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GENERALIZATIONS OF HARDY-TYPE INEQUALITIES
BY THE HERMITE INTERPOLATING POLYNOMIAL
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DORA POKAZ* AND MARJAN PRALJAK

(Communicated by M. Niezgoda)

Abstract. In this paper we obtain generalizations of Hardy-type inequalities for convex functions
of the higher order by applying Hermite interpolating polynomials. The results for particular
cases: Lagrange, (m,n—m) and two-point Taylor interpolating polynomials are also considered.
Finally, we derive the Griiss and Ostrowski type inequalities related to these generalizations.

1. Introduction

Let (21,Q;,u1) and (Z;,Q, 4p) be measure spaces with positive o -finite mea-
sures. Let U(f,k) denote the class of functions g : Q; — R with the representation

8 = [ kw00 ),
Q

and Ay be an integral operator defined by

aef) = 50— Q/ K ) ()i (), M

where k: Q) x Q; — R is measurable and non-negative kernel, f: €, — R is measur-
able function and

0<K(x):= /k(x,t)d,uz(t), xEQ. @)
Q

The following result was given in [11] (see also [13]).
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kl((zzxv)) u(x) is

THEOREM 1. Let u be a weight function, k(x,y) >
locally integrable on Q| for each fixed y € ;. Define v by

k(x,y)
K(x)

v(y) =

Q

u(x)dpy (x) < eo. (3

If ¢ is a convex function on the interval I C R, then the inequality

/ O (Arf () u(x)dp (x / O/ ())v()din (y) )

holds for all measurable functions f:Qp — R, such that Imf C I, where Ay is defined
by (1)-(2).

Inequality (4) is generalization of Hardy’s inequality. G. H. Hardy [7] stated and
proved that the inequality

oo

X P o
1 p
/ ;O/f(t)dt dx < (%) O/fp(x)dx,p> 1, (5

0

holds for all non-negative functions f such that f € L?(R;) and R} = (0,00). The

p
constant <ﬁ> is sharp. More details about Hardy’s inequality can be found in [16]
and [17].

We also note that (5) can be interpreted as the Hardy operator H : Hf(x) :=

1
X

O ==

f(t)dt, maps L? into LP with the operator norm p’ = ﬁ.

DEFINITION 1. Let f be a real-valued function defined on the segment [a,b].
The divided difference of order n of the function f at distinct points xo, . ..,x, € [a,b]
is defined recursively (see [4], [18]) by

flxi]=f(xi), (i=0,...,n)

and
f[xlv"'vxn} _f[x()v"'vxnfl} '

Xn — X0

flx0y. - x0] =

The value flxo,...,x,] is independent of the order of the points xo, ..., X,.
The definition may be extended to include the case that some (or all) of the points
coincide. Assuming that fU~1(x) exists, we define

f(j—l)(x)

=T



GENERALIZATIONS OF HARDY-TYPE INEQUALITIES 445

The notion of n-convexity was defined in terms of divided differences by T. Popovi-
ciu [20]. A function ¢ : [ct, ] — R is n-convex, n > 0, if its n-th order divided differ-
ences [xo, ..., X,; ¢] are nonnegative for all choices of (n+ 1) distinct points x; € [c, B].
If ¢ is n—convex then we can assume that ¢ is n-times differentiable and (])(") >0
(see [18]).

Throughout this paper, all measures are assumed to be positive, all functions are
assumed to be positive and measurable and expressions of the form 0o, = and 8 are
taken to be equal to zero. Moreover, by a weight # = u(x) we mean a non-negative
measurable function on the actual interval or more general set.

=

2. Preliminaries

Let o <ay<ax<...<ar< P, (r=2) be the given points. For ¢ € C"([a, 5])
(n > r) aunique polynonnal pm(s) of degree (n— 1) exists, such that Hermite condi-
tions hold:

pif(aj) = 00(a)). 0<i<hi 1<j<r
,
where Y kj+r=n.

j=1
In particular, for r =n, k; =0 for all j, we have Lagrange conditions:

pr(aj) =¢(a;), 1<j<n
For r=21<m<n—1, ky=m—1, kp =n—m—1, we have Type (m,n—m)
conditions:

Pl (@) =0 (@), 0O<i<m—1,

Py (B) =0 (B), 0<i<n—m—1,

For n =2m,r =2 and k; = k; = m — 1, we have Two-point Taylor conditions:
D) oy — () @y _ 40 0<i<m—1
‘027-(0() (p (O(), pzT(ﬁ) ¢ (B)a Ilxm .
The following theorem and remark can be found in [3].

