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SOME REFINEMENTS OF YOUNG TYPE INEQUALITIES

CHANGSEN YANG AND GEGE ZHANG

(Communicated by M. Krni¢)

Abstract. In this paper, we give some new improvements and reverse improvements of Young

type inequalities. The conclusion proved by Yang and Wang [J. Math. Inequal., 17 (2023), 205—
v 2

217] involved the monotonicity of w , where K(x,2) = (XXXI) , x>0 and

% < v < 1. This article demonstrates the monotonicity of w , where My (x) =

1+ o(1— )&

X >

x> 1 and % <uv< % . And this implies a main conclusion as follows:

MY (h)atyb—aVyb L
ME(h)ateh—aVeh 1
where 1 <v<t<2, b>a>0, My(h)=1+v(1-v) "0 and h=t.
Furthermore, we can get some related results about operator, Hilbert-Schmidt norm, trace
norm by these scalars results.

1. Introduction

Let N denote the set of all nonnegative integers and N™ be the set of all positive

2
integers. And we always denote the Kantorovich constant by K(7,2) = % for any
t>0.

The classical weighted arithmetic-geometric mean inequality reads:
n n
[T <Y, piai, (1.1)
i=1 i=1

where a;, p; >0 and Y, p; = 1. Then we can get the famous Young’s inequality by
(1.1) when n =2,
a'7Vb¥ < (1—Vv)a+ vb. (1.2)

Zuo et al. [10] improved (1.2) and Liao et al. [6] gave a reverse of (1.2) as follows:
K(h,2) aftyb < aVyb < K(h,2)Ratyb, (1.3)
where a,b>0,0< v <1, r=min{v,1 —v}, R=max{v,1 —v} and h = g.
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Zuo and Li established the following reverse refinement of Young inequality in
[9],if 0< v <1 and a,b > 0, then

aVyb < MR (h)attyb, (1.4)

where My (1) =14+ v(1 — 1))(t_1)2 R=max{v,1 —v} and 7 = 2. And they also

1
gave an inequality for 7 > 0 and 0 < v < 1 as follows

My(1) < K(1,2). (1.5)
Y.H. Ren in [8] established the following improvements regarding Young’s in-
equality:

aV,b —at,b v(l —v)

avVb— atifb t(1-1)’
aV,b —at,b > v(l—v)

avVeb—ath ~ t(l—1)’

Yang and Wang in [12] studied an improvement of inequality (1.3), they obtained

the following inequality,

K(h.2) atyb —aVob _ v
<2, (Note:0/0=0 1.7
K2 aih—avep S 70 (Note: 0/0=0) a7

b—a>0
(1.6)
b—a<0

where 2<v T<1l,h= ; and a,b > 0.
On the other hand, Ghazanfari, Malekinejad and Talebi in [3] gave a new inequal-
ity, which can be stated that if a,b >0 and v € (0, 1], then

(1—-02+0¥a+(1-0>)b <0’ 2" " + (Va—Vb). (1.8)

In 2020, Yang and Li [11] studied an improvement of inequality (1.8), they ob-
tained the following inequality,

(l _ UN1+1 + UN1+2)LI+ (l _ UN2+2)b < U—(I—U)NI—UNZ—lanl—U + (\/__ \/5)27
(1.9
where v € (0,1], N;,N, € N and a,b > 0. It was obvious that (1.8) was a special case
of inequality (1.9) for Ny =1, N, =0.
In [Theorem 2.14, 1], Zuo and Li obtained the following inequality, which can be
stated that if a,b >0, v € (0,1], NeN, r=min{v,1 — v} and h = %, then

(1 o ,UNJrl + ,UN+2)a+ (1 _ ,UNJrl)b < Kfr(h’z)vaflJrvavblfv + (\/—_ \/5)2
(1.10)
In this short paper, similar to (1.7), we will give some inequalities. In particular,
we get
MY (h)atyb —aVyb v

ME(h)at:b—aVih ~ T

where % <v<r< %, b>a>0,My(h)= 1+v(1—v)(h i and & = 2. Moreover,
we will provide some generalizations for inequality (1.9). As apphcatlons we obtain
some inequalities for operator, Hilbert-Schmidt norm and trace norm.
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2. Main results

By using K(h,2) > 1 and (1.3), we have K(h,2) "aflyb < K(h,2) affyb < aVyb
for a,b >0, 0<v<1, r=min{v,l—v} and h = g The inequality (1.7) was
obtained based on K(h,2)"aflyb < aVyb. Similarly, we obtain the following theorem
based on K(h,2) "athyb < aVyb. Note that when a # b, we have K(h,2) "atyb <
aVyb.

THEOREM 2.1. Let 0< v <7 <%, ab>0and h="2#1. Then

. -
aVyb—K(h,2) Vatyd > v 2.1
aVib—K(h,2) Fat:b ~ T

Proof.
-0,V _ _ (2x \2v
Let f(v)=I_IH_W_UK(X’2> L U+w;) (1) , (x>0).
Then ho)
, X
f('l)): 02

for

h(x)zv[—l+x—2(2—x>2vl 2 ]—{(I—U—va)—( 2 )20}

x+1 nx—f—l x+1
2v 2v
:—21)(&) lni—l—i-( 2x> .
x+1 x+1 x+1
So we have

2x \2v-1 2 2x
W :—41)2( ) I .
() x+1 (x+1)? T

We have /'(x) >0 for x € (0,1) and /’(x) <0 for x > 1, which implies 2(x) < k(1) =
0. It means f'(v) <0, s0 f(v) > f(r) when 0 < v < T < . We complete the proof
by putting x = Z ]

THEOREM 2.2. Let0<v<‘c<%andeN+.Ifa>b>0andh:§,then

(aVob)" — K(h,2) "™ (atub)" _ v
(aVb)" — K (h,2) " (aficb)" ~ T

2.2)

Proof. For any fixed x > 1, letting f(v) = (1 — v+ vx)" — ((Z)?V)" = ((1 -

U+ Ux) — (%)2“)11(1)), where 11 (V) = (1 —v+vx)" 14+ (1 - v+);)+)cl)m’2()%)2“ +
A=+ o) ((FDP)" 2 +(ED*)™ ! So i (v) = (x— 1) [(m—1)(1—v+

vx)" 2 4 (m—2) (1= v+ vx)" 3 (F5)? + ..+ (ED)™)" A+ (1 —v+ox)™ 2
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(3720 + 21— v+ ox)(m = 2)((F7)*)" 2 +2(m 1)(()%)2“)’"_1}111”1

We have /'(v) <0 for x € (0,1), which 1mphes h( ) = h(t) for 0 <V < T< 3.
flo) _ (A=vo0"—((F)*)" _ (1-vton)—(F9)*)h) o (-vton)—(FD* L »
Hence, 7y (1- r+rx)’” (Z2)m — ((1-t+m)- (m) On(r) T (I—t+m)— (22 T T

Now by taking x = 2, we can get the desired results. []

THEOREM 2.3. Leté<v<r< 1 Ifb>a>0and h=", then

aVyb—K(h,2) Yatyb P v(l—v)

aVeb—K(h,2)"Tach ~ T(1—1)° (2.3)

Proof. Let

Cl-v+ox—K(x2) %"  (I-v+ox)-
f)= v(l—v) - v(1—0)

2x \2v
(551) . (x=1).

Then

for

h(x):u(l—u)[ I4x— 2( il)zvln%h(w—l)[(1—v+W>—<)%>2D]

So we have
2x \2v+1 2x 2x \20+1
W) =v(i—v)[i-203(Z5) 7 = ()
(x)=v(l—-v) vx i nT

+(2v-1) [U —ox2 (%)2%1}

and

W) = St (2™ ),

2 x+1
gx)=4(1—-v)(x+ l)ln)% —2(l—=wv)(1 +2v)1nxiicl +2x—1,
¢ =4(1 =) 40— )1 =21 -1 +2v)ﬁ+2,
¢ = 2 perl).

p(x) =2v+4vx— 1.

Because p(x) =4v >0, we have p(x) > p(1)=6v—1>0 for § <v <7<} and
x> 1. It means g”(x) >0 for £ <v <7<} and x> 1, which implies g'(x) >
g1)=2(v-3)*+%2 >0 and g(x) > g(l) =1> 0. Hence, we have #”(x) > 0,
W(x)>h(1)= Oandh(x) h(1) =0 for } <1)<T< > and x > 1, it means f'(v) >
0, which implies f(v) < f(7) for { <v <7< 1 and x> 1. We complete the proof
byputtingx:%. U
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COROLLARY 2.4. Let 1 <v<t<i, K(h2)= (hj}})z, h=L Ifb>a>0,
then
_ -v _
v < aVyb—K(h,2) Patyb < v(l v). (2.4)
T =~ aVib—K(h2)Fath T (1 —1)

(=1
7

LEMMA 2.5. ([1,9, 10]) Let My (1) = 1+ v(1 — )
1, it has the following properties:

o My(t)=My(7), My(c)=K(t,2);

o My (t) is decreasing on t € (0,1] and increasing on t € [1,00). And My, (1) =1;

o 1 <My(r) <K(1,2).

o My(t)=M_y(1).

Jfort>0and 0 < v <

By Lemma 2.5, it is easy to see that My (¢) is similar to K(¢,2). Similar to (1.7),
we can conclude the following Theorem 2.7. First of all, we provide a lemma as fol-
lows.

LEMMA 2.6. Let $ < < 2 and x > 1, then
e v(1—v)(x— 12 1 +20(1 =) (x— 1)]
x4+ (x— 124202 =3v)x(x — 1)+ 20} (1 —v)*(x — 1)° (2.5)

Proof. According to inequality (1.2), by calculating, we obtain

et v(1—v) =12 [+ 20(1 = v) (x— 1)]

< v+ 1 =v)x+v(l—- V) (x— 1)2] [142v(1—v)(x—1)]
=v+22 (1 =) (x— 1)+ (1 —=v)x+20(1 —v)2x(x — 1) +v(1 —v)*(x — 1)?
+ 202 (1 =) (x —1)°.

We only need to prove the following inequality
v+ 22 (1 =) (x—1) + (1 —v)x+2v(1 —v)%x(x— 1)

+v(1=v)?(x— 1)+ 202 (1 —v)}(x - 1)?
x4+ =12+ 202 =3v)x(x— 1) +20%(1 —v)?(x — 1),
This means that we only need to prove that
(=243 —v)x =231 —v)2(x— 1)2 = 2v+ 52 = 3° 0.
Let m(x) = (—v* +3v° —v)x — 203 (1 —v)?(x — 1)? — 2v + 5v* — 3v3, then m/(x) =
2433 =43 (1 —v)2(x—1).

Because 7/ (x) <0 for x > 1 and m(1) = 4> — 3y < 0 under % <v < %,it means
m(x) <m(1) <0 for x > 1, we complete the proof. [
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THEOREM 2.7. Let My(h) =1+v(1—-v) 1<y <1<3 [fh>a>0,
h= g, then
MY (h)agob—aVyb v
< 2. (Note: 0/0=0 2.6
ME(hateb—avep < 7 (Nore 0/0=0) 2.6)
Proof.

X —v)(x— 1Y — —Ux
Let f(v>_[+v(1 v)( vl)} 1+v v’(x>1)'

[x+v(1—v)(x—1)%]"- {vln x+Hv(1—v) (x—1)?]+v? M—l} +1
7=

' x+v(1—v)(x—1)2

x+v(l—v)(x—1)7"

B V2 'H()C),
where
H(x) = vin[x+v(l—v)(x— 1)2] + (1 —v)(x— 1)2]—v
V2(1—2v)(x — 1) X
x+v(l—v)(x—12
Then
H/(x>:v[1+V(1—v)(2x—2)]_ v —v)(2x—2)

x+v(1—v)(x—1)32

[V (1-2v)(2x—2)]
[x+v(l—v)(x—1)3

et v(1—v)(x— 1)
V(1 =20) (= D214 v(1 = v)(2x = 2)]
e v(1—v)(x— 1)
B v.x—l—vz(x— 1)2+2v(2 = 3v)x(x — 1) +2v*(1 —v)?(x — 1)?
- [x+v(1—v)(x— 1)
e D2 14 20(1 =) (x—1)]
e v(1—v)(x— 1)

By Lemma 2.6, we have H'(x) > 0 for % <v< % and x >

1. Itmeans H(x) > H(1) =
0. Hence f’(v) > 0, it implies that f(v) < f(t) for % <v<7t< % and x > 1. We
complete the proof by putting x = 2. [

a-

REMARK 2.8. In some cases, we note that (2.6) is better than (1.7). For example,
iftakinga=1,b=2,v= % and 7T = %, then (2.6) becomes the following

MY (h)atvb —aVyb 2+ 5)F — %

5
g _ B
5
= = =0.57...<
MZ(h)afi:b —aV b 2+ 13_6)% _ % 0.0487...

b}

[ Y]
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and (1.7) becomes the following

K(h,2)%afyb—aVyb (157 -1

? e
_ - —0.402...
K(h2)ateb—aVeb  (15)3—1  0.087.. =

AN

REMARK 2.9. We point out that the condition % <v<7TL % in Theorem 2.7
can not be placed by % <v<t<lorO<v<t< 1

