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Abstract. In the paper, the authors introduce the normalized tail of the Maclaurin power series
expansion of the square of the tangent function, find out the logarithmic convexity of the nor-
malized tail in light of the monotonicity rule for the ratio of two series, and expand the logarithm
of the normalized tail into a Maclaurin power series with the help of a formula for higher order
derivatives of the ratio of two differentiable functions.

1. Motivations

In April 2023, Qi and several mathematicians considered the decreasing property

of the ratio % on (0,%), where
3(tanx — x) T
In———, 0<|x|< =
Fy=4{" 2 <3 (1)
0, x=0
and .
n T
lnﬂ, 0<x <=
G(x) = X 2 2)
0, x=0.
are even functions on (— z, %) . The reason why we investigated the ratio % and its

monotonicity on (—%,%) was stated in [9, Remark 10].
Qi observed that the functions

tanx and 3(tan)3c X) _ tan3x X 3)
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are related to the first two terms in the Maclaurin power series expansion
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where the Bernoulli numbers B; are generalized by

x
ex—1
j

o X/ X = X%
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ST 2 ,:21 T(2))!

Motivated by the above observation, Qi further constructed the functions
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N
3
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in the papers [7, 10], respectively, basing on the first two terms in the Maclaurin power

series expansions
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Generally, for generalizing the above observations, in the papers [16, 22, 23, 27]
and [8, Remark 7], Qi posed the concept of the normalized tails (also known as the
normalized remainders) of the Maclaurin power series expansions (11) and (10) by

R =N o

—1)"~———"|sinx — -1 —|, x#0;

SinR,, (x) = T I Zo( )(21+1)! 7
1, x=0

and _
(2n)! ol - x
—1)" COSX — —1)Y——|, x#0;
CosR,(x) = =0 x2n | ZZ)( ) (2))! ’
1, x=0

These normalized tails are generalizations of the functions

cosx  2(1—cosx) cosx—1 sinx 6(x—sinx) sinx—x

cosx = = — =
17 x2 —x2/2 7 x x3 —x3/6

appeared in (6), (7), (8), and (9), respectively.
In [26], basing on the Maclaurin power series expansion (5), Qi invented the nor-
malized tail

X x & X%
1+ I oY By 0;
X 2’(2]')!]’ X7

J=1

I (2n+2)!
x2n+2

B2 e

1

x=0.

)

Through studying this normalized tail, some new knowledge about the Bernoulli poly-
nomials were created in [24, 26] and closely related references therein.
In the paper [1, 18], Qi constructed the normalized tail

o
—le"— > — |, x#0
1, x=0

basing on the Mauclaurin power series expansion

°°x'_1 R R S S R
Z— tit gt gttt KER

In [1, Section 5], Qi summed up his idea and thought to novelly design the nor-
malized tails as follows:

Suppose that a real function f(x) has a formal Maclaurin power series
expansion

fo) =231V (O)X.—J:- (12)
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If f"+1(0) # 0 for some n € Ny, then we call the function

1 (n+1)!
FED(0) wrt T

1, x=0

the normalized tail of the Maclaurin power series expansion (12).

Basing on the Maclaurin power series expansion (4) and utilizing the idea and
thought mentioned above, recently Qi defined the normalized tail

(2n)! 1 - 221— 2%(2% —1)
t
221 (220 1) [Bay a1 anx— 2

T
|Boj |3~ 1], 0<|x|<5,

1, x=0.

This normalized tail is a generalization of the functions in (3), which appeared in (1)
and (2). Qi and his coauthors have investigated this normalized tail in a forthcoming
paper.

In the paper [5, p. 798] and the handbook [6, pp. 42 and 55], we find the Maclaurin
power series expansion

oo 22j+2 22j+2_1 2]+1 )
( 57 ),( ) |Byjyalx?
pa (2j+2)!
: (13)
N 2x* N 17x5 N 62x° . 1382x10  21,844x!2
= 3 7745 315 14175 ' 467,775

tan2 X =

for |x| < 7. Basing on the series expansion (13), imitating the above observations, and
employing the above initiating idea and thought to design the normalized tails, we now
build the normalized tail

n—1 22€+2 22€+2 —1 2€+ 1
(2n+2)!|tan*x— Y ( (212+2))'( )|Bzm|x”
hn (x) = e : . x#£0 (14)
2 n+2(22n+2 _ 1)(2n + 1)‘an+2‘x2n
1, x=0

and denote its logarithm by H, (x) = Inh,(x), where n € N and |x| < 7.
Considering the relation sec?x = 1+ tan®x, the normalized tail h,(x) can be re-
formulated as

n—1 22/,'+2 22/f+2_1 (2€_|_ 1)
(2n+2)! seczx—;b ( art 2))! |Bygia|x*

hu(x) = —
n() 2222202 1) (21 + 1)|Bapsala 2" , x#0

1, x=0
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for n € N and |x| < Z. Hence, the quantity 4,(x) is also the normalized tail of the

Maclaurin power series expansion of the square sec’x about x = 0.
It is obvious that H; (x) = 2G(x) and

(2x)%
(20)!