THEOREM 2. Let v < a; <arx < ...<a, <P, (r=2), be the given points and
¢ €C"([a,B]), (n=7). Let pr(s) be the Hermite inrepolating polynomial. Then

0(t) = pu (1) + Ru n(9:1)

b
= aj / GHn(t,5)¢ ()d

where H;j are fundamental polynomials of the Hermite basis defined by

1 ol 'E1d ((e—a)ht!
i) = )i 2 R <W>

aj

(t—aj), (6)

t:aj
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where

and Gy n(t,s) is defined by

ai—s)" i—1
2 2 ((Jn,i)l)Hij(t); s <,
GHJL(I’S): J=“=r0 kj yrizl 7
aj—s
- % 2 2 ﬁHz‘j(iﬁ s>,
Jorall a <s< a1, 1=0,...,r withay=0a and a,.1 = 3.
REMARK 1. For Lagrange conditions, from Theorem 2 we have
¢(t) = po(t) +Re(9,1)
where py(¢) is the Lagrange interpolating polynomial i.e.
n o n t—ag
o) = S TT (=% ) ota
Zl ]{1:[1 aj — g /
k#j
and the remainder R (¢,7) is given by
B
L(6.0) = [ Gult.s)9") (s
[0
with
1 n
S (-9 I (%), s<e
1 j=1 k=1~
GL(t7s> = 0! n ki n (8)
(n_ ) 3 (a _s)n—ln([;*jl;)7 s>t
j=i+1 k=1 N\
k#j

a<s<ay, 1=12,....n—1 witha; =« and a, = .
For type (m,n —m) conditions, from Theorem 2 we have

(p(t) = p(m,n)(t) +R(m,n)(¢at)

where P, ) (#) is (m,n —m) interpolating polynomial, i.e.

m—1
=Y w09 @)+ Y m@)e"(B),
i=0 i

= e X [T

with
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wo-gen (575) 5 () (E) o

and the remainder R(,, ,)(¢,) is given by

and

B
R(m,n)((Pat) :~/oc G(m,n)(tas)(P(n)(S)dS

with
m—1 |m—1—j » ., X o
n—m+p—1 — ([7 )J( s) J Bt
jEOlpEo - Nﬁ) ]%(m) s SSt
G(mn)(l 5)= n—m—1 | n—m—i—1 8 9 ()i (Bogyric! .
m+q—1 —t 1—B) (B —g)n—i~ -~
- Eo l qEO ( :1] )(BTOC> W] ([;T‘é) , t<s.

For type Two-point Taylor conditions, from Theorem 2 we have

o(t) = por(t) + Ror(0,1)

where p,7()is the two-point Taylor interpolating polynomial i.e,

par(t g Zl (" 1)[ oS (25)" (52)

4¢@wﬂ%ﬁ(#%)(%%Y}

and the remainder Rp7(¢,#) is given by

B
R2T(¢J):/a Gor(t,5)9\"(s)ds

with
m m—1 _ . IR
G (s) S ("I =) g ns), s<ns

Gor(t,s) = (13)

é;l,);n)!qm(t,s) 'Zo (m_}ﬂ) (s—t)"1ipi(t,s), s>t
j:

where p(t,s) = %, q(t,s) = p(s,1),Vt,s € [a,B].

New results involving the Hardy inequality involving Green functions and Lid-
stone interpolation polynomial can be found in [10], [12], [14], [15] and [19]. Also,
new results involving the Hermite interpolation polynomial can be found in [1].
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3. Main results

Applying Hermite’s interpolating polynomial we obtain a generalization of Hardy
type inequality which holds for non-negative weights u,v. We give our first result.

THEOREM 3. Let (21,Q1, 1) and (22,Q0,Up) be measure spaces with positive
O -finite measures. Let u: Q) — R and v : Qy — R be weight functions. Let o0 < a; <
r
a) <...<ar <P (r=2)bethe given points, kj >0, j=1,...,r, with ¥ kj+r=n.
j=1
Let ¢ € C"([a, B]) be n-convex and Ay f(x),K (x) be defined by (1) and (2) respectively.

If
/V(y)GH,n(V(y%S)sz(y) —/M(X)GH,n(Akf(X),S)dul (x) =0, se€la,pl,

Q) Q
then
[t /¢AM (x)dpu () (14)
Q
r kj .
> 2 0 (a;) /V(y)Hij(V(y))dﬂz(y)—/”(X)Vquj(Akf(x))dHI I

Q) Q
where Gp , and H;j are defined as in ('7) and (6), respectively.
Proof. (i) Since ¢ € C"([a, B]), applying Theorem 2 on

/q) (v)duz (v /q)Akf (x)dp (x)
we get
[ /¢Am (x)d s () (15)
Q

00(@) | [vO)H 00N d0) ~ [ uw)vo;(ALf0)dp (3

Q) Q
B
+f Q/ V)Gt (V). )b (y) = Q/ ()G (Acf (x),9)dps () | 6 (s)ds.

Since ¢ is n-convex on [c, ], then we have ¢ >0 on [a,B]. Moreover, the in-
equality (14) holds. O

We begin with the following result:
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THEOREM 4. Let all the assumptions of Theorem 3 be satisfied. Additionally, let
v be defined by (3). If (14) holds and the function

T M\,

j Hi () (16)

is convex on o, B] then the inequality (4) holds.
Proof. If (14) holds, the right hand side of (14) can be written in the form

[ OGO A0) ~ [ ul)F(Aes(o)ap (),

Q) Q)

where F is defined by (16). If F is convex, then by Theorem | we have
[rOF(FODd0) ~ [uoF (Aef0)du () >0,
Q) Q
i.e. the right-hand side of (14) is non-negative, so (4) immediately follows. [J
By using Lagrange conditions we get the following generalization of Theorem 1.
COROLLARY 1. Let aa<aj<ay<...<a, <P (n>=2) bethe given points and
¢ € C"([at, B]) be n-convex. Let (£1,Q4, 1) and (2,922, ) be measure spaces with

positive © -finite measures. Let u: Q) — R be a weight function and v be defined by

(3).

(i) If
/V(y)GL(V(y)7S)dH2(y) —/M(X)GL(Akf(X),S)dM (x) =0, se€la,p],
Q Q
then
JoUome)amom ~ [ oA udu () (17)
o Q
> [v0) 3 ota) IT (2252 ) i
Q> =1 Z:; ! !

where Gy, is defined as in (8).
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(ii) If (17) holds and the function

is convex on (o, 3], then

/ O (A f (x))u(x)dp (x / O/ ()W) (y).

By using type (m,n —m) conditions we can give the following result.

COROLLARY 2. Letn>2, 1<m<n—1and ¢ € C"([cr,B]) be n-convex. Let
(Z1,Q1, 1) and (22,90, Un) be measure spaces with positive © -finite measures. Let
u: Q) — R be aweight function and v be defined by (3).

() If
/ Gy (F9):5)1120) = [ 1(x) Gy (A (0).9) >0, 5 € 1.,
Q
then
[0 ~ [ ux)oes () dm ()
Q Q
> [0 (201 Tz(f(y))¢(")(a)+n:glnz(f(y))¢“(ﬁ)> dus ()

Q
where T;, 1; and G(m.’n) are defined as in (9), (10) and (11), respectively.

(ii) If (18) holds and the function

n—m—1

2@ +an

is convex on (o, 3], then

a6 (As0)dm () < [ ux)o (e (0)dps ().

Q Q

By using Two-point Taylor conditions we can give the following result.
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COROLLARY 3. Let m> 1 and ¢ € C*" (o, 8]) be 2m-convex. Let (£1,Q1, ;)
and (25,Q0,Up) be measure spaces with positive © -finite measures. Let u:Q; — R
be a weight function and v be defined by (3).

(i) If
/ v(y)Gar (f(),s)dua(y) — / u(x)Gar (A f(x),s)dui (x) >0, s € [o,B],
Q

Q

then

[0 - [ u)oes () )

Q Q

> [v0)par(F0)dmas) = [ ux)par (Anf (0)dp (),

Q Q
where o1 and Gor are defined as in (12) and (13), respectively.
(ii) Moreover; if the function par is convex on [o, 3], then

a6 As0)dm () < [ )0 (e () ().

Q Q

REMARK 2. Motivated by the inequality (14), under the assumptions of Theorem
3, we define the linear functional A : C"([ct, f]) — R by

/q) y)dua(y /¢ Arf (x))u(x)d (x)
r kj .

-3 ¢9(a;) /V(y)Hij(V(y))dH2(y)_/”(x)quij(Akf(x))d.ul I
i=1i=0 3, 3

Then for every n-convex functions ¢ € C"([a, B]) we have A(¢) > 0. Using the linear-
ity and positivity of this functional we may derive corresponding mean-value theorems
applying the same method as given in [2] and [19]. Moreover, we could produce new
classes of exponentially convex functions and as outcome we get new means of the
Cauchy type. Here we also refer to [9] with related results.

4. Griiss and Ostrowski type inequalities

P. L. Chebyshev [6] obtained the following inequality

1
(.0 < 5 b-a? 711
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where f,g: [0, ] — R are absolutely continuous functions whose derivatives f’ and
g’ are bounded and T(f,g) is so-called Chebyshev functional defined as

dt——/ () ﬁia/aﬁg(t)dt' (19)

Here ||-||., denotes the norm in Lo.[ct, 3], the space of essentially bounded functions
on [a, ], defined by | f||., = esssup|f(#)|. We also use notation ||-[|,,, p > 1, for L,

relo, Bl

T(f.¢

norm.
P. Cerone and S. S. Dragomir [5], considering the Chebyshev functional (19), ob-
tained the following two related results.

