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LOWER BOUNDS FOR THE SMALLEST SINGULAR
VALUE VIA PERMUTATION MATRICES

CHAOQIAN L1, XUELIN ZHOU AND HEHUI WANG*

(Communicated by T. Buric)

Abstract. We in this paper improve the well-known C. R. Johnson’s lower bound for the smallest
singular value via permutation matrices. A direct algorithm is also given to compute the new
lower bound.

1. Introduction

Given a complex matrix A € C"*", the singular values of A are the eigenvalues of

(AA*)% , where A* is the conjugate transpose of A [2]. Denoted by 6(A) the set which
consists of all singular values of A, that is, 0(A) = {01(A),02(A),...,0,(A)} with

01(A) = 02(A) = -+ > 0u(A) > 0.

Bounding the smallest singular value of a matrix is an important topic in matrix
analysis and matrix computation [2, 3]. One of the well-known lower bounds is pre-
sented by C. R. Johnson in 1989 [4]. It is stated that for a given matrix A € C"*",

0,(A) > Bndy(4) := min { lasi| — % (ri(A) + c,-(A))} : (1.1)

where r;{(A) = ¥ laxl, ci(A) =r(AT)= ¥ |ay| and N={1,2,....n}. It
kEN, ki kEN, k#i

is pointed out here that the C. R. Johnson’s bound Bnd;(A) is obtained by using the

Gersgorin circle theorem [12] in a certain way. The other two lower bounds we would

like to introduce are provided by C. R. Johnson and T. Szulc [5] in 1998. The first is
0(A) = Bndys, (A), (1.2)

where

Bndys, (A) = min % <<4|a,-,-2 1 (ri(A) — c,-(A))2> i_ (ri(A) + c,-(A))) :
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The second is
0(A) > Bndys,(A), (1.3)

where

1
Bndjsz (A) = Hllin% (Reaii + Reajj - ((Reaii - Reajj)2 + r,-(A +A*)r‘j(A +A*)) 7)
i#j
and Rea;; is the real part of a;;.
In addition, there were many lower bounds for the smallest singular values in
recent years, for example, L. M. Zou [14] in 2012 gave the following lower bound via
the determinant and the Frobenius norm of a given matrix A, that is,

n—1
n—1 7
F 1

n—1

where /] = |detA| (\}1;\\12 ) 7 Based on the bound (1.4), M. H. Lin and M. Y. Xie [7]
F

in 2021 obtained another one lower bound for the smallest singular values, that is,

0x(4) > Budpy, (A) := lim Iy, (1.5)
%
where [, = | detA] (#1&21) , k=2,3,.... It was also showed in [7] that
n—1
n—1 2
0u(A) > Bndpx, (A) = |detA] (| ——— (1.6)
1Al —b

holds for any nontrivial lower bound b of the minimum singular value of matrix A.
Also based on the bound (1.4), X. Shun [10] in 2022 gave another two lower bounds
for the smallest singular values. One is

n—1\ 2
0n(A) = Bnds, (A) == <l§+det(l§1,,—AHA)<"7_l> ) : (1.7)

1A[IF = ni3

where I, = Bndz(A), I, denotes the identity matrix and A¥ is the conjugate transpose
of A. The other one is
0u(A) = Bnds,(A) := klim biy1, (1.8)

where

1
n—1 n—1\ 2
bk+l: (l%—i—det(l%]n—AHAﬂ <||A2 _(n_l)ZZ_bZ) ) ’ k:1727"'7
F 2 k

and

1 n—1 %
by = <l§+ |det(131, — A" A)| (W) ) '
F 2
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We also refer to [1, 6, 8, 9, 11] and references therein for other lower bounds for the
smallest singular value.

In this paper, based on permutation matrices some new lower bounds are given for
the smallest singular value. These new bounds involving permutation matrices improve
bounds Bl’ldJ(A) . Bndjsl (A) B Bndjsz (A) . Bndz(A) . BndLXl (A) . BndLX2 (A) . Bndsl (A)
and Bndgs,(A). We also give an algorithm to determine the exact value. Some numerical
examples are also given to show the theoretical results.

