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UPPER BOUNDS ON THE HARMONIC STATUS INDEX

MAHDIEH AZARI

(Communicated by N. Elezovic)

Abstract. The harmonic status index of a simple connected graph G is defined as the sum of the

. 2 . .
weights Satrogny over all edges uv of G, where o (u) denotes the status of the vertex u in

G which is the sum of distances between u and all other vertices of G. In this paper, we present
upper bounds on the harmonic status index of some families of graph products in terms of certain
structural invariants such as the order, size, maximum degree, inverse status and harmonic status
index of their components. The graph products considered here are sum, disjunction, symmetric
difference, Indu-Bala product, corona product, Cartesian product, lexicographic product, and
strong product. Some applications of the obtained results are also presented as corollaries.

1. Introduction

Throughout this paper, all graphs are considered to be simple, connected, and
finite. Let G be a graph with the vertex set V(G) and edge set E(G). The open
neighborhood Ng(u) of a vertex u € V(G) is the set of vertices adjacent to u. The
set Ng(u) U{u} is called the closed neighborhood of the vertex u in G. The order of
Ng(u) is called the degree of u in G and denoted by dg(u). A graph in which every
vertex has the same degree is called a regular graph. A regular graph with vertices of
degree k is said to be k-regular. The distance dg(u,v) between the vertices u,v € V(G)
is defined as the length of any shortest path in G connecting u and v. The diameter
d(G) is the largest distance between all pairs of vertices of G. The status (also called
transmission) og(u) of a vertex u € V(G) is the sum of distance between u and all
other vertices of G.

A graph invariant is a property of graphs that depends only on the abstract struc-
ture, not on graph representations. A topological index is a graph invariant associated to
the molecular graph of a chemical compound which quantifies its topological character-
istics. Two of the most famous categories of topological indices are distance-based and
degree-based indices. Among them, several indices are recognized to be useful tools in
chemical researches. One of the best-known and well-studied degree-based topological
indices is the harmonic index which was introduced in 1987 by Fajtlowicz [10] within
some conjectures, generated by the computer program Graffiti. It was defined for a
graph G as

2
HO)= 2 T+ dot)
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It was showed that the harmonic index correlates well with the m-electronic energy
of benzenoid hydrocarbons. Further results concerning mathematical properties and
applications of the harmonic index can be found in the papers [1,2, 21], the recent
survey [3] and the references quoted therein.

Inspired by the definition of the harmonic index, Ramane, Basavanagoud and Yal-
naik [19] introduced the harmonic status index of a graph G as

2

HS(G) = AN E—
( ) weE(G) GG(M) + GG(V)

Ramane e? al. [19] showed that the correlation between the boiling point of the paraffin
hydrocarbons and the harmonic status index of the corresponding molecular graphs is
good. In addition, the authors computed the exact value of the harmonic status index for
some specific graphs and gave a number of upper and lower bounds on this invariant.
Jog and Patil [13] constructed new graphs of fixed diameter and computed the harmonic
status index of those graphs. In this paper, we present upper bounds for the eccentric
harmonic index of some families of graph products such as the sum, disjunction, sym-
metric difference, Indu-Bala product, corona product, Cartesian product, lexicographic
product, and strong product in terms of the harmonic status indices of their components
and/or some auxiliary invariants. These results lead us to compute the exact value of
the harmonic status index for some other families of graphs. Our results follows the line
of research of several recent papers [4,11,17,20] dealing with computing the harmonic
index of graph products.

2. Definitions and preliminaries

As usual, we denote the path, cycle, star, complete graph, and empty graph on n
vertices by P,, C,, Su, K,,, and K,,, respectively. Also, we introduce the inverse status
of a graph G as

olG)= Y

uev(G) oG (u)’

The status of a vertex and the harmonic status index of graphs with diameter at
most 2 are given in the following lemma.