THEOREM 5. Let f : [ot, f] — R be Lebesgue integrable and g : [o.,f] — R be
absolutely continuous with (- — o)(B —-)(g')* € L1[o, B]. Then

I 1 B o)
T8 < 1T (7.0) ﬁ(/ (v a)(B—)[g ()] dx) @)

The constant \/— in (20) is the best possible.

=

THEOREM 6. Let g: [, 8] — R be monotonic nondecreasing and f : o, f] — R
be absolutely continuous with f' € Le|c., B]. Then

T < s I - (B~ gt en

The constant % in (21) is the best possible.

We consider the function % : [o, ] — R, defined under assumptions of Theorem
3, by

B(s) = [V0)Gun ()2~ [Ul)Gra(Auf (). 5)dp (), (22

Q) Q)

where Gy, is defined as in (7).

THEOREM 7. Let (£1,Q1,11) and (2,0, Up) be measure spaces with positive

O -finite measures. Let u:Qy — R and v : Qy — R be weight functions. Let o <

ay<ar<...<a, <P (r>=2)bethe given points, ki=0, j=1,....,r,with ¥ k;j+
J=1

r=mn. Let ¢ : [o,f] — R be such that 0™ is an absolutely continuous on [, B]

with (- —a)(B —)(@"+t))2 € Li[a, B] and Arf(x),K(x) be defined by (1) and (2)
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respectively. Let H;; and % be defined as in (6) and (22), respectively. Then the
remainder R(¢; o, B) defined by

RO:0.8) = [v)OU )W) — [ux)o(Aes)du ()

Q Q

r kj .
-3 300w [ [ O dpaly) ~ [ ) HiyAis (5 (x)]

Q Q

(B~ 0" D(e) [P
_ = /a B(s)ds (23)

satisfies the estimation

Rigsap) < Y22 (12,2 ( / ﬁ(s—a)(ﬁ—s)[¢(”“’(s)]2ds>7- 24)

Proof. Comparing (15) and (23) we have

-1(B) — otV (a) B
R(0: 00, B) /@ " (s)ds— 2 (B) ¢ (a)/%(s)ds

—/@ ds——/q) ds/% Yds = (B — o)T(B,6™).

Applying Theorem 5 on the functions Z and ¢ we obtain (24). [

Using Theorem 6 we obtain the Griiss type inequality.

THEOREM 8. Let (21,Q1,11) and (2,0, Up) be measure spaces with positive
O -finite measures. Let u: Q) — R and v : Qy — R be weight functions. Let o0 < a; <
a» <...<ar <P (r>=2)bethe givenpoints, kj; >0, j=1,...,r, with ¥, kj+r=n.
j=1
Let ¢ € C"([at,B]) be such thar ¢+ >0 on [, B], Hij and B be defined as in
(6) and (22), respectively. Then the remainder R(¢;0.,) defined by (23) satisfies the
estimation

(n—1) (n—1) (n—2) (R _ 4(n—2)
L R L) el

Proof. Since R(¢;a,B) = (B —a)T(#,0™), applying Theorem 6 on the func-
tions 4 and q)(”) we obtain (25). O

We present the Ostrowski type inequality related to generalizations of Sherman’s
inequality.
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THEOREM 9. Let (21,Q1, 1) and (25,20, Up) be measure spaces with positive
O -finite measures. Let u: Q) — R and v: Qs — R be weight functions. Let o0 < a; <

"
a) <...<a, <P (r=2) be the given points, kj >0, j=1,....r, with ¥ kj+r=n.
=1

) .
€Lyla,B]. Then

Let ¢ €C' ([0, B]), 1< p,g<eo, 1/p+1/g=1 and [¢"

/ SOOI~ [ 6(ALf @) u(du ()
Q
r kj .
=¥ > 0(ay) /V(y)Hij(V(y))dm(y) _/”(x)quij(Akf(x))d.ul (x)
j=1i=0 & o
<o 121,

where H;; and % are defined as in (6) and (22), respectively.
The constant ||#||, is sharp for 1 < p < e and the best possible for p = 1.

Proof. Under assumption of theorem the identity (15) holds. Applying the well-
known Holder inequality to (15), we have

/(P (v)dua(y /(I) Arf(x))u(x)dp (x)
r kj .
=3 3 00@) | [0 00D dns) ~ [uvot (A ) ()
j=1i=0 &, o

[ [ ¥00Gatr ). )i ) ~ [ 10)Gaa e ) 510 | 6 5)ds
Q

([ 1) é

9]
The proof of the sharpness is analog to one in proof of Theorem 11 in [8]. [

s| < Hq)(")
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