> 1 204204122242 _1|By, .oy
n+ 20+ ‘ 2n4+20+2 (15)

h”(x) = ZE) (2n+22;+2) n+1 22n+2 __

By o

for n € N and |x| < 7. The series expression (15) shows that the even function £, (x)
for n € N is positive and increasing on (O, 2) As a result for n € N, the function
H,(x) is defined and even on (—%, %), is decreasing on (—%,0), and is increasing on

(0,%).
12
In this paper, we investigate the following two problems.
1. Prove that the even function H,(x) for n € N is convex on (0,%).

2. Establish a Maclaurin power series expansion of the function H,(x) around the
point x =0 for n € N.

We will state and prove solutions of these two problems in the third and fourth sections
of this paper.

2. Lemmas

For proceeding smoothly, we need the following lemmas which are very effective
and applicable extensively.

LEMMA 1. The function ¢(x) = (2*—1){(x) is logarithmically convex on (1,00),

where .
PN

is the Riemann zeta function [ 17, Chapter 25]. Consequently, the sequence

1
g’

2242 Boyio (16)
(l+1)(20+1)(22—1)| By
is increasing in £ € N.
Proof. 1Tt is straightforward that
b =2y LY L
=14 = q
& 1 <1 |
=2" +2" - 2. =
q; (2q—1) q; (2q) (Z‘l q*
_ i 1
(g—1/2)"
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and

oo 2
[IH(Z)(X)}U _ [ j=1 (j_ll/z)x]
T ee  In(j—1/2)72 o [In(j—1/2)]2 woo
(S5 ) — S M S ety

- ! vy G- 1/2)2 ~1In(j —1/2)In(g — 1/2)
Jj=lg=1 (]_ 1/2)x(q— 1/2)x
_ ! & & [In(i—1/2) —In(g—1/2)?

2[2?:1 W]zj:zlqgl (j—1/2)(q—1/2)*

Consequently, the function ¢ (x) is logarithmically convex on (1,o0).
In[21, p. 5, (1.14)], we find that

2(2q)!
= (=1)4H!
B2’1 ( 1) (ZE)ch(zq)7 qEN
Then ‘
2272 -1 Bl 1 (222-1)E(20+2)

C+ D+ —1) [By| 222 (22— 1)(20)
Since the function ¢(x) = (2* — 1){(x) is logarithmically convex on (1,c0), then the
first derivative d (2~ )¢
o = Di) = IEENRCE

increases in x € (1,00). Accordingly, we obtain

R e V14 R R CE e IR (222 - 1)¢(2x+2)
e - I)C(2X)]’)

(22— 1) (2x)

d [(222-1)x+2)] ¥ -1){(2x+2) ([(22"+2 —DE@x+2)

>0

(X2 _1)¢(2x+2)
(2% -1)¢(2x)
the sequence in (16) increases in £ € N. [

for x € (4,e0) . Hence, the function increases in x € (4,0), and then

LEMMA 2. (Monotonicity rule for the ratio of two power series [2]) Let o, and
¢ for £ € Ny be real sequences and the Maclaurin power series
q P

P(x) = i oux' and Q(x) = i Bex!
(=0 (=0
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converge on (—p,p) for some scalar p > 0. If B; > 0 and the sequence % increases

in £ € Ny, then the function x — % increases on (0,p).

REMARK 1. There have been several independent developments of the mono-
tonicity rules for the ratios between two differentiable functions, two Maclaurin power
series, two Laplace transforms, two integrals, and the like. For more details, please
refer to the newly published papers [3, 12, 14, 15], [19, Lemma 9 and Remark 15], [20,
Remark 7.2], [25, Lemma 4], the arXiv preprints [1 1, 13], and closely related references
therein.

In July 2023, a Chinese mathematician Zhen-Hang Yang drafted a review and
survey article about the monotonicity rules for many various ratios and reported it in
Guangdong University of Education.

LEMMA 3. ([4, p. 40, Exercise 5)]) