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WIGNER––YANASE––DYSON FUNCTION AND LOGARITHMIC MEAN

SHIGERU FURUICHI

(Communicated by T. Burić)

Abstract. The ordering between Wigner–Yanase–Dyson function and logarithmic mean is known.
Also bounds for logarithmic mean are known. In this paper, we give two reverse inequalities for
Wigner–Yanase–Dyson function and logarithmic mean. We also compare the obtained results
with the known bounds of the logarithmic mean. Finally, we give operator inequalities based on
the obtained results.

1. Introduction

In this paper, we study the ordering of the symmetric homogeneous means N(x,y)
for x,y > 0. The mean N(x,y) is called the symmetric homogeneous mean if the
following conditions are satisfied ([8]):

(i) N(x,y) = N(y,x) .

(ii) N(kx,ky) = kN(x,y) for k > 0.

(iii) min{x,y} � N(x,y) � max{x,y} .

(iv) N(x,y) is non–decreasing in x and y .

Since we do not treat the weighted means, a symmetric homogeneous mean is of-
ten called a mean simply in this paper. In order to determine the ordering of two
means such as N1(x,y) � N2(x,y) for x,y > 0, it is sufficient to show the ordering
N1(x,1) � N2(x,1) for x > 0 by homogeneity such that yN (x/y,1) = N(x,y) for a sym-
metric homogeneous mean N(·, ·) and x,y > 0. Throughout this paper, we use the stan-

dard symbols A(x,y) :=
x+ y

2
, L(x,y) :=

x− y
logx− logy

, (x �= y > 0) with L(x,x) := x ,

G(x,y) :=
√

xy and H(x,y) :=
2xy
x+ y

as the arithmetic mean, logarithmic mean, geo-

metric mean and harmonic mean, respectively. We define the Wigner–Yanase–Dyson
function by⎧⎪⎪⎪⎨

⎪⎪⎪⎩
Wp (x,y) :=

p(1− p) (x− y)2

(xp− yp) (x1−p− y1−p)
, (x �= y > 0, p �= 0,1) ,

Wp (x,y) := L(x,y), (x �= y > 0, p = 0 or 1) ,

Wp(x,x) := x, (x > 0, p ∈ R) .
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Note that we have lim
p→0

Wp(x,y) = lim
p→1

Wp(x,y) = L(x,y) . The Wigner–Yanase–Dyson

function was firstly appeared in [14]. Since Wp(x,1) is matrix monotone function on
x ∈ (0,∞) when −1 � p � 2 [16], the parameter p is often considered to be −1 � p �
2. We mainly consider the case of 0 � p � 1 in this paper, as it was done so in [4, 5, 6]
to study the Wigner–Yanase–Dyson metric with Morozova–Chentsov function or the
Wigner–Yanase–Dyson skew information. It is easily seen that W1−p(x,y) = Wp(x,y)

and W1/2(x,y) =
(√

x+
√

y

2

)2

which is called the Wigner–Yanase function or the

power mean (the binomial mean [8]) Bp(x,y) :=
(

xp + yp

2

)1/p

with p = 1/2. It is

also known that

H(x,y) � G(x,y) � L(x,y) � Wp(x,y) � W1/2(x,y) � A(x,y), (x,y > 0, 0 � p � 1).

The set M(n,C) represents all n×n matrices on complex field. The set M+(n,C)
represents all positive semi–definite matrices in M(n,C) . The stronger ordering N1(x,y)
� N2(x,y) for means N1 and N2 has been studied in [2, 7, 8, 12, 11] for the study of
the unitarily invariant norm inequalities and recent advances on the related topics.

It is known [8, 12] that the ordering N1(x,y) � N2(x,y) is equivalent to the unitar-
ily invariant norm inequality |||N1(S,T )X |||� |||N2(S,T )X ||| for S,T ∈M+(n,C) and ar-
bitrary X ∈M(n,C) , implies the usual ordering N1(x,y) � N2(x,y) which is equivalent
to the Hilbert–Schmidt (Frobenius) norm inequality ‖N1(S,T )X‖2 � ‖N2(S,T )X‖2 .
See [8, 12] the precise definition and equivalent conditions on the stronger ordering
N1(x,y) � N2(x,y) . We study the usual ordering for some means in this paper. The
following propositions are known.

PROPOSITION 1.1. ([9]) For S,T ∈ M+(n,C) and any X ∈ M(n,C) , if 1/2 �
p � 1 � q � 2 or −1 � q � 0 � p � 1/2 , then we have

|||H(S,T )X ||| � ∣∣∣∣∣∣Wq(S,T )X
∣∣∣∣∣∣ � |||L(S,T )X ||| � ∣∣∣∣∣∣Wp(S,T )X

∣∣∣∣∣∣ �
∣∣∣∣∣∣B1/2(S,T )X

∣∣∣∣∣∣.
In particular, p ∈ [0,1] =⇒ |||L(S,T )X ||| � ∣∣∣∣∣∣Wp(S,T )X

∣∣∣∣∣∣ .
PROPOSITION 1.2. ([1]) For S,T ∈ M+(n,C) and any X ∈ M(n,C) , if |p| � 1 ,

then ∣∣∣∣∣∣Ĝp(S,T )X
∣∣∣∣∣∣ � |||L(S,T )X ||| � ∣∣∣∣∣∣Âp(S,T )X

∣∣∣∣∣∣,
where Ĝp(x,y) :=

p(xy)p/2(x− y)
xp − yp and Âp(x,y) :=

p(xp + yp)(x− y)
2(xp− yp)

for x �= y.

See [1] for the details on Ĝp(x,y) and Âp(x,y) . From Proposition 1.1, we see
L(x,y) � Wp(x,y) for 0 � p � 1. In Section 2, we study the reverse inequalities of
L(x,y) � Wp(x,y) . In addition, we compare the obtained results in Section 2 with the
bounds in Proposition 1.2, in Section 3.
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2. Reverse inequalities

For x > 0, t > 0, we have ln−t x � logx � lnt x , where lnt x :=
xt −1

t
, (x > 0, t �=

0) . Thus, we have the simple bounds of Wp, (0 � p � 1) as

Wp(x,1) � L(x,1)2, (x � 1), Wp(x,1) � L(x,1)2, (0 < x � 1).

Since fp(t) := xpt logx is convex in t when x � 1, 0 � p � 1, taking an account

for
∫ 1
0 fp(t)dt = lnp x , we have xp/2 logx � lnp x �

(
xp +1

2

)
logx from Hermite–

Hadamard inequality. Thus the slightly improved upper bound was obtained under
the condition x � 1:

4
(xp +1)(x1−p +1)

L(x,1)2 � Wp(x,1) � 1√
x
L(x,1)2, (x � 1).

Also,we have the reverse inequality of the above for 0 < x � 1 since fp(t) concave in t
when 0 < x � 1. In this section, we study the reverse inequalities of L(x,y) � Wp(x,y)
for all x > 0 not restricted as x � 1 or 0 < x � 1.

We firstly consider the difference type reverse inequality of L(x,1)�Wp(x,1), (x >
0, 0 � p � 1) . From the simple calculations, we have

Wp(x,1) �
(√

x+1
2

)2

� r
(√

x−1
)2 +

√
x

� r
(√

x−1
)2 +L(x,1), (x > 0, 0 � p � 1, r � 1/4). (1)

Considering the parameter p , we can obtain the first inequality in the following as
a general result.

THEOREM 2.1. Let x > 0 . For 0 � p � 1 , we have

Wp(x,1) � p(1− p)
(√

x−1
)2 +L(x,1) � A(x,1). (2)

Proof. It is trivial that the equalities hold in the inequalities (2) for the special case
x = 1. We also find that the inequalities

Wp (1/x,1) � p(1− p)
(√

1/x−1
)2

+L(1/x,1) � A(1/x,1), (x > 0)

are equivalent to the inequalities (2) by multiplying x > 0 to both sides. Thus it is
sufficient to prove the first inequality in (2) for x � 1 to show the first inequality in (2)
for x > 0.

In the first inequality of (2), put x instead of
√

x . Then the denominator is

2(x2p−1)(x2(1−p)−1) logx � 0
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for x � 1 when we reduce the difference right hand side minus the left hand side to
a common denominator for the first inequality in (2). Then we have the numerator as
(x−1) f (x, p) , with

f (x, p) := (x+1)(x2p−1)(x2(1−p)−1)−2p(1− p)(x−1)
(
xp + x1−p)2

logx

Since f (x,1− p) = f (x, p) ,we have only to prove f (x, p) � 0 for x � 1 and 0 � p �
1/2. We calculate

d f (x, p)
dp

= 4(x1−2p +1)(logx)g(x, p),

g(x, p) := h(x, p)+ p(1− p)(x−1)(x− x2p) logx

h(x, p) := px2− (1− p)x2p+1− px+ x− px2p,

dh(x, p)
dx

= 2px− (1− p)(1+2p)x2p−2p2x2p−1 +1− p,

d2h(x, p)
dx2 = 2p

{−(1− p)(1+2p)x2p−1+ p(1−2p)x2p−2+1
}

,

d3h(x, p)
dx3 = 2p(1− p)(1−2p)x2p−3{2p(x−1)+ x}� 0, (x � 1, 0 � p � 1/2),

so that we have

d2h(x, p)
dx2 � d2h(1, p)

dx2 = 0 =⇒ dh(x, p)
dx

� dh(1, p)
dx

= 0 =⇒ h(x, p) � h(1, p) = 0.

From p(1− p)(x−1)(x− x2p) logx � 0, (x � 1, 0 � p � 1/2) with the above results,

we have
d f (x, p)

dp
� 0 which implies f (x, p) � f (x,0) = 0. Thus, we have proved the

first inequality in (2).
To prove the second inequality in (2), we set

k(x, p) :=
x+1

2
− p(1− p)

(√
x−1

)2 − x−1
logx

, (x > 1).

Then we have

k(x, p) � k(x,1/2) =
4−4x+(

√
x+1)2 logx

4logx
� 0.

Indeed, we have
x−1
logx

�
(√

x+1
2

)2

which implies 4−4x+(
√

x+1)2 logx � 0 for

x > 1. This completes the proof with k(1, p) = 0. �

For the special case p = 1/2 in Theorem 2.1, the inequalities in (2) are reduced to
G(x,1) � L(x,1) � B1/2(x,1) . Note that the right hand side of the second inequality in
(2) can not be replaced by W1/2(x,1) which is less than or equal to A(x,1) .
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Secondly we consider the ratio type reverse inequality of L(x,y) �Wp(x,y) . From
the known results, we have

Wp(x,1) �
(√

x+1
2

)2

� A(x,1) � S(x)G(x,1) � S(x)L(x,1), (x > 0, 0 � p � 1).

(3)

Where S(x) :=
x

1
x−1

e logx
1

x−1

is Specht ratio [15]. From the relation K(x) :=
(x+1)2

4x
�

S(x) , Specht ratio in (3) can be replaced by Kantorovich constant K(x) [10]. See [3,
Chapter 2] and references therein for the recent results on the inequalities with Specht
ratio and Kantorovich constant. Moreover we have the following inequality if we use
Kantorovich constant K(x) .

Wp(x,1) �
(√

x+1
2

)2

= K(
√

x)
√

x � K(
√

x)L(x,1), (x > 0, 0 � p � 1). (4)

From (3) and (4), it may be expected that

(√
x+1
2

)2

� S(
√

x)
√

x . However, this

fails. Indeed we have the following proposition. In this point, we see that the ordering
K(x) � S(x) is effective.

PROPOSITION 2.2. For x > 0 , the following inequality holds:(√
x+1
2

)2

� S(
√

x)
√

x. (5)

Proof. When x = 1, we have equality of (5) since S(1) = 1. The inequality (5) is
equivalent to the following inequality:

(x−1)x
x

x−1

e logx
�

(
x+1

2

)2

. (6)

By the similar reason as we stated in the beginning of the proof in Theorem 2.1, it is
sufficient to prove (6) for x > 1. Taking a logarithm of both sides in (6) and considering
its difference:

f (x) := 2log

(
x+1

2

)
− log(x−1)− x

x−1
logx+1+ log(logx) .

Since L(x,1) � H(x,1) and L(x,1)−1 � A(x,1)−1 for x > 0, we have

f ′(x) =
1

x(x−1)

(
x−1
logx

+
x logx
x−1

− 4x
x+1

)
� 0, (x > 1).

Thus, we have f (x) � f (1) = 0. �
It is notable that the inequality (5) can be also obtaind by putting v = 1/2 in [3,

Theorem 2.10.1], taking a square the both sides and then replacing x by
√

x .
The following result is the ratio type reverse inequality of L(x,y) � Wp(x,y) for

0 � p � 1.
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THEOREM 2.3. For x > 0, 0 � p � 1 , we have

Wp(x,1) � K(x)p(1−p)L(x,1). (7)

Proof. For x = 1, we have equality in (7). So it is sufficient to prove (7) for x > 1.
Take a logarithm of the both sides in (7) and put the function f (x, p) as its difference,
namely

f (x, p) := − log(x−1)− log(logx)+2p(1− p) log(x+1)− p(1− p) log4x

− log p− log(1− p)+ log(xp−1)+ log(x1−p−1).

We calculate

d f (x, p)
dx

= − 1
x−1

− p(1− p)
x

+
2p(1− p)

x+1
+

pxp−1

xp −1
+

p−1
xp− x

+
1

x logx

= − 1
x−1

+ p(1− p)
(x−1)
x(x+1)

+
1

x1−p lnp x
+

1
xp ln1−p x

+
1

x logx

� − 1
x−1

+
1

x1−p lnp x
+

1
xp ln1−p x

=: g(x, p)

and

g(x, p) =
h(x, p)

(x−1)(xp−1)(x− xp)
� 0, (x > 1, 0 � p � 1).

Indeed,

h(x, p) : = −(xp−1)(x− xp)+ pxp−1(x−1)(x− xp)+ (1− p)(x−1)(x− xp)
= (1− p)+ px−2xp+(1− p)x2p + px2p−1

= (1− p)(1+ x2p)+ p(x+ x2p−1)−2xp

� 2(1− p)xp +2pxp−2xp = 0.

Therefore we have f (x, p) � f (1, p) = 0. �

REMARK 2.4. It is natural to consider the replacement K(x) by S(x) in (7). How-
ever we have not proved

Wp(x,1) � S(x)p(1−p)L(x,1), (x > 0, 0 � p � 1).

We also have not found any counter-example of the above inequality.
It is known that S(x) � K(x) , S(xr) � S(x)r and K(xr) � K(x)r for x > 0 and

0 � r � 1 [3, Section 2.10]. Also it is known that both K(x) and S(x) are decreasing
for 0 < x < 1 and increasing x > 1 with S(1) = K(1) = 1.

We are interested to find the smaller constant depending p∈ [0,1] than K(x)p(1−p) .
By the numerical computations we found the counter-example for

Wp(x,1) � K(xp)L(x,1), (x > 0, 0 � p � 1).

Thus the inequalities Wp(x,1) � S(xp)L(x,1) and Wp(x,1) � K(xp(1−p))L(x,1) do not
hold in general.
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3. Comparisons of the bounds for logarithmic mean

From Proposition 1.1 and Theorem 2.3, we have

K(x)−p(1−p)Wp(x,1) � L(x,1) � Wp(x,1), (x > 0, 0 � p � 1). (8)

On the other hand, from Proposition 1.2, we have

Ĝp(x,1) � L(x,1) � Âp(x,1), (x > 0, 0 � p � 1). (9)

In this section, we compare the bounds of L(x,1) in (8) and (9). The first result is
the comparison on the upper bounds of L(x,1) .

THEOREM 3.1. Let x > 0 and p ∈ R .

(i) If p ∈ [0,1/2] , then Wp(x,1) � Âp(x,1) .

(ii) If p /∈ (0,1/2) , then Wp(x,1) � Âp(x,1) .

Proof. It is sufficient to prove for x � 1. Taking account of
x1−p−1
1− p

� 0 for

x � 1, we set

fp(x) := 2(x−1)− (xp +1)(x1−p−1)
(1− p)

=
(

2− 1
1− p

)
(x−1)+

xp− x1−p

1− p
.

Since we have

f ′p(x) =
(

2− 1
1− p

)
+

pxp−1− (1− p)x−p

1− p
, f ′′p (x) = px−p−1(1− x2p−1),

we have f ′′p (x) � 0 for p ∈ [0,1/2] . Thus, we have f ′p(x) � f ′p(1) = 0 which implies
fp(x) � fp(1) = 0. Therefore we obtain (i). Similarly we have f ′′p (x) � 0 for p /∈
(0,1/2) . Thus, we have f ′p(x) � f ′p(1)= 0 which implies fp(x)� fp(1)= 0. Therefore
we obtain (ii). �

The second result is the comparison on the lower bounds of L(x,1) . To prove it,
we prepare the following lemma which is interesting itself.

LEMMA 3.2. For x > 0 , we have

L(x,1)2 −G(x,1)2

2L(x,1)2 � A(x,1)−L(x,1)
L(x,1)

� logK(x). (10)

Proof. It is sufficient to prove (10) for x � 1. We firstly prove the second inequal-
ity. To this end, we set

u(x) := 2(x−1)− (x+1) logx+4(x−1) log(x+1)−2(x−1) log(4x), (x � 1).
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We calculate

u′(x) =
4x

x+1
− 4

x+1
+

1
x
−1−3logx+4log(x+1)−4log2

u′′(x) =
(x−1)(x2 +6x+1)

x2(x+1)2 � 0.

Thus, we have
u′(x) � u′(1) = 0 =⇒ u(x) � u(1) = 0.

We secondly prove the first inequality. To this end, we set

v(x) := (x2 −1) logx+ x(logx)2 −3(x−1)2, (x � 1).

We calculate

v′(x) = 2(x+1) logx+(logx)2 −5x+6− 1
x
,

v′′(x) =
1
x2

(
2x(x+1) logx−3x2 +2x+1

)
v(3)(x) =

2
x3 w(x), w(x) := x2−1− x logx, w′(x) = 2x−1− logx � 0.

Thus, we have

w(x) � w(1) = 0 =⇒ v(3)(x) � 0 =⇒ v′′(x) � v′′(1) = 0

=⇒ v′(x) � v′(1) = 0 =⇒ v(x) � v(1) = 0.

Thereforewe obtain 3L(x,1)� 2A(x,1)+G(x,1)2/L(x,1), (x > 0) which is equivalent
to the first inequality of (10). �

Here, the second inequality of (10) is equivalent to the inequality:

1− (x+1) logx
2(x−1)

+ log

(
(x+1)2

4x

)
� 0 (11)

Also the inequality
L(x,1)2 −G(x,1)2

2L(x,1)2 � logK(x) is equivalent to the inequality:

1− x(logx)2

(x−1)2 +2log

(
4x

(x+1)2

)
� 0. (12)

The inequalities (11) and (12) will be used in the proof of Theorem 3.3 below.

THEOREM 3.3. Let x > 0 and p ∈ R .

(i) If 0 � p � 1
2

, then Ĝp(x,1) � K(x)−p(1−p)Wp(x,1) .

(ii) If p � 0 or p � 1 , then Ĝp(x,1) � K(x)−p(1−p)Wp(x,1) .
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Proof. It is sufficient to prove for x � 1. Since K(x) � 1, in order to prove (i),

Ĝp(x,1) � K(x)−p(1−p)Wp(x,1) ⇐⇒ Ĝp(x,1)K(x)p(1−p) � Wp(x,1)

⇐⇒ x
p
2

(
(x+1)2

4x

)p(1−p)

� (1− p)(x−1)
x1−p−1

we set

fp(x) :=
p
2

logx+ p(1− p){2log(x+1)− log(4x)}
− log(1− p)− log(x−1)+ log(x1−p−1).

Then we have

f ′p(x) = − 1
x−1

+
p
2x

+
p(1− p)(x−1)

x(x+1)
+

1− p
x− xp

=
gp(x)

2(x−1)(x+1)(x− xp)

where

gp(x) := 2(x+1)(xp−1− p(x−1))+ p(x−1)(1− xp−1)((3−2p)x+(2p−1)).

When x � 1 and 0 � p � 1/2, we have 1 � xp−1 , −xp−3 � −xp−2 and (1− p)(1−
2p)(p− 2) � 0. Also when x � 1 and 0 � p � 1/2, we have xp−1 � xp−2 . Thus we
calculate

g′p(x) = (p+1)(2p2−3p+2)xp−2p(2p2−2p−1)xp−1+ p(1− p)(1−2p)xp−2

+2p(1−2p)x+2(2p2−2p−1)
g′′p(x) = p

{
(p+1)(2p2−3p+2)xp−1+2(1− p)(2p2−2p−1)xp−2

+(1− p)(1−2p)(p−2)xp−3+2(1−2p)
}

� p
{
(p+1)(2p2−3p+2)xp−1+2(1−2p)xp−1+2(1− p)(2p2−2p−1)xp−2

+(1− p)(1−2p)(p−2)xp−2}
= (2p3− p2−5p+4)(xp−1− xp−2)
= 2(1− p){(1− p)(1+ p)+1− p/2}(xp−1− xp−2) � 0.