LEMMA 1. Let G be a graph of order n and diameter at most 2. Then

1. Foreach ucV(G), og(u) =2(n—1)—dg(u),

2
2. HS(G) = Zuwer () smn—gtursdet)

See, for example [19], for the proof of the lemma.
A special case of the Jensen’s inequality [16] presented in the following lemma is
useful in the proof of our main theorems.
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LEMMA 2. [16] Let x1,x2,---,X, be positive real numbers. Then

n 1/1 1 1
— < |t -+ F— |,
X1 +x2+-+x, n\xy Xx; Xn
with equality if and only if x| =Xy = -+ = xy.

At this point, we express the definitions of some graph operations which will be
studied in the next section. Throughout the paper, we denote the components of each
operation by G| and G, which are considered to be nontrivial graphs. The order, size,
maximum degree, and minimum degree of the graph G; are denoted by n;, m;, A;, and
i, respectively, where i = 1,2. If the number of components of a graph operation is
more than 2, the values of subscripts will vary accordingly.

The sum G|+ Gy +---+ Gy, of graphs Gy, G, - - -, Gy is the graph union G; UG, U
-+ UGy together with all the edges joining V(G;) and V(G;) forall 1 <i< j<k.It
is obvious that G| + G + --- + Gy has diameter at most 2 and dg,1G,+.+G, (1) =
n—n;+dg,(u), where u € V(G;) and n =n; +ny+---+ng. Hence by Lemma 1, we
arrive at:

LEMMA 3. The status of a vertex u € V(G + Gy + -+ + Gy) is given by
06, +Gy+-+G () = n+n;— (dg,(u) +2),

where n=n| +ny+---+ny and G; is the component of G|+ Gy + - - -+ Gy, containing
the vertex u.

The disjunction G1 V G, of graphs G1 and G has the vertex set V(G;) x V(G>)
and two vertices (u1,up) and (vq,v;) are adjacent, whenever uv; € E(Gy) or upv, €
E(G,). From Lemma 1 of [14], G| V G, has diameter at most 2 and for each vertex
(ur,u2) € V(G1V Ga). dgyve,((u1,u2)) = nadg, (u1) +mdg, (u2) — de, (u1)dg, (u2) .
Now Lemma 1 implies:

LEMMA 4. The status of a vertex (u1,uz) € V(G1V Ga) is given by

06,vG, ((u1,u2)) = 2(ning — 1) — (nadg, (1) + mide, (u2) — dg, (u1)dg, (u2)).

The symmetric difference G1 ® G, of graphs G| and G, has the vertex set V(Gy) x
V(G>) and two vertices (u1,uy) and (v1,v;) are adjacent, whenever u;v € E(Gy) or
upvy € E(G,), but not both. One can easily see that, the diameter of G; @ G, is 2
and from Lemma 1 of [14], for each vertex (u1,u2) € V(G1® G2), dg,ac6,((u1,u2)) =
nadg, (ur) +nidg, (u2) —2dg, (u1)dg, (u2) . Now Lemma 1 yields:

LEMMA 5. The status of a vertex (u1,uz) € V(G| ® Ga) is given by

06,36, (I/L) = 2(}’11}’12 — 1) — (}’lszl (ul) + I’lldG1 (u2) — 2dG| (ul)dGI (uz)) .

The Indu-Bala product G1<>G, of graphs G| and G, is obtained from two disjoint
copies of G+ G, by joining the corresponding vertices in the two copies of G, (see

[12]).
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LEMMA 6. The status of a vertex (u1,uz) € V(G1V Ga) is given by

o (1) = 5n1+3nm —dg, (u) =2 if ueV(Gy),
G106 7 3ny 4 5ny — 2dg, (u) — 4 if u€ V(Gy).

Proof. If u € V(Gy), then
0606, W) =Y, 1+ Y 24+ Y (1+2)+ Y 3
veNg, (u) VGV(Gl)\NGl [u] veV(Gy) veV(Gy)
=dg, (u) + 2(n1 —1—dg, (u)) +3ny+3n; =5n1+3ny —dg, (u) -2,
and if u € V(G,), then

0606, M) =Y, (1+2)+ D 243)+1+ Y, (1+2)
VvENG, (u) VEV(GZ)\NGZ [u] veV(Gy)

=3dg, () +5(n2— 1 —dg,(u)) + 1+ 3n; = 3n; + 51y — 2dg, (1) — 4,
from which the result follows. [

The corona product G o G, of graphs G| and G, is obtained by taking one copy
of G1 and n; copies of G;, and by joining each vertex of the ith copy of G, to the ith
vertex of G, fori=1,2,---,n;.

LEMMA 7. [5] The status of a vertex u € V(G o Gy) is given by

100, (1) = (n2+1)0G, (1) +niny if ueV(Gy),
GioGa (2 + 1)06, (x) — dg, (u) +ny +2(mna — 1) if u € V(Gay),

where Gy denotes the copy of G, attached to the vertex x € V(Gy).

The Cartesian product G{LJG,1---UGy, of graphs Gi,G», -, Gy has the vertex
set V(G1) X V(Gy) x --- x V(Gy) and vertices (uy,up,---,uy) and (vi,vo,---,vy) are
adjacent whenever they differ in exactly one position, say in i-th, and u;v; € E(G;). Us-
ing the fact that for vertices u = (uy,ua, -+ ,ux), v=(vi,va,---,v) € V(G;OG,O---0OGy),
dG,06,0--06, (U, v) = 25-‘21 dg,(ui,v;) from [5], we arrive at:

LEMMA 8. The status of a vertex (uy,uz,---,u;) € V(G1OG,O---0Gy) is given
by

GGIDGZD"'DGk((u1?u27 e auk)) = (n1n2 i ~nk)

The lexicographic product G1[G»] of graphs G| and G, has the vertex set V(G ) x
V(G,) and two vertices (uj,uy) and (vy,v,) are adjacent whenever ujvy € E(Gy) or
[u; =v; and upvy € E(GQ)} .

LEMMA 9. [5,18] The status of a vertex (uj,uz) € V(G1[Ga]) is given by

GGl[Gz]((u17u2)) = ny0g, (1) +2(np—1) —dGZ(uz).
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The strong product G} X G, of graphs G| and G, has the vertex set V(Gy) X
V(G,) and two vertices (u;,u;) and (vq,v;) are adjacent whenever [u; = v, € V(Gy)
and uyvy € E(G)] or [up = v, € V(G,) and ujvy € E(Gy)] or [u3vy € E(Gy) and
Urvy € E(Gz)].

LEMMA 10. The status of a vertex (uy,uz) € V(G1 X Gy) is given by

06,86, ((u1,u2)) 2(dg, (u2) + 1)0g, (1) + (dg, (1) +1)06, (2) +2(n; — 1)(n2 — 1)
—2(m = 1)dg, (1) = 2(n1 — 1)dg, (u2) + d, (u1)dg, (u2),

with equality if and only if for each v ¢ Ng, [u1] and v2 ¢ Ng,[u2], we have

max{d(;l (ul7vl)7dG2 (”27"2)} =2.

Proof. Using the fact that for each (u1,u2),(v1,v2) € V(G1 X G,),

dG1|Z|G2((ul7u2)a (V] 7‘)2)) = max{dGl (M] 7v1)7dG1 (M2,V2)}

from [22], we have

06,16, ((u1,uz)) = Y 2 dg, (uy,v1)

vi €V(G1)\{u1} v2€NG, [u2]

+ ) Y de,(u2, )
VIENG, 1] v2€V(Ga)\{u2}

+ Z Z max{dg, (ui,v1),dg, (u2,v2)}

VIENG, ] v2¢#NG, [u2]

-y y L

vIENG, (1) v2€NG, (12)

Note that for each vi & Ng, [u1] and v, & Ng, [us], max{dg, (u1,v1),dg,(uz,v2)} > 2.
Hence

06,56, ((u1,u2)) = (dg, (u2) +1)0G, (u1) + (dg, (u1) + 1) 06, (u2) — dg, (u1)dg, (u2)
+2(n1 —1—dg,(u1))(n2 — 1 — dg,(u2)),

from which the result follows immediately. [J

We refer the readers to [5-9, 15, 18] for more information on topological indices
of graph products.
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3. Main results

In this section, we present upper bounds on the harmonic status index of the prod-
uct graphs introduced in Section 2. We start with the sum of graphs.

THEOREM 1. Let G=G|+Gy+ -+ Gy and n =ny +ny+ - - +ng. The har-
monic status index of G satisfies the following inequality:

m; 2n,-nj
HSG) <Y —————— + , 1
(G) Zin—kn,- (Ai+2) 1<§‘,<k2n+ni+nj—(A,-+Aj+4) 1

with equality if and only if G; is regular for each 1 < i< k.

Proof. By Lemma 3 and using the fact that foreach u € V(G;), 1 <i <k, dg,(u) <
A;, we have
o6(u) =n+n;— (dg,(u) +2) = n+n;— (A +2),

with equality if and only if dg, (1) = A;. Now from the definition of the harmonic status
index, we get

2
2n+2n;—2(Ai+2)

Hs@) <y

LuveE(G;)

2
1<i<j<kueV(Gy)vev(Gy) 2 H Mt nj— (Ai+A;+4)

o z m; n 2 2n,-nj
Sntn—(A+2) 1<1.<j<k2n—i—n,-—l—nj— (Ai+Aj+4)
from which Eq. (1) follows. The equality holds in (1) if and only if for each u € V(G;),
1 <i<k, dg,(u) = A;, which implies that G; is regular foreach 1 <i<k. O

The complete r-partite graph K, ,, ... ,, With classes of partitions of sizes ny,n,,

-,n, is the sum of r empty graphs K, ,K,,,---,K,, and by Theorem 1, we easily
arrive at:

COROLLARY 1. Let n=n;+ny+---+n, and ny,na,---,n, = 2. Then
2ninj

HS(Knl7n27"'7"r) = m

1<i<j<k

Using Theorem 1, we can get the following upper bound for the harmonic status
index of the suspension K; + G of graph G.

COROLLARY 2. Let G be a graph on n vertices, m edges and maximum degree
A. The harmonic status index of the suspension of G satisfies the following inequality:

m n 2n
2n—1—-A 3n—1-A
with equality if and only if G is regular.

HS(K;+G) <
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We can apply Corollary 2 to obtain the harmonic status index of the star and wind-
mill graphs.
COROLLARY 3. The following hold:

1. HS(S,+1) =HS(K; +En) = 33& ’

_ mn—-1)(n-2) 2m(n—1)
2. HS(KI +mKn*1) — 2(2mn—2m—n+1) + 3mn—3m—n+1"

where mK,_1 is the union of m copies of K,_1.

THEOREM 2. The harmonic status index of GV Gy satisfies the following in-
equality:
mln% + an% —2mimyp
2(n1n2 — 1) — (n2A1 +n1Ay — 5162) ’

with equality if and only if G| and G, are regular.

HS(G1VG2) < 2

Proof. By Lemma 4 and using the fact that for each u; € V(G;), 1 <i <2, § <
dg,(u) < A;, for each (uy,uz) € V(G V Gy), we have

06,vG, ((u1,u2)) = 2(niny — 1) — (nadg, (u1) + mde, (u2) — dg, (u1)dg, (u2))
22(niny — 1) — (A1 +n1Ar — 6182),
with equality if and only if G| and G, are regular. Now from the definition of the
harmonic status index, we have
2
z)o‘EE(Gl\/GZ) 4(niny — 1) = 2(mA1 + Ay — 816,)

(up,u2)(vy,v2

HS(G,V Gy) <

- mln%—kmzn% —2mymyp
2(1’11112 — 1) — (n2A1 +n1Ay — 5152) ’

from which Eq. (2) holds. The equality holds in (2) if and only if G| and G, are
regular. [

Application of Theorem 2 yields:

COROLLARY 4.
nm(n+m—2)

HS(C,VCy) = .
( ) 2(nm—n—m+1)

Using Lemma 5 and the same argument as in the proof of Theorem 2, we arrive at:

THEOREM 3. The harmonic status index of G & G, satisfies the following in-
equality:
mln% + an% —4dmimy
2(niny — 1) — (A + 1Ay —26,8,)

with equality if and only if G and G, are regular.

HS(G1®Gy) <
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Theorem 3 has the following consequence.

COROLLARY 5.
m(n—+m—4)
2(nm—n—m+3)

HS(C, ®Cp) =

THEOREM 4. The harmonic status index of G1<{)G, satisfies the following in-
equality:
2my ny +2myp
Sni+3ny—A1—2 3n1+5n—2A,—4
4n1n2
* 8n1+8ny —A; —2A, — 6’

with equality if and only if G and G, are regular.

HS(G1$Gy) <

3)

Proof. From the definition of the harmonic status index and Lemma 6, we have

2
HS(G10Gr) =
quE%OGz) 06,06, (1) + 06,66,(v)

2

=2
we; 10n; + 6ny —dg, (u) — dg, (v) — 4
2
+2
Mg‘ 6ny + 10n; — 2dg, (1) —2dg,(v) — 8

2

+2
ueVz‘Gl) veVX’GZ) 8n1 +8ny —dg, (u) — 2dg, (u) —6
2

+ 2) (3n1+5n2—2d(;2() 4)'

ucV(G

Using the fact that for each u € V(G;), 1 <i <2, dg,(u) < A;, we get

2 2
G10Gy) L2 )
( 1 ) ”VEEZ( )10n1+6n2_2A1 4 uveEZ 6n1 +10n; —4A; — 8
2
+2 2 2
uev(Gy)vev(G,) 8”1+8n2—A1—2A2—6
1
* 3, + 5ny — 2A, — 4
uev(Gy) oM om2 — 2080 —

TS+ 3m A -2 3m t5m—2Ar—4 " 8nj+8m—A—2A; 6

from which the inequality in (3) holds. The equality holds in (3) if and only if G| and
G, are regular graphs. [

Application of Theorem 4 yields:
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COROLLARY 6.

HS(C oC )_ 2n n 3m n nm
T T s+ 3m—4 0 3n+5m—8  2n-+2m—3

THEOREM 5. The harmonic status index of G o Gy satisfies the following in-
equality:

1 np+my my
HS(G10G <—< HS(Gy)+ 2 1"2
( e 2) 4\ny+1 ( l)+ ny+1 ( 1)+n1n2 )
4 nimp 4 2n1n2 )
nm+2mny—1)—Ay  n+3nnp—2-A '

Proof. From the definition of the harmonic status index and Lemma 7, we have

HS(G10Gy)
_ 2
WEE (G0Gy) 9G10G2 (u) + 06,06, (v)
_ 2
uveE(Gy) (n2+1) (GGl (u) + oG, (V)) +2n1n;

D) =

VeV (Gy) uvel (Gay) 2(na+1)og, (x) +2n1 +4(niny — 1) —dg, (u) —dg,(v)

£y Y :

UEV(Gy) vEV (Gow )2(n2+ I)GGI () +m —|—3n1n2—2—d(;2(v)
=81+ 85+ S3.

By Lemma 2, we have

S1

N

1 2 . 5 )
4 wer)) N(m+1) (06, (u) +06,(v)) ~ 2nminy

:%( ! HS(G)+—)

ny+1 niny

with equality if and only if for each uv € E(G), (n2+ 1)(0g, (1) + 06,(v)) =2n1n;.
Using the fact that dg, (1) < Ay, for each u € V(G,) and by Lemma 2, we have

S2< 42 <2 ny+1)og, (x 2ny +4 —1)— )
2 ~
xeV(Gy) ( 2 1) G1( ) 1 (n1n2 1) 2/,

my 1 . ny )
=— o (G
4 (n2+l ( 1>+n1+2(n1n2—1)—A2 ’
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with equality if and only if G» is regular and for each x € V(G1), 2(n2 +1)0g, (x) =
2ny +4(nny — 1) —2A;, and

S3< 2 ( 2 N 2 )
Pt uev(Gy) 2(my+1)og, (1)  ni+3mnp—2—~A
nz( 1 _1 21, )
= o (G ,
4\ +1 ( 1)—|—111—l—3i11712—2—A2

with equality if and only if G, is regular and for each u € V(G), 2(ny + 1)og, (u) =
ny+3nn, —2—-A;.

Eq. (4) is obtained by adding S, S; and Sz and simplifying the resulting expres-
sion. The equality in (4) holds if and only if G, is regular, for each u;v; € E(G)),
(n2+1)(0g, () + 06, (v)) = 2n1n, and for each x € V(G1), 2(ny+1)0g, (x) =2n; +
d(ning —1)—2A,, 2(ny +1)0g, (x) =n1 +3n1ny —2 — Ay . From the last two relations,
we get Ay =ny+niny —2 > 2+ 2ny —2 = 2n,, which is a contradiction. Hence (4) is
a strict inequality. [

THEOREM 6. The harmonic status index of G\JG, satisfies the following in-
equality:

1
HS(G10G,) < ~ (HS(Gl) FHS(GY) + 267G+ L
4 ny n

6)),
with equality if and only if for each uy € V(G1) and uy € V(G2), n20¢, (1) =n10g, (u2).

Proof. From the definition of the harmonic status index and Lemma 8, we have

2

PR ST S () R R (RS

-y 2

VG s oF (Gy) 211206, (1) + 11 (0, (2) + O, (v2))

D> :

126V (Ga) urvi €E(Gy) "2 (06, (u1) + 05, (v1)) +2n106, (u2)”

HS(G\OG,) =

Using Lemma 2, we obtain

1 2 2
HS(G1OGy) < - +
4 ulgg(’cl)uzmng (Gy) 2ny0¢, ()  m (GGz (u2) + 0G, (VZ)) )

1 2 2
* 4 2 2 (’12(661 (u1) + 0G, (Vl)) i 2n1 66, (u2)>

MQEV(GQ) upvy EE(GI )

1 /my m
=-(— H H —
4<n26 (G1)+HS(Gy) +HS(Gy) + o o (GQ)),

from which the inequality (5) follows. By Lemma 2, the equality holds in (5) if and
only if for each u; € V(G1), uava € E(G2), 2n20¢, (u1) =n (GGZ(MQ) —l—GGz(vz)) and
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for each uy € V(Ga), upvi € E(Gy), n2 (06, (1) + 0, (v1)) = 2n10g, (u2) . This holds
if and only if for each u; € V(Gy) and us € V(G2), nay0g, (u1) =ni0g,(u2). O

Using the expression for HS(C,) from Proposition 5 of [19] and Theorem 6, we
can compute the status harmonic index of the C, -nanotorus C,L1C, .

COROLLARY 7.

Fif nis odd,
HS(C,00C,) =1 "
% if n is even.

Using Theorem 6 and an inductive argument, we arrive at:

THEOREM 7. The harmonic status index of G1JG,0- - -Gy satisfies the follow-
ing inequality:

| & ko ok
HS(G1DG2D---DG,<)<k—2<ZHS(Gi)+Z—’ 3 o—l(G,-)),
i=1 i=1 "M =T

S

with equality if and only if njog,(u;) = niog, (u;), for each 1 <i+# j<k.

The k-dimensional hypercube Qy is the Cartesian product K,(K,0- - K5, (k times)
and from Theorem 7, we get

COROLLARY 8.
HS(Q)) = 1.

The next operation which we consider is the lexicographic product. We first study
the special case when the first component of the lexicographic product has diameter at
most 2.

THEOREM 8. If G| has diameter at most 2, then

mln% +nimyp

HS(G1[Gy]) < 2(niny — 1) — (A +Ay)

(6)
with equality if and only if G| and G, are regular.

Proof. Note that G| [G,] has diameter at most 2, as G| has diameter at most 2 and
from Lemma 1 of [14], for each (u1,u2) € V(G1[G2]), dg, 6, ((u1,u2)) = nadg, (u1) +
dg,(u2). Now by Lemma 1 and using the fact that for each u; € V(G;), 1 <i <2,
dGi(ui) <A, we get

0g, [Gz]((ul,uz)) =2(nny— 1) — (nzd(;l (uy) +dg, (uz))
2 2(niny — 1) — (mA; + Ag),
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with equality if and only if dg,(u;) = A;, 1 <i< 2. Now from the definition of the
harmonic status index, we have

2

HS(G1 [GQ]) <
() (01 9 CE (G [G]) 402 = 1) = 2(mA1 +42)

- mln%—knlmz
2(nnp — 1) — (n2A1 —|—A2) ’

from which Eq. (6) holds. The equality holds in (6) if and only if G| and G, are
regular. O

From Theorem 8 we get the following corollary.

COROLLARY 9.
nm(nm—m+2)
HS(K,|Cy|) = —=,
(KnlConl) 2(nm+m—4)

Now we tackle the harmonic status index of the lexicographic product in general
case.

THEOREM 9. The harmonic status index of Gi[G,] satisfies the following in-
equality:
mln% +nymy )

HS(G1[Ga)) < 3 (mHS(Gr) + o G+

(7
with equality if and only if G| = P, and G, is (np —2)-regular.

Proof. From the definition of the harmonic status and Lemma 9, we obtain

HS(G1[Gy))
2
(112) 41520 E(G1 [6)) O1162] (#1:142)) % 66165 (v1,v2))
_ 2
N ulvlg(cl)uz,vze\/(cz) ny(0g, (u1) + 06, (v1)) +4(n2 — 1) — dg, (u2) — dg, (v2)
2

+
ul€§(’Gl)u2v2€2E’(Gz) 2n,0¢, (uy)+4(mp—1)— dg, (un) — dGz(Vz)

=81+ 5.

Using the fact that for each us € V(G2), dg,(u2) < Az, and Lemma 2, we get

G < n3 ¥ 2 N 2 )
1x
4 i EEG) ny (06, (1) + 06, (v1)) ~ 4(n2—1) =24,
1 mln%
= —(mHS(G) + —2——
4(”2 ( 1>+2(n2—1)—A2>’
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with equality if and only if G, is regular and for each u;v, € E(G)), na (GG1 (1) +
oG, (v1)) =4(np — 1) — 2A,. Similarly,

AY)

N

e
4 VG \2ma0G (1) - Ana—1) =24,

1 my 4 ninmy
= —| — G 7>,
4<n20- R TP sy e

with equality if and only if G, is regular and for each u; € V(G), 2nmo0g, (1) =
4(712 - 1) —2A2.

Eq. (7) is obtained by adding S and S, and simplifying the resulting expression.
The inequality in (7) holds if and only if G, is regular and for each uv; € E(G),
n2 (06, (u1) + 06, (v1)) = 4(ny — 1) —2A; and for each u; € V(G)), 2n20g, (u1) =
4(ny—1)—2A,. If the equality holds in (7) and there exists u; € V(Gy) with og, (u1) >
2, then from the previous equation 4(ny — 1) —2A, > 4n,, which implies that Ay < —2,
a contradiction. Hence the equality holds in (7) if and only if for each u; € V(Gy),
oG, (u1) =1 and G, is regular with 2ny = 4(ny — 1) — 2A,. This holds if and only if
G 2P and Gy is (np —2)-regular. [

The last operation which we consider is the strong product. We first consider the
special case when both components of the strong product have diameter at most 2.

THEOREM 10. If Gy and G, are of diameter at most 2, then

nimy + nomy + 2mymy
2(nnp — 1) — (Al + Ay +A1A2) ’
with equality if and only if G and G, are regular.

HS(G, K Gy) < (8)

Proof. Note that G1[G;] has diameter at most 2, as G| and G, have diameter at
most 2 and from [22], for each (u1,uz) € V(G1[G2]), dg,xc,((u1,u2)) = dg, (u1) +
dg,(u2) +dg, (u1)dg, (u2). Now by Lemma 1 and using the fact that for each u; €
V(G,‘), 1<i<?2, dG,.(u,-) <A, we get

06,16, ((u1,u2)) = 2(niny — 1) — (dg, (1) + dg, (u2) +dg, (u1)dg, (u2))
2 2(niny — 1) — (A1 + A+ A1 Ag),
with equality if and only if dg,(u;) = A;, 1 <i< 2. Now from the definition of the
harmonic status index, we have
2

HS(G1XGy) <
(Gi1XGy) 4(niny —1) = 2(A1 +Ar + Ay Ay)

(u1,u2)(vy,v2)€E(G1KGy)
nymy + nomy + 2mymy
2niny — 1) — (A1 + Ay + A Ay)
from which Eq. (8) follows. The equality holds in (8) if and only if G| and G, are
regular graphs. [l

Theorem 10 yields:
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COROLLARY 10.
nm

HS(Ky R Kp) = =~

Now we tackle the case when at least one of the components in the strong product
has diameter greater than 2.

THEOREM 11. If Gy or Gy are of diameter greater than 2, then

1 /ny+2myp ny+2m
HS(GiXG <—(7 —_—
(G1KG) <575 T 8 +1

ny -1 i -1
510 G+ 5 07 (G ©

nymy +nomy + 2mny >
2(}’11 — 1)(1’12 — 1) —2(}’12— l)Al — 2(1’11 — I)A2+ 6152 '

HS(G) + HS(G2)

_|_

_|_

Proof. By Lemma 10 and using the fact that for each u; € V(G;), 6; < dg,(ui) <
A, 1 <i<2, we get

06,16, ((u1,u2)) >(8 +1)og, (ur) + (81 + 1)0g, (u2) +2(ny — 1)(np — 1)

—2(}’12—1)A1—2(ﬂ1—1)A2—|—5162. (10)

From the definition of the harmonic status index, we obtain

2

(11 2) (0 42)CE (G G ) 961262 (1,142)) F 0616 (v1,2)

-y 2

W EV(G)) v, €E(Gy) 06,56, ((u1,u2)) + 06,86, ((u1,v2))

+ Y 2

quV(Gz)MIVIGE(Gl) GG[&GQ((”I?”2)) + GGlng((Vl,u2))

+ Y 2

V1 €E(G)) uzvr €E(Gy) FG1K¥Gy ((u1,u2)) + 06,m6,((v1,v2))
2
+
MIVIEZE(GI)erE(GZ) 06,86, ((v1,12)) + 06,86, ((11,2))

=851+ 5+ 53+ 84.

HS(GI®RG,) =

By Eq. (10), for each u; € V(G;) and uyv; € E(G,),

06,86, ((u1,u2)) + 66,x6, ((u1,v2))
>2(& + 1)og, (u1) + (61 + 1)(06, (u2) + 06,(v2))
+4(n1 — 1)(712 — 1) —4(n2— 1)A1 —4(711 — 1)A2+25152,
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and by Lemma 2, we obtain

1 2 2
e §uleg(‘Gl)uzszZE‘(Gz) <2(62+ 1)GGI (u1) i (&1 + 1)(602(u2)+602(v2))
2
o = D= 1) — 4 — A —4(m — 1)A2+28162>
_lrmy ni
B 9<6z+16 G+ 57 HS5(G2)
n nymp )
2(m —1)(n2—1) =2(ma— 1)A; = 2(n1 — A2 + 818/

Similarly, we arrive at:

1/ m . no
S " oy
S2<9<51+10 (Go) + 5 = HS(G1)

nami

= D) m— 1) —2(m— DA —2(n1 — 1)A2+6182>’

and
1 nmy ny
—| ——H —H
§3,84 < 9(52+1 S(G1) + 5 HS(Go)
i mpmy )
2(n1—1)(n2—1)—2(n2—l)Al—Z(nl—l)A2+5182

Eq. (9) is obtained by adding Sy, 5», 53,4 and simplifying the resulting expression. [
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