E.
(a)Iflettinga:l,b:2,v:% and T:%,then

MY (Watob—aVyb  (2+3)1 -1 0.048. _6_v
MZ(h)afieb —aV b 2+ )% _ % 0.046... " 7 1

(b)If letting a =1, b=2, v= 1 and T= 2, then
M3(h)atob—aVyh  (2+3)1—3  —0.0338... 2y
Mi(haich—aVeb — (o4 157 11~ —0.023... "3 T

REMARK 2.10. We point out that the condition b > a > 0 in Theorem 2.7 is also
necessary. For example, if taking a=1, b = %, y=0.74 and 7 = 0.75, then

MY (h)agyb—aVyb  (0.5+0.0481)°74—0.63  0.0108...
ME(h)afleh —aVib

- 0.74 v
(0.5+%)%_% ©0.0109... 7 075 t

Now by afizh = bl;_ca, aVb = bV _ra, and M;(h) = M;_.(h) = My_.(h™'), we
have the following results by applying Theorem 2.7.

COROLLARY 2.11. Let My(h) =1+v(l—v)

(h—1)
b
0, h= o then

1
A l<rgug

ol
~
=

a>b>

M})C(R)atyb —aVyb 1 —
v_ (h)atb=aVob 129 00 0/0=0)
M; *(h)afb—aVh ~ 1—7

We will further generalize inequality (1.8) based on inequality (1.9) and (1.10).
THEOREM 2.12. Suppose that a,b >0, Ni,N»,N3,Nys € N, N3 > 2 and Ny is a
positive even number, v € (0,1), then
(1 o ,UN1+1 4 UN1+2 _ UN1+3 + ,UN1+4 _ ,UN1+5 N UN1+N4)LI
+(l o ,UN2+2 o ,UN2+3 L ,UN2+N3)b
—r 1_v2 o l-v ! vy l-v 2
<K™(h2) |:UN1+1(1_UN4)] [UN2+1(1_UN3—1) a"b'™" + (Va— Vb,

2.7)
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. Ni=Np (1—pNa)g
where r=min{v,1 —v} and h = W
Proof. By simple calculation and using the first inequality of (1.3), we have

1—v2 ] 1- v
K™"(h,2) |:UN1+l(llivN4)] [UN2+1(1_UUN3—1)} avbliv_k(\/__\/l_)y

—(1—UN1+1+UN1+2—UN1+3+UNI+4—UN1+5+"'+UNI+N4)CZ

—(1—'UN2+2—'UN2+3—"'—UN2+N3)b
., [ 1—v? v l-v ! vyl-v /
=K "(h,2) _I)N1+1(I—UN4)] [UN2+1(1_UN3—1)} a’b' "’ —2Vab
'UN1+1(1_UN4) UN2+1(1_UN3—1)
+H1-v) 1_—02" +“[ —v ”}
_ -0 0 v
—r vpl-v /
>K (hyz) UN1+1 l—UN4 :| |:1)N2+1 UN3 1):| a b —2 ab
wMIF1(1 I-v M1 — Ml
K" (h.2 l—vbv
e[S )
1 & 1 ?
—r -V — 2 v 1w
= {K 2 (h,2) [UNI-H(] —1)N4):| [UNTH(I —1)N3_1):| azbz
1-v v 2
r UN1+1(1—UN4) Kk UN2+1(1—1)N3*1) 2 10w
—K2(h.2 7 p2
(, )[ 1—0v2 ] { 1-v ] “
>0. O

THEOREM 2.13. Suppose that a,b >0, N;,N,,N3,Ny € N, N3 > 2 and Ny is a
positive even number, v € (0,1), then

(1—UN1+1+UN1+2—UN1+3+UNI+4—UN1+5+"'+UNI+N4)LZ

_|_(1_,UN2+2_|_,UN2+3_UN2+4+”'+(_1)N3711)N2+N3)b

1—v? v 1 v
SKT(R2) {Wivl\h)] [uNzH 1 j(iu)er] a’b! + (Va— by,

(2.8)

M 1=M (1-0vM) (14 v)a

where r=min{v,1 —v} and h = o o)

Proof. By simple calculation and using the first inequality of (1.3), we have

1-0? v 1+v v
702 G| (o) WA
(1 — oM N2 NS Nk NS L Nt
(1= pNe2p pMatd Mot ()Nl Matay,
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2 11-v ¢ 10

