= Z
It is easy to see that (1.3) implies

1 2y 1
(%) <(1=v)+wx <x>0, O<v<§> (1.4)
and
1 2 1
( ;—x> V}(l—v)—kvx <x>0, Eévgl) (1.5)

He [2] and Hirzallah [3] refined Young’s inequality so that
r*(a—b)> <[(1=v)a+vb)?— (a'"p")* < R*(a—b)?

where a, b >0, r =min{v,1 —v} and R = max{v,1 —v}.
Alzer, da Fonseca, and Kovacec [ 1] presented the following Young inequalities
V" . (aV,b)" — (at,b)™ . (I—=v)m
™ " (aVib)" — (aficb)™ T (1 —T)"

forO<v<7t<1and meN.
Liao and Wu [5] replicated the above result as follows:
vt (aVyb)™ — (alb)™  (1—v)™

— < < L.
o S (aVebym — (alebyn S (1— 1) (16)

forO<v<7t<1and meN.
Sababheh [9] obtained by convexity of function f

=)+ () = () (=) -
o S (=D fO) T e/ (O — ()~ (1= 1) (47
forO<v<7t<1and meN.
Ren [8] obtained the following inequalities:

aV,b—at,b - v(1—v)

aVTb—aﬁTb\T(l—T)7 braz0 (1.8)
ava — aﬁvb > V(l B V) b 0 .
avrb—aﬁrb/ T(I—T)’ es
and

(aV,b)? — (atyb)? _ v(1—v)

(aVeb)? — (afich)? ~ (1 —1)’ et (1.9)

(aVyb)? — (atvb)® _ v(1—v) b—a<0

(aV:b)? — (atb)? = (1 —1)’
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forO<v<t<l1landa, b>0.

Similar to the arithmetic mean and geometric mean, for arithmetic mean and har-
monic mean, Sababheh [10] proved that

(i) if a,b > 0 and v, 7 € [0,1] such that (b —a)(t—v) > 0, then

(aV,b)* — (a!,b)* (=)

S 1.1
(aVeb)k—(alb)k ~ 1(1—7) (1.10)
(ii) if a,b >0 and v,7 € [0,1] such that (b —a)(T—v) <0, then
Vib)* — (al\b)* 1-
(aVyb)* — (alyb) - v(l—v) (L11)

(aVeb)k— (alsb)t ~ T(1—1)

for k=1,2.
Yang and Wang [11] improved (1.8) and (1.9) as follows

THEOREM 1.1. Let 0 <v <t <1, meN and a, b are real positive numbers.
Then
(1) If b > a, we have

(aVib)" — (ahb)" _ v(1-)

(aVb)" — (afeb)™ S t(1—1) (1.12)

(2) If b < a, we have

(aVyb)" — (afiyb)" > v(1—v)

(aVeb)m — (atcb)" = z(1— 1) (1.13)

In this paper, we point out that the condition m € N can be changed into m > 1 in
(1.12) and (1.13). Using the same method, we also showed that (1.10) and (1.11) are
also valid for any positive number k > 1.

For convenience, in the following, all letters a,b,x designate positive reals with
a # b unless we state explicitly the contrary. v,7 are always reals in [0,1]. By

2
K(h,2) = (h:[—hl) we mean the Kantorovich constant.

2. Generalized improvements of Young’s inequalities for three mean

In order to show our main results, we firstly give a lemma as follows.

LEMMA 2.1. Define functions f,J,K : (0,1) — R of v, with parameters o/, 3 and
x by the formulas

(1—v+wx)f —xPv

fv) = IR T
(1*V+vx)ﬁ—(%)2ﬁv |
(v — (L 2w v 5

J(v) = i (1—v-ux)P — (14)2Bv L :
VLI (1—V+vx)“—(%)2m V=75
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(I—v4+w)f —(1 =y )P
[

K(V):(l—v—i—vx) —(I—=v4+w b~

Then each of these functions is either non-increasing or non-decreasing on (0,1)
according to which of the cases in the following table applies.