2. Main results
To begin with, we introduce the permutation matrix and some facts.

DEFINITION 2.1. [2] A square matrix P € R"*" is a permutation matrix if exactly
one entry in each row and column is equal to 1 and all other entries are 0. Denote P"*"
the set which consists of all n x n permutation matrices.

As is well known that the eigenvalues of A € C"*" are the same as those of PT AP
for any permutation matrix P € P"*”. But this is not true for A and AP in general.
Consider the matrix

T
a=1o1) (2.9)
all eigenvalues of A are —1, 3. For the permutation matrix
0171
P= 1o (2.10)

the matrix AP is equal to PA, i.e,

21
PA—AP—[12]7

and all its eigenvalues are 1, 3. However, for singular values case, it brings a different
result, that is,
6(A) =0 (AP) = 6(QA) = 6(QAP) (2.11)

holds for any permutation matrix P, Q € P"*". In fact, since
AP(AP)* = APP*A* = APP'A* = AA*

and
QA(QA)" = QAA™Q" = QAA™QT,
hence the eigenvalues of AP(AP)* are the same as those of AA*. This is also true for
QA(QA)* and AA*. So 6(A) = 6(AP) = 6(QA). Furthermore
0(QAP) = 0(Q(AP)) = 6((QA)P) = 6(AP) = 6(QA) = 5 (A).

This shows that left multiplication or right multiplication of a matrix A by a permutation
matrix doesn’t change the singular values of A, also see Remark (a) in [4]. However,
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left multiplication or right multiplication of a matrix A by a permutation matrix per-
mutes the rows or the columns of matrix A, respectively. This may make some lower
bound for the smallest singular value changed. Consider again the matrix A in (2.9),
the C. R. Johnson’s bound (1.1) for the smallest singular value o, (A) is

0u(A) =1 Bndy(A) = —1.

It is trivial because the singular value is always nonnegative. However, by PA and AP
we have
0,(A) = 0,(AP) = 6,(PA) > Bnd;(AP) = Bnd;(PA) = 1,

where P is defined as (2.10). It is sharp! In fact, for a given matrix A € C"", we can
improve the C. R. Johnson’s bound via permutation matrices.

THEOREM 2.2. Let A € C"™". Then for any permutation matrix P € P"™",

On(A) > Bnd;(A,P) := IlIéiAf,l{KAP)ii - % (ri(AP) +Ci(AP))}7 (2.12)
and
Gu(4) > Budy (P,A) i= min {|(PA)ii| - % (ri(PA) + ci(PA))} . (213)

where (AP);; and (PA);; are the (i,i)-entry of AP and PA respectively. Furthermore,

on(A) > mPax Bndj(A,P) > Bnd;(A), (2.14)
Pe nxXn
and
on(A) = nglx Bnd;(P,A) > Bnd;(A), (2.15)
Pe nxXn

Proof. 1t is easy to see that (2.12) and (2.13) hold from (2.11) and the C. R. John-
son’s bound (1.1). Furthermore, taking P = I we have

Bndj(A) = Bnd;(A,I) < max Bnd;(P,A),
Pe nXn
and
Bndj(A) = Bnd;(P,A) < max Bnd;(P,A),
Pe nxn

where [ is the identity matrix. The conclusion follows. [

Remark here that Theorem 2.2 tells us that by the permutation matrix, the well-
known C. R. Johnson’s bound Bnd;(A) can be improved further. However, it is not true
for the L. M. Zou’s bound Bndz(A), the M. H. Lin and M. Y. Xie’s bound Bnd;x, (A),
and the X. Shun’s bound Bnds, (A), i.e., these three bounds cannot be improved by per-
mutation matrices because |det(A)| = |det(AP)| = |det(PA)| and ||AP||r = ||PAl|F =
[|A]|F hold for any permutation matrix P.
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As is well known that P"*" consists of n! permutation matrices, that is, the cardi-
nality of P"*" is n!. So we can determine the exact value of

max Bndj(A,P) (2.16)
PEPHXH
and
max Bnd;(P,A) (2.17)
Pe]P)an

in general by computing n! Bnd;(A,P) and Bnd;(P,A), respectively. Next, we give
an approach to determining (2.16) and (2.17) with less computation. Before that we
introduce some notations. For a given matrix A = [g;;] € C"*", let

D(A) = [d;j(A)] € R™", (2.18)
where
1
di-(A):|aij|—§< > lawl+ Y akj|>.
keN k#j keN k#i
Obviously,

BndJ(A) = ?é%ld”(A)
Let P[i, j] be the permutation matrix with

I, k=qeN\{ij},

.. ) Lk=iqg=],
Pl =3 1 k= g =i,
0, others.

Obviously, d”(AP[l7]]) = dij(A) and d”(P[l7]]A) = dji(A) .
LEMMA 2.3. Let A = [a;;] € C"" and D(A) be defined as (2.18). If
min{d;;(A), d;i(A)} > min{d;i(A), d;;(A)},

then
min{di(APli. ]), dii(AP[i, 1)} > min{di(A),d;;(A)} 2.19)

and
min{d;(Pli. 1A), d;;(Pli,/1A)} > min{da(4),d;(4)}. (2.20)

Proof. Note that
dii(AP[i, j]) = dij(AP[i, jIP[i, j]) = dij(A)

and
d;j(AP[i, j]) = d;i(APli, jIP[i, j]) = d;i(A).
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This implies Inequality (2.19). Similarly, we can obtain Inequality (2.20) because
dii(P[i, JIA) = di(Pi, jIP[i, j]A) = dji(A)

and
djj(Pli, jlA) = d;;(Pli, jIPli, j]JA) = di;(A).

The conclusion follows. [
THEOREM 2.4. Let A = [a;j| € C"™", D(A) be defined as (2.18), and
digig (A) = min{d;i(A)}.
If there is an index jo € N and jo # ip such that

min{d;, j,(A), djoiy(A)} = digiy(A),

then

min{d;i(AP[io, jo])} > min{dii(A)} (2.21)
and

min{d;(Plio, jolA)} > min{d;i(A)}. (2.22)

Proof. We only prove Inequality (2.21) (Inequality (2.22) can be proved simi-
larly). In fact, from Lemma 2.3 we have

min{d;,j,(A), djyiy(A)} = min{diyi, (AP[io, jo]),djo joAPlio, jo]) } = digiy (A)-
Furthermore, for any i € N with i # iy and i # jo,
dii(APli, jo]) = dii(A).
This implies
min{d;i(APlio. jo])} = min { diyiy (AP[io, jol).dj,jyAPlio. jo]). min {dis(AP[io, jo])}
i#i0.Jo
> min < djyi, (A), l}gllvn {dii(A)}
i#i0.Jo

= dioio (A)

i.e., Inequality (2.21) holds. The conclusion follows. [J
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THEOREM 2.5. Let A = [a;j| € C"™", D(A) be defined as (2.18), and
digig (A) = min{d;;(A)}.
Ifforany j € N and j # iy such that
digiy (A) = max{diy;(A), djiy(A)},
then

max Bndj(A,P) = max Bnd;(P,A) = d,(A). (2.23)
peprxn peprxn

Proof. We first prove max Bndj(A,P) = d;yi,(A). From (2.12) and (2.14), we

Pcprxn

have

max Bnd;(A,P) > Bndj(A)
pepxn

= mip {lal — 3 (54) + )}

iEN 2
= min {di(A)}
= djyiy(A).
Hence, we next only show that
max Bndj(A,P) > djyi,(A) (2.24)

peprxn

cannot happen.
Suppose on the contrary that Inequality (2.24) holds. Without loss of generality,
suppose P’ € P"*" such that

Bnd;(A,P") = max Bnd;(A,P),
PePrxn

then
Bndj(A,P) := Hg\r/l { [(AP);i| — % (ri(AP') + ci(AP)) } = rl_ré%\rll{di,-(AP’)} > diyiy (A).
This implies that for any j € N,
djj(AP") > djyi, (A).