I 1-v 1+v
_ T vpl-v
=KD | x| w4 2Vab
FoNiHL (] — pNs Na+17] _ (_p)Ns—1
+(1—-v) vt (—vh) )a +v v [1=(=v) ]b
| 1-0? 1+v
I 1+v 1Y
—r vpl-v
UN1+1( N2+1 )N3 1]
K" (h,2 a'"vp?
K (h, )[ 1—1)2 } { l+v }

= L
. 1— 2 7z 1+v 7 oyl
— {K 2 (h,2) [UMH(I —I)N4):| L)Nzﬂ[l — (—U)N3—1}:| azbz

1-v v 2
. Ni+1 _ Ny 2 No+171 _ (_49\NV3—1717 2 v v
_Kf(h,Z)[v 1(102“ )} [U [IH(U“) }] alTbi}

>0. 0O

3. Operators inequalities

In this section, we mainly give an operator inequality for the improved Young
inequality. Before giving the main result of this part, we need to recall certain useful
knowledge.

Let B(H) be the C*-algebra of all bounded linear operators acting on a complex
(separable) Hilbert space (H,(-,-)) and I be the identity. An operator A € B(H) is
said to be positive semi-definite (denote by A > 0) if (Ax,x) > 0 for all vectors x € H.
If (Ax,x) > 0 for all nonzero vectors x € H, A is said to be positive (denotes A > 0).
For self-adjoint operators A, B € B(H), A < B means B — A is positive semi-definite
operator.

For positive invertible operators A, B € B(H), the weighted operator arithmetic
mean and geometric mean of A and B defined, respectively, by

AV,B=(1—V)A+VB, Af,B=AZ(A 1BA"1)'AZ,

where v € [0,1].

LEMMA 3.1. ([7]) Let X € B(H) be self-adjoint. If f and g are both continuous
Sfunctions with f(t) > g(t) for t € Sp(X) (where the sign Sp(X) denotes the spectrum
of operator X ), then f(X) > g(X).

THEOREM32 LetA,BeB(H), 0<v<T<3,if0<ml<B<mMI<MIL

ALSMI, KW= h= 1, then we have

M/)

AV,B > % [AV.B— K(K,2)""(At:B)] + K (h,2) " (AtyB). (3.1)
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Proof. Letting a =1 in inequality (2.1), then we obtain

1Vyb — K(b,2) " (180b) > % [1V.b— K(b,2)""(14:b)] .

Under our conditions, we have I > #'I = A’"T,,I > X :A_%BA_% > hl = %1, and then
Sp(X) C [h,h'] C (0,1). The operator X has a positive spectrum, then by Lemma 3.1,
we have

IVyX > IVTX— max K(x,2) " (I4:X)| + min K(x,2)" (I, X).
T h<x<h!

h<x<h/

By the monotonicity of the function K(h,2), we have
v
IVoX > — [IVX —K(H,2) " (It:X)] + K(7,2) " (I§,X).

We complete the proof of multiplying A? on both left and right sides. [J
THEOREM 3.3. LetABEIB%(H), I<v<t<3,if0<ml<ASMI<MIL

B<MI, W= A’Z,,h =17 My(h) =1+v(1— v)(h;ll)z, then we have

AV > [AVB — ME(h) (A%:B)] + M () (A%, B). (32)

Proof. Combination inequality (2.6) with the proof process of Theorem 3.2, we
can get the proof easily, so we omitit. [

Similarly, using Theorem2.12 and Theorem2.13, we can obtain the following two
results.

THEOREM 3.4. Let M' > m' > 0 and A,B € B(H), satisfy 0 <ml <A <m'l <
pM'I < B < pMI orO<me<B<pm’I<M’I<A < M1, then we have

(1_UN1+1_|_UN1+2_,UN1+3+UN1+4_,UN|+5_|__”+,UN1+N4)A

+(l _ ,UN2+2 _ ,UN2+3 L ,UN2+N3)B
., 1-v? v 1-v v
K"(h,2) [uNwl(l—vM)} |:1)N2+1(1—1)N3—1) AtuB+2(AVB — AtB),

VN1 N2 (1—0Ma)

where v € [0,1], r =min{v,1 — v}, h:ﬁ—l,,pzm,

N17N27N37N4 S N;
N3 > 2 and Ny is a positive even number.

THEOREM 3.5. Let M' > m' > 0 and A,B € B(H), satisfy 0 <ml <A <m'l <
pM'I < B < pMI orO<me<B<pm’I<M’I<A < M1, then we have

(1_UN1+1_|_,UN1+2_,UN1+3+UN1+4_,UN1+5_|_'”+,UN1+N4)A
+(l—UN2+2+UN2+3—UN2+4+"'+(—l)N3_lUN2+N3)B

v

o, 1—v? v 1+ v

where ve [0,1], r=min{v,1 — v}, h= M,, p= TT;?;&:E{VZ))%J[?])

€N, N3 > 2 and Ny is a positive even number.

and N1, Ny, N3, Ny
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4. Hilbert-Schmidt type inequalities

Let M, (C) denote the set of all n x n complex matrices and let M, (C) denote
the set of all n x n positive semi-definite matrices in M,,(C). A matrix norm |||.||| is
called unitarily invariant norm if |||UAV ||| = |||A]|| for all A € M,,(C) and all unitary
matrices U,V € M, (C). For A = [a;;] € M,(C), the Hilbert-Schmidt norm of A is
defined by

AM—¢2s 3 Jas?

i,j=1

where s1(A) > s2(A) > -+ > s, (A) are the singular values of A, that is, the eigenvalues

of the positive matrix |A| = (A*A) : , arranged in decreasing order and repeated accord-
ing to multiplicity. The Hilbert-Schmidt norm is unitarily invariant. For the equivalence
of the point-wise order (scalar inequality) and Hilbert-Schmidt norm inequality, we rec-
ommend the reader to see [11, 12].

THEOREM 4.1. Let X € M, and A,B € M, be positive for 0 < v < T < % Then
we have

|(1—v)AX + vXB)||3
(9]
> ;[H(l—T)AXHXB)H%—KJEHA“’XB’M+K 2IATUXBP|)3, @.1)

min
where K 2" = min{K~*'(3£,2) : 1 <i,l <n} and Kyg! = max{K~*'(3,2) : 1 <i,l <

n} and A;, x; are elgenvalues of A,B respectively such that A; > x; for any il €

{1,2,....n}.

Proof. Since A,B are positive definite matrices, it follows by spectral theorem
that there exist unitary matrices U,V € M,, such that A=UAU* and B=VA|V*,
where A = diag(A1,A,- -+, Ay) and Ay = diag(xy,x2,-,x,) for A;, x; are eigenval-
ues of A, B respectively, so A;,x; >0,i=1,2,---,n. Let Y =U*XV = [yy]. Then (1 —
V)AX +VXB=U[(1—0)A1Y + 0YA]V* =U[((1 — 0)Ai+ vx;) yz]V* and A'~VX BV
= U [(A!""xP)yy] V*. By Theorem 2.2 and the unitarily invariant of the Hilbert-
Schmidt norm, we have

1(1 = v)AX + vXB)|[3 - K, [|[A' "X B"|}3

> S (- 0)ktonP bl = 3 KGL2 2GR bl
il=1 i,l=1

-y { )Ai+vx)° —K(%,Z) (A 0) ] [yal®
il=1 !

> v D { (1 =1)Ai+1x))? —K(ﬁ,Z) (AN ] yal’
= A
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3 (=) A+ ) yal* ~ 2’%’ )2 yal?

il=1 ijl=1

(11 = DAX +7XB)|3 — Ko [|A' "X B7|l3]. O

\Y
QAlec alc

5. Trace norm inequalities

We recall that the trace norm is defined by ||A||; = tr(|A|) for any A € M,,(C).

THEOREM 5.1. Let A,B € M, be positive and 0 < U < T < % If h= % #1,
then we have

[1(1—v)A+vBl|1 — K(h,2)""||AlL, " IBIY
1(1 = 7)A+ Bl — K(h,2)~"||A|l;"|BIIf

/

Proof. By Theorem 2.1, we have

(1 =v)A+ VBl
=tr((1-v)A+vB)=(1—v)tr(A) + vtr(B)
> —((1 —1)tr(A) + 7tr(B) — K(h,2) " "tr(A) " “tr(B)") + K (h,2) " tr(A)' ~tr(B)?

(1(1 = r)A+ Bl — K(h,2) " ||Al[; " IIBIT) + K (h,2) " llAl~V[1BIIY. O

alcalc

Similarly, by Theorem 2.7, we also have

THEOREM 5.2. Let A,B € M, be positive and % <uv<t<

1+v(l— 1))M and h= "5 then we have

IfB=A, My(h) =

Nu

MyWIIAIL"IIBIIY — 11— v)A+vBl[i _ ME(R)IIA[l"IIBIIT = [1(1 = )A+ 7B,

U T
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