O<a<p 0<PB<a
x < 1 | non-increasing | non-decreasing
x> 1 | non-decreasing | non-increasing

Proof. Firstly, letting 0 < o < 3, we can obtain that if g(u) = — o+ o — Bu®,
then g'(u) = af[uP~! —u*"1] <0 for u € (0,1) and g'(u) > 0 for u € (1,). So
we have g(u) > g(1) =0 on [0,%0). Next, if h( )= (B —o)uP — BuP~*+ o, then
B (u) =B(B—o)[uP ! —uP~=1 <0 for ue (0,1) and ' (u) >0 for u € (1,00). It
also follows that (u) >0 on [0,00). Now

[(L=v ) =2 f'(v)

= [(1—v4)* —x®])[B(x— 1) (1 —v4vx)P ' = BxPVInx]
—[(1=v+v)P =P [o(x— 1)(1 —v+vx0)*" — 0x® Inx]

= v () () )

—|—xo‘v(1—v—i—vx)ﬁlnx{_3<m>ﬁ*a+(ﬁ_a)(ﬁ>ﬁ+a}

= (x—l)(l—v—|—vx)ﬁ+a_lg< >+xav(1—v—|—vx)ﬁh( Inx.

)
1—v+wvx 1—v+wvx

We see if x > 1 then both of the last two terms connected by the ’+’ in the middle
are nonnegative since s and g are nonnegative; so, as the initial expression is of from
[(1—v+vx)* —x*]?f'(v), we find f'(v) >0, and so f is non-decreasing. If x < 1 the
first term is evidently negative and the second is so because of the occurrence of Inx;
so f'(v) <0, and so f is non-increasing. We proceed with examining J’ and K’ in a
similar manner. Namely, for v # %, we have

[(1 —v4vx)%— (1 ;x>2av] 2]’(\1)

[(1—v—|—vx (1+x)2avH (x—1)(1—v4wx)P~ 2B<1+x>2ﬁvlnﬂ}

2
—{(l—v—kvx)ﬁ—( 1+x>2avlnlic]

3 >2BV] {a(x—l)(l—v+vx)°‘_1—2oc( 3 3
(1+x)2v 1+x>2v

v+vx>a+a<l(—Tv+vx>B}

= (x—1)(1 —v4wx)*P- I{B o— B(

+2<1;—x> (1—v—|—vx)B

(BT o (B )
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(1

1—v+vx>

+2<1 —ZHC)MV(I —v+vx)ﬁh< (1+X)2v

= (x—1)(1 —v+vx)°‘+ﬁ_1g(

1
>ln +x

1—v+vx 2’

and

[(1=v+w)* = (1—v4+w H)"PK (v)
=[(1=v+w)*—(1—v+wm )Y
x[Bx—1)(1—v4+wm)P =Bl —v+w ) P11 —x1)]
—[A=v+)P— (1 —v+w )
x[o(x— 1)1 —=v+u)* T —oa(l—v+w H= % (1 —x)
= (x—1)(1 —v4wx)* P!
(1—v+wx ) I\e (1—v+wx1)~I\B
X{B_a_ﬁ( I —v+4vx ) +a< I —v+4vx ) }
+Q(l—v+mil)*a*3*1
(I—v+wx) (I—v+wx) \@
><{_a—i_a((l—v+vx—1) ) +h- ﬁ(( —v4w )~ 1) }
(1—v4wxt )’1>

— —1)(1 - a+p—-1
(x—1)(1—=v+wx) g( rp——

_|_(x— D (1— v—|—vx_1)_0‘_ﬁ_1g<

(I—v+wx) )

(1—v4wx-H-1/)"

We have that J'(v),K'(v) > 0 if x> 1 and J'(v),K’(v) < 0 under the condition x €
(0, 1), which completes the proof of (i). Next, if 0 < B < o, then h(u),g(u) <0, and
this implies that f'(v),J'(v),K'(v) > 0 if x € (0,1) and f'(v),J’(v),K’(v) < 0 under
the condition x > 1. Hence (ii) is also valid. [J

THEOREM 2.2. Let 0<v< 1< 1, 0< a<p and a, b are real positive numbers.
Then

(1) If b > a, we can get

(aV,b)P — (at,b)P - (aV,b)* — (at,b)*
(aVTb)ﬁ—(aﬁTb)ﬁ h (aVib)* (aﬁrb)

2.1

(2) If b < a, then the reverse inequality is valid.

B_ By
Proof. Let f(v) = U= =2 By Lemma 2.1 (i), we have

(I—v+vx)*F—x%v *

(1) if x > 1, then f (v) = 0, meaning that f(v) is increasing on (0, 1), that is to
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say % < 1. Therefore

2

(l—v—l—vx)ﬁ—xﬁv ((L=v4v0)* —=x“) f(v)
(e e~ (e e )0
( —v+vx)*—x”

( — T+ Tx)% — xOT’

(2) If 0 <x < 1, then f/(v) < 0, meaning that f(v) is decreasing on (0,1), that
is to say % > 1. Therefore

(l—v—i—vx)B—xBV (1=v+v0)*—x*)f(v)
(1—1+71x)P —xP7 ((l—T—l-TxO‘—xO‘T) (1)
( —vHx)*—x*

( — T+ Tx)% — xOT

One deduces (2.1) by noting facts like this: if we substitute in (1 — v+ vx)P —xPV,
x by g and then multiply with a? we get (aV,b)P — (at,b)P .
Using (1.8), and Theorem 2.2, we have the following result. [

COROLLARY 2.3. Let 0 <v<t<1, B =1 and a, b are real positive numbers.
Then

(1) If b > a, we have

(aV,b)P — (att,b)P . (aV,b) — (ati,b) - v(l—v)
(aV.b)P — (at:h)P ~ (aVeb) — (afich) ~ t(1—1)°

(2.2)

(2) If b < a, then the reverse inequality is valid.

REMARK 2.4. (1) Let B =2 or B =m € N, we can get [9, Theorem 2.3] and
[11, Theorem 2.1], respectively.

(2) Leta=b,b=a,v=1—1, 7= 1—v ininequality (2.2), we can also obtain
the reverse inequality of (2.2) directly for b < a.

B)Let0O<v<T<I,s0 i_;; > 1, therefore

(1) If b > a, then

(aV,b)P — (at,b)P - v(1—v) _v(1—v)B 1—v)P .
(aVb)P — (ath)P ~ 7(1—71) b

(i) If b < a, then

(aV,b)P — (at,b)P < v(1—v) _WBa—v) WP
(aV.b)P —(atb)P ~ t(1—1) = B(1—1)~ 7B’

Using Lemma 2.1, we can also obtain the following results.
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THEOREM 2.5. Let 0 < o < f3, O<a<bandleth:§.Then
(a)If <v< T<lor0<v<‘c<2,then

K (h,2)P(at,b)P — (aV,b)P _ K(h.2)*(at0)* ~ (aV,b)*
K(h,2)Pt(at:b)P — (aV:b)P ~ K(h,2)%"(afb)® — (aVb)*

b)IfO<v< % < T < 1, then we have the reverse inequality of (2.3).

321

2.3)

On the other hand, if 0 < b < a, then the reverse inequality of above results is true

under their other conditions, respectively.