In particular,
dioio (AP/) > dioio (A)

This contradicts d;y;,(A) > dj,j(A) for any j # iy because right multiplication of a
matrix A by a permutation matrix P’ doesn’t change the row index i .
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Similarly, max Bnd;(P,A) = dj,;,(A) can be proved easily. The conclusion fol-
PEPHXH

lows. O

Based on the result above, a direct algorithm is established to determine the exact

value of max Bndj(A,P), see Algorithm 1. Remark here that like Algorithm 1, we
pelprxn

can give the algorithm for computing max Bnd;(P,A) by a similar way.
peprxn

Algorithm 1 (Algorithm for computing PmIPe}x Bndj(A,P))
cprxn

Input: A matrix A = [a;;] € C"" .
Output: The exact value of max Bnd;(A,P).
pe

]men
Step 1: Compute d;i(A), i € N,
Step 2: Determine r'nig/l{d,-i (A)}. Let djy;, (A) = miI{}{d"i (A)}s
s e
Step 3: Compute d;,;(A) and dj;,(A), j € N and j # io. If there is an index
Jo € N and jp # ig such that
min{dfojo (A)7 djoio (A)} = ,ggl(),(>min{dioj(’4)7 dﬁo (A)} > diyi (A)’
J 1o
where Q(ig) := {j € N|min{d;,;(A), dji,(A)} = dii,(A) }, then go to
Step 4, otherwise go to Step 5;
Step 4: Determine min{d;;(APlio, jol)}. If diyi, (A) = min{d;i(APlio. jo])}
s s

then go to Step 5; otherwise, A = AP][iy, jo], and go to Step 2;

Step 5: Output djyj, (A) as the exact value.

Next two examples are given to show the theoretical result provided above.

EXAMPLE 2.6. Consider the matrix

301 6 —0.1
6 01 3 0.1
0.1 1 01 4
0.1 5 =0.1 0.5

A=

The smallest singular value 04(A) of matrix A is 2.9967. By the C. R. Johnson’s lower
bound (1.1) we have

G4(A) = BndJ(A) =-7.5.
By the C. R. Johnson and T. Szulc’s bound (1.2) we have

04(A) = Bndys, (A) = —6.0967.
By the C. R. Johnson and T. Szulc’s bound (1.3) we have

04(A) > Bndys,(A) = —7.1938.
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It is invalid because each singular value for matrices is always nonnegative. However,
by Algorithm 1 we have

04(A) > max Bndj(A,P)=2.38.
peprn

By the L. M. Zou’s bound (1.4) we have

04(A) > Bndz(A) = 1.8658.
By the M. H. Lin and M. Y. Xie’s bound (1.5) we have

04(A) > Bndx, (A) = 1.8717.
By the X. Shun’s bound (1.7) we have

04(A) = Bnds, (A) = 2.2778.
By the X. Shun’s bound (1.8) we have

04(A) = Bnds,(A) = 2.2952.

It is shown by this example that Algorithm 1 could provide a positive lower bound
for the smallest singular value in some cases when the C. R. Johnson’s lower bound
(1.1), C. R. Johnson and T. Szulc’s bounds (1.2) and (1.3) don’t work. This example
also shows that in some cases, although the L. M. Zou’s bound (1.4), the M. H. Lin and
M. Y. Xie’s bound (1.5), and the X. Shun’s bounds (1.7) and (1.8) are all positive, they
are smaller than the lower bound obtained by Algorithm 1.