Thus, we have g′p(x) � g′p(1) = 0 so that gp(x) � gp(1) = 0. Therefore we have

f ′p(x) � 0 for x � 1 and taking an accout for lim
x→1

(1− p)(x−1)
x1−p−1

= 1, we have fp(x) �
fp(1) = 0 which proves (i).

It is also sufficent to prove (ii) for x � 1. For the special cases p = 0 or p = 1 we
have equality. Since

Ĝp(x,1) � K(x)−p(1−p)Wp(x,1) ⇐⇒ x
p
2

(
(x+1)2

4x

)p(1−p)

� (1− p)(x−1)
x1−p−1

,

we have only to prove fp(x) � 0 for x � 1.
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(a) We consider the case p > 1. We set g′′p(x) = p ·hp(x) , namely

hp(x) := (p+1)(2p2−3p+2)xp−1 +2(1− p)(2p2−2p−1)xp−2

+(1− p)(1−2p)(p−2)xp−3+2(1−2p).

Then
h′p(x) = (p−1)xp−4kp(x),

where

kp(x) := 2p3(x−1)2− p2(x−1)(x−11)− p(x2+6x−17)+2(x−3)(x+1)

and we have

k′p(x) = 4p3(x−1)−2p2(x−6)−2p(x+3)+4(x−1),

k′′p(x) = 2(p+1)(2p2−3p+2) > 0, (p > 1).

Thus, we have k′p(x) � k′p(1) = 10p2−8p > 0, (p > 1) so that kp(x) � kp(1) =
10p− 8 > 0, (p > 1) . Therefore we have h′p(x) � 0, (p > 1) which implies
hp(x) � hp(1) = 0. Thus, we have g′′p(x) � 0 so that we have g′p(x) � g′p(1) = 0
which implies gp(x) � gp(1) = 0. Taking account of x− xp � 0 when x � 1,
p > 1, we have f ′p(x) � 0 Therefore we have fp(x) � fp(1) = 0 which proves
(ii) for the case p > 1.

(b) We consider the case p < 0. We calculate

d fp(x)
dp

=
1

1− p
+

(
1
2

+
x

xp− x

)
logx+(2p−1) log(4x)+ (2−4p) log(x+1),

d2 fp(x)
dp2 = −xp+1(logx)2

(x− xp)2 +
1

(p−1)2 +2log(4x)−4log(x+1),

d3 fp(x)
dp3 =

xp+1 (xp + x)(logx)3

(xp− x)3 − 2
(p−1)3 .

We further calculate

d
dx

(
d3 fp(x)

dp3

)
= −xp(logx)2

(x− xp)4 s(x, p),

s(x, p) := 3(x2 − x2p)+ (p−1)
(
x2 + x2p +4x1+p) logx,

ds(x, p)
dp

=
{
x2 −5x2p +4xp+1 +2(p−1)

(
x2p +2xp+1) log(x)

}
logx,

d2s(x, p)
dp2 = 4xp(logx)2 {2(x− xp)+ (p−1)(x+ xp) logx} � 0 (p � 1, x � 1).

Indeed, putting a := x , b := xp in the inequality
a−b

loga− logb
� a+b

2
, (a,b >

0) , we have 2(x− xp) + (p− 1)(x + xp) logx � 0 for p < 1 and x � 1. The
equality holds when p = 1.
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From
d2s(x, p)

dp2 � 0, we have
ds(x, p)

dp
� ds(x, p)

dp

∣∣∣∣
p=1

= 0 which implies s(x, p)

� s(x,1) = 0 so that we have
d
dx

(
d3 fp(x)

dp3

)
� 0. From this, we have

d3 fp(x)
dp3 � d3 fp(1)

dp3 = − 2
(p−1)3 > 0, (p < 1).

By the inequality (12), we have

p � 0 =⇒ d2 fp(x)
dp2 � d2 fp(x)

dp2

∣∣∣∣
p=0

= 1− x(logx)2

(x−1)2 +2log

(
4x

(x+1)2

)
� 0.

(13)
Thus, we have by the inequality (11),

p � 0 =⇒ d fp(x)
dp

� d fp(x)
dp

∣∣∣∣
p=0

= 1− (x+1) logx
2(x−1)

+ log

(
(x+1)2

4x

)
� 0.