(1—v-wx)B — (13228

PVOOf. Let J(v)zm,then J(V) ( ) fOI'O<V<T 1 under
the condition x > 1, and this implies that
(1—v+wx)P — (%)mv - (1—7+7x)P — (%)mf
(1 —v4wx)o — ()20 = (1 — 74 gx)er — (%)2‘”
holds for x > 1. With evident notation this inequality is of form § . Now by (1.4)

d

and (1.5) d and e have the same sign and hence 7 is nonnegatwe. So multiplying the

. . d . . c d .
fraction with ¢ we can get the inequality ¢ < 7 that is,

(=vbw)P = (FPP (- vw® = (559
(1 -1+ 1x)P — (Lix)2p7 = (1—T+1x)% — (%)mf

forx>1and $<v<7<lor0<v<7<3;and

A

(l—v—i-vx)ﬁ_(%)zﬁv - (1 —vwx)%— ()2
(1= 7+ 7x)f — (1)267 T (-t T)e— (H)2er

for x > 1 and0<v<l<‘c<1
By taking x = 2, we can get our desired results directly. O

LEMMA 2.6. Let a, b be real positive numbers and let h = s Then
(a)If2 <v<1T<l, then

K(h,2) at,b —aV,b Ve v(l—v)
K(h,2)%ab—aVh 1 t(l—1)

(b)If0<v<T<%,then

K(h,2)"at,b—aV,b < v(l—v) <
K(h,2)%atsb—aVeh ~ t(1—1) ~

al<

Proof. Firstly we let forany x >0 and 0 <v < 1,

(%1) (1—v—|—vx)

fv) =

(2.4)

(2.5)
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Then

Fv) = (551> [2V1“(2’%1)—1]+1

h(x)
V2

+1\" x+1
=22 (20 .
H'(x) v( 5 nl—

It means that #'(x) < 0 for x € (0,1] and /'(x) > 0 for x € [1,%0). So h(x) > h(1) =0
)]

1—v

and

and f’(v) > 0. Therefore f(v) is increasing on (0, 1), which implies that is also

increasing on (0, 1), that is to say

() = (—vtw) ()T - (-4 )

N

and

forany 0 <v<7t<1.
Therefore,

for 1 <v<7<1by(1.5);and

2
()Y —(1—v+w) _ v(1—v)
() (1=t T1-T)
for 0 <v< 1< 3 by (L4).
Taking x = g, we can get our desired results directly. [
THEOREM 2.7. Let a, b be real positive numbers, h = g, and B > 1. Then
(a)If0<a<band 5 <v<T<1, then

K(h,2)P"(at,b)P — (aV,b)P _v_v(1-v

K(h72)ﬁr(aﬁrb)ﬁ — (avrb)ﬁ == ’L'(l —’L’) (2.6)
(b)IfO<b<aand0<v<T<3,then

K(h,Z)ﬁV(aﬁvb)ﬁ _ (avvb)ﬁ v(1—v) ’

K(h,2)B(ati:b)P — (aVb)B > 7(1—1) 2 . (2.7)
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o) B —( L )2By
Proof. Let J(v) = %

L—vtvx—(=54)%
(@) If x>1 and % <v <7< 1,using Lemma 2.1 and Lemma 2.6, we have

1—v+wx— (L)
1—141x— (H2)2
v _v(l—v)
T S t(l1-71)

(i)Ifxe(0,1)and 0<v<T< %, using Lemma 2.1 and Lemma 2.6, we also
have

(1_v+vx)ﬁ_(12ﬁ)2ﬁv _JW) l—v—i—vx—(lzﬂ)z"
(l—T—i—Tx)ﬁ—(l”)Zﬁf J(T)1—1+Tx_(%)2r
1—v+wx— (422
Tt (M)
v(l—v v
> TEI—T)) > T

Taking x = g , we can get our desired results directly. [

Now using (1.10), (1.11) and Lemma 2.1, by the same method as above, we can
easily obtain the following result.

THEOREM 2.8. Let 0 <v<t<1, B>1 and a, b real positive numbers. Then

(1) If b> a, then

(aV,b)P — (a!,b)P

(aV:b)P — (a!.b)P < (aV.b) — (alzh) < (1 —r); (2.8)
(2) If b< a, then
(aV,b)P — (al,b)P _ (@%b) —(ahb) _ v(1—v) o)

(aVeb)P —(a\:b)P ~ (aVib) — (a'ch) ~ t(1—1)

. B_ -1-B .
Proof. (1) For oo = 1, the function K(v) = %. We consider the

numerator, put x = Z and multiply with a® . This yields

<<1VVZ>B - (wfi)_ﬁ)aﬁ - (1 —v+vg>ﬁaﬁ - (1 —v+v%>_ﬁ(a*1)*ﬁ

= ((1=v)a+vb)P = (1 =v)a~ "+~ F)
= (aV,b)P — (alb)P.
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We will below use similar equations for 7 in place of v and for 1 in place of .
Since b > a, we have x > 1 and the hypothesistellsus f > a >0. Soif 0 <v<7< 1
we have by Lemma 2.1 the inequality K(v) < K(7), that is

(V) = (1) F (19 — (1Vex 1) F
(1Vyx) — (1IV,x D)=L = (1Vex) — (1Vx-1)-1 -

As x > 1, for any v € (0,1) there holds 1V,x > 1V,x~!. So we can interchange in
above inequality the left lower with the right upper expression and we get

Avx)P— (v H=B  (avx) -1V )]
(1Vx)B — (1Vex=1)=F = (1Vex) — (1Vex 1) =17
b

Here now we substitute x = 7, then multiply both the parts of the left fraction with aP

and of the right fraction with a and get the left of (2.8), while the right part follows
from Sababheh’s inequality (1.11) for k= 1.
(2) The proof of part (2) is similar. [J

3. Applications

Let M,(C) denote the space of all n x n complex matrices and M, (C) denote
the space of all n x n positive semidefinite matrices in M,(C). We recall that X €
M, (C) implies trX > 0 and detX > 0, see [12, Corollary 7.1.5] and the definition
of the Loewner or positive semidefinite ordering, see [12, Definition 7.7.1]. A matrix
norm |||.||| is called unitarily invariant norm if |||[UAV||| = |||A]|| for all A € M, (C)
and for all unitary matrices U,V € M,,(C). For A = [a;;] € M,,(C), the trace norm of A
is defined by

Al = u]A] = Y si(A)
i=1

where s1(A) = 52(A) = --- > 5,(A) are the singular values of A, that is, the eigen-

i, . 1 . .
values of the positive matrix |A| = (A*A)?2, arranged in decreasing order and repeated
according to multiplicity and tr is the usual trace function.

LEMMA 3.1. (Minkowski’s inequality, [12, Theorem 7.8.8]) Let A,B € M, (C),
then

det(A+B)7 > detAr + detBi.

LEMMA 3.2. ([5]) Let A,B,X € M,(C) and A,B € M} (C). If0< v < 1, then

[[1A"XB ([ < [llAX ]| xBI||".
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THEOREM 3.1. Let AABE M, (C), B>1and 0<v<T<1. Then
(i)If B=A >0, we have

(L= v)A+vBIT — (JAILIBIDP _ (1= 2)A -+ 7BF — (JAILIBIDP
v(1—v) = 7(1—1) ’

(ii)If A > B >0, we have

[(L=v)A+vBIf — (JAILIBIDE _ 11— 1A+ 2Bl — (Al 7lIBIID"
v(1—v) - 7(1—1) '

Proof. Suppose B > A. Then putting a = tr(A) and b = tr(B) we have b > a and
using Corollary 2.3 we deduce
B
(1 =v)A+vBl|}
= (tr((1 —v)A) +tr(vB))P
= (1= w)tr(A) +vix(B))P

< (u(4) " (B)")P + Tﬁ :?) [((1 = D)ir(a) + 7te(B)) — (tr(A)'~*tr(B)")P)
v(1-v)

= (IAIIT~11BID)P + [l(1=)a+ BT = (Al 7 IBIT)P].

—v
(1 —1)
Using the same method we can get (ii) similarly, so we omitit. [J

THEOREM 3.2. Let A\ BE M, (C), nB>1and 0<v<7<1. Then
(i)If B=A >0, we can get

det((1 —7)A+ 7B)P

(1 —1)
vl —v)

(ii)IfA> B >0, we can get

b}

[[(1 —v)detAr +vdetBi P — det(Al—VBV)ﬁ] + det (AHBT)B

det((1 —v)A+vB)P
v(l—v)
“1(1-1)

{[(1 — 7)detA# + detBr]P" — det(Al—fo)ﬁ] +det(A'"B")P.