EXAMPLE 2.7. Consider the matrix

3 6 0.10.1
5 2 0.10.1
0.101 1 4
0.10.1 5 05

A=

The smallest singular value o4(A) of matrix A is 2.9730. By the L. M. Zou’s bound
(1.4) we have
04(A) > Bndz(A) = 2.0338.

By the M. H. Lin and M. Y. Xie’s bound (1.5) we have
o4(A) > Bndx, (A) =2.0457.
By Algorithm 1 we have

04(A) > max Bnd;(A,P)=2.3. (2.25)
PeP4x4

Furthermore by (2.25) and the M. H. Lin and M. Y. Xie’s bound (1.6) we have

4-1
2

4-1
04(A) = | detA| — 2.0763.

2
A 2_ max Bnd, A,I )
H ||F <P€ N J( )
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It is shown by this example that in some cases, the lower bound obtained by Algorithm
1 is larger than the bounds of the L. M. Zou’s bound (1.4), and the M. H. Lin and M. Y.
Xie’s bound (1.5). This example also shows that in some cases, the M. H. Lin and M. Y.
Xie’s bound (1.6) does not increase for the lower bound obtained by Algorithm 1.

We next will show that if dj;, (A) = mi}\rll{d,-i(A)} > 0, Theorem 2.5 can be im-
IS
proved further. Recall

1
di-(A):|aij|—§< > lawl+ Y akj|>.
keN k#j keN k#i

Then d;i(A), d;j(A), d;j(A) and d;j;(A) can be respectively rewritten as

1/ . .
di(A) = lag| = 5 (r/(4) +las| +€l(A) + |a).

1 i i
djj(A) = lajjl =5 (rj(A) +lajil + 5(A) + |aij)

1/ l.
i (A) = laiz| = 5 (7 (A) + laal +¢(4) + a1

and
dji(A) = |aji\ 5 <rj(A) + |ajj\ +c; (A)+ \a,-i|> ,

where rlj(A) =ri(A) —la;j| = ¥ |ai| and c{(A) =ci(A) —|ajil = X |an].
keN, keN,

ki j ki j
LEMMA 2.8. Let A = [a;j] € C"" and D(A) be defined as (2.18). If
min{di,-(A)7djj(A)} > 07

then
min{dij(A),dj,-(A)} < 0.

Proof. Without loss of generality, suppose d;i(A) =min{d;;i(A),d;;(A)}, then d;;(A)
> d,',‘(A) >0,i.e.,

il = (laij + lazl) — () (4) + /(4)) > 0

and ' .
2]ajjl = (lajil +laij]) — (r;(A) + (A)) = 0.
Thus

2(laal +laj;1) = 2(ag |+ |azl) = ( (4) + /() + 7(4) +¢()) > 0,
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equivalently,
2Jag| +lail) < 2(ail + lay) = (F(A) + @A) +riA) +a)) . @26)

Suppose on the contrary that min{d;;(A),d;i(A)} > 0. Then 2(d;;(A) +d;i(A)) >
0,i.e,

2(laij |+ lazl) = 2(Jaal +laj;1) = ( (4) + €(4) + 7(4) + /() > 0,
equivalently,
2(laig| +lal) > 2lail + lajil) + (7(4) + ¢5(4) + 75 (A) +¢l(4))

which contradicts (2.26). Therefore min{d;;(A),d;i(A)} < 0. The proof is completed.
0

Lemma 2.8 also tells us that if min{d;;(A),d;;(A)} >0, then
min{d;i(A),d;;j(A)} > min{d;j(A),d;i(A)}.

It brings the following results for max Bnd;(A,P) and max Bnd;(P,A).
Pe nxXn

peprxn

THEOREM 2.9. Let A = [a;;] € C"™*". If there is a permutation matrix P’ € P"*"
such that
in{d;;(AP")} >0
11211\1/1{ i(AP")} >0,
then

Bnd (A.P) — min{d:(AP)Y. 2.27
pl;lzp%n ndy(A,P) l}élj\lll{ ii(AP")} ( )

If there is a permutation matrix P' such that
min{d;;(P'A)} >0,
ielN{ i(P'A)}
then

Bnd;(P,A) = min{d;;(P'A)}. 2.28
max Bndy(P,A) = min{dy(PA)} (2.28)

Proof. We only prove Equality (2.27) (Equality (2.28) can be proved similarly).
Without loss of generality, suppose

i (AP") = mind;; (AP
diiy(AP) = mind;;(AP'),
then for any j € N and j # io, djj(AP’) > djji,(AP') > 0. From Lemma 2.8, it follows
that for any j € N and j # iy,
min{d,-oj(AP’),d,',-o (AP/)} g 0 < diOiO (AP/).

Furthermore, from Theorem 2.5 Equality (2.27) holds. The conclusion follows. [J



602 C. LI, X. ZHOU AND H. WANG

EXAMPLE 2.10. Also consider the matrix A in Example 2.6. Then the matrix

-32 =75 28 —6.75
28 =75 =32 —6.75
-7 =37 -7 3.05
—7.25 4.05 —=7.25 —4.2

D(A) =

Take the permutation matrix
0100
0001
1000
0010
Then
28 =32 —6.75-7.5
-32 28 —-6.75-7.5
-7 =7 3.05 =37
—7.25 =7.25 —4.2 4.05

D(AP) =

By Theorem 2.9, we have

04(A) > max Bnd;(A,P)=28.
peprxn

In particular, if the permutation matrix P’ is the identity matrix. i.e., P’ = I, then
Theorem 2.9 reduces the following result.

COROLLARY 2.11. Let A = [a;j] € C"" and D(A) be defined as (2.18). If
i . >
I}élg}{dn(A)} 20,
then
max Bndj(A,P) = max Bnd;(P,A) =min{d;;(A)}. (2.29)
Peprxn ieN

Pepnxn

EXAMPLE 2.12. Consider the matrix

1091
A=1060
906

Then the smallest singular value 03(A) of matrix A is 2.2662, and

05 05 —11.5
D(A)=|-125 15 —6.5
1 —15 1

By Corollary 2.11 we have
03(A) > max Bnd;(A,P) = max Bnd;(P,A) =min{d;;(A)} =0.5,
3(4) > max Bndy(A,F)= max Bndy(P.A)=min{di(A)}

which is the C. R. Johnson’s lower bound exactly.
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3. Conclusions

We in this paper improve the C. R. Johnson’s bound Bnd;(A) for the smallest
singular value by permutation matrices. The new lower bound max Bnd;(A,P) could
peprxn

be positive when Bnd;(A) is nonnegative in some cases. A direct algorithm is given
for determining this new lower bound.

As shown in Example 2.6, the C. R. Johnson and T. Szulc’s bounds Bnds, (A)
and Bndjs, (A) are all negative for this case. Hence, they are all invalid in some cases.

In fact, like the bound max Bnd;(A,P) in Theorem 2.2, the C. R. Johnson and T.
PEPHXH

Szulc’s bounds can be improved by permutation matrices similarly, i.e., for the smallest
singular value o, (A) of matrix A,

Gn(A) > max Bl’ld]sl (A,P) > Bndjsl (A),

peprxn
and
Gn(A) > max Bndjsz (A7P) > BndJ52 (A),
pelprxn
where

Nl—

Bndjs, (A, P) := miin% ((4|(AP)ii|2 4 (r(AP) — ci(AP))2> — (ri(AP) +c,-(AP)))

and

1
Budys, (A,P) = min 5 (Re(AP);i+ Re(AP)
L
i#j

S

— ((Re(AP);; —Re(AP) ;) +ri(AP+ (AP)*)r;(AP + (AP)"))

).

We conjecture here that by the technique for computing max Bnd;(A,P)), the algo-
pelprxn
rithms like Algorithm 1 can be given for determining max Bndys, (A,P) and
peprxn

max Bndjs, (A, P), respectively.
pelprxn
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