Therefore p � 0 =⇒ fp(x) � f0(x) = 0 which proves (ii) for the case p < 0. �

REMARK 3.4. (i) Since fp(x) = log

{(
(x+1)2

4x

)p(1−p)

× xp/2(x1−p−1)
(1− p)(x−1)

}
appeared in the proof of Theorem 3.3 and comparing the maximum degree of
the numerator and the denominator insides of the logarithmic function, we found
that if p < 0 or p > 1/2, then we have

lim
x→∞

{(
(x+1)2

4x

)p(1−p)

× xp/2(x1−p−1)
(1− p)(x−1)

}
= 0.

Thus, we have lim
x→∞

fp(x) = −∞ if p < 0 or p > 1/2. On the other hand, by the

munerical computations, we have f3/4(e) � 0.0063209. Therefore there is no

ordering between K(x)−p(1−p)Wp(x,1) and Ĝp(x,1) for x > 0 and 1/2 < p < 1.

(ii) From Theorem 3.1 (i) and Theorem 3.3 (i), we have for x > 0 and 0 � p � 1/2,

K(x)−p(1−p)Wp(x,1) � Ĝp(x,1) � L(x,1) � Âp(x,1) � Wp(x,1).

(iii) From the proof (b) in Theorem 3.3, we obtained
d3 fp(x)

dp3 � 0, (p < 1) . From

this with simple calculations, we have

H(x,xp)3 � xp+1A(x,xp) � L(x,xp)3, (p � 1, x > 0).
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4. Conclusion

As we have seen, we studied the inequalities on the relations between the Wigner–
Yanase–Dyson function Wp(·, ·) and the logarithmic mean L(·, ·) . As one of main
results, we obtained two kinds of the reverse inequalities for L(x,y) � Wp(x,y) for
x,y > 0 and 0 � p � 1. That is, the inequalities (2) and (7) shown in Theorem 2.1 and
2.3 are respectively equivalent to the following inequalities for x,y > 0 and 0 � p � 1:

Wp(x,y) � p(1− p)
(√

x−√
y
)2 +L(x,y), (14)

Wp(x,y) � K (x/y)p(1−p)L(x,y). (15)

The inequality (14) and (15) are the difference type reverse inequality and the ratio type
reverse inequality for L(x,y) � Wp(x,y), (0 � p � 1) , respectively.

In addition, we compared the obtained inequality (15) with the known result in
Section 3. It is summerized in the following. The inequalities given in Remark 3.4 (ii)
are equivalent to the following inequalities for x,y > 0 and 0 � p � 1/2:

K (x/y)−p(1−p)Wp(x,y) � Ĝp(x,y) � L(x,y) � Âp(x,y) � Wp(x,y). (16)

We conclude this paper by giving operator inequalities baesd on Theorem 2.1 and
2.3. For positive operators S,T and 0 � p � 1, we define the operator version of the
logarithmic mean and the Wigner–Yanase–Dyson function as

L(S,T ) :=
∫ 1

0
S�tTdt, (S �= T ), L(S,S) := S,

Wp(S,T ) :=
p(1− p)

2
(S−T)(S∇T −Hzp(S,T ))−1 (S−T), (S �= T, p �= 0,1),

Wp(S,T ) := L(S,T ), (S �= T, p = 0 or 1), Wp(S,S) := S, (0 � p � 1),

where

S�pT := S1/2
(
S−1/2TS−1/2

)p
S1/2, S∇T :=

S+T
2

, Hzp(S,T ) :=
1
2

(S�pT +S�1−pT ) .

We often use the symbol S�T := S�1/2T for short. Hzp(S,T ) is often called the Heinz
mean. It is notable that we have the relation for the validity in the case p := 1/2,(

S−T
2

)
(S∇T +S�T)−1

(
S−T

2

)
= S∇T −S�T,

which can be confirmed by multiplying S−1/2 to both sides.
From Theorem 2.1, we have the following corollary.

COROLLARY 4.1. Let S and T be positive operators and let 0 � p � 1 . Then we
have

Wp(S,T ) � 2p(1− p)(S∇T −S�T )+L(S,T ).
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From Theorem 2.3, we also have the following corollary.

COROLLARY 4.2. Let S and T be positive operators with αS � T � βS for
0 < α � β and let 0 � p � 1 . Then we have

Wp(S,T ) � kp ·L(S,T ), kp := max
α�x�β

K(x)p(1−p).
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