Proof. Suppose B > A. Then putting b = detB7 and a = detA7 ,we have b > a
and again by Corollary 2.3 and Lemma 3.1, we have

det((1—1)A +7B)P

= [der((1 -7+ rB)ﬁl}ﬁn

Bn

> {(1 1) detAt +rdet3ﬂ
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T(1—1) 1 L B 1y Y Bn
=) {[(1 v)detAn +vdetBn]P" — [detA s detBr] }

1t z1Bn
+ [detA : detBn]
(1 —1)

= ){[(1—v)detA%+vdet3ﬂﬁ"—det(A1—VBV)ﬁ}+det(A1—fo)
vil—vVv

Using the same method we can get (ii) similarly, so we omitit. [J

B

THEOREM 3.3. Let A,B,X € M,(C) with A, BE M, (C), f>1and 0 <v<
T < 1. Then for any unitarily invariant norm ||| |||

[(1 = D)Il|lAX |||+ =|l|XB]|}°
< (1 —1)
vl —v)

(@) If [[[AX ]| = ||

(1 —V)IHAX\H+VIHXBHHﬁ—(IHAXH\I’VHIXBH\”)% +[1AxB7| 1P

[(1—=v)[[|AX]||+v]||xB]||)®
v(l—v)
“r(1-1)

(1 —T)IHAXH\+T|HXBHHﬁ—(H\AXIHI’TIHXB\HT)ﬁ} +[[]A X B||P.

Proof. Suppose |||XB||| = |||AX||| and by Corollary 2.3 and Lemma 3.2, we have

)|llAx |||+ 7|||IXBI)F - |||la*~"x B[P

[(1—-
> [(1=o)l[AX Il + X BI| = ([lAX ]| 7][1XB|[*)?

> S [l = A1+ BN - Cllax 1B

Using the same method we can get (ii) similarly, so we omitit. [

THEOREM 3.4. Let A,B€ M, (C) suchthat 0<A<B,f>1and s <v<1<1.
Then

1—
K 2P AP BE — (1 = v)A+vB|
v
1_
K, 2)P7 Al 2B - (1 - 1A + 7B)P
T

N
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Proof. According to (2.6), we have

I(1=v)a+vB|{

[(1—v)tr(A) +ver(B)]P

> K(1,2)P (AP (B)PY

(K (7,2)PTtr(A)PU=r(B)PT — (1 — 1)tr(A) + 1tr(B))P]

=

al<

1— 1% 1—
= K(n, 2P AI0" 18I = Z[K(n,2)P Al 81T - 111 - DA+ 7B ).

This completes the proof. [
Applying Theorem 2.8, we also have
THEOREM 3.5. Let AABE M, (C), B>1and 0<v<1<1. Then

(1) If B= A >0, we obtain

(1= v)A+vBIF — (JAILY [BIDP _ [I(1—2)A+2BIf — (JAlL el Bll?
v(1—v) = 7(1—1) ’

(2) If A= B >0, we obtain

[(1=v)A+vBIT — (AL BIDP (= 7)A+ BT — (JAlL ] Bl )
v(l—v) - 7(1—1) ’

Proof. (1) We can write

(1 =v)A+vB|[F = (JAI L IBIDP = ((1—v)uA +vrB)P — (A1, teB)P

and a similar expression for 7 in place of v. So, with the substitutions a = trA and
b = trB, we see the inequality claimed can be written

(aV,b)P — (a!,b)P _ (aV:b) — (alsh)
v(l—v) S ot(l-1)

Here again because of aV,b > a!,b we can interchange the left lower expression with

the right upper and get this way an inequality which follows directly from Theorem 2.8
asb>a.

Using the same method we can get (2) similarly, so we omitit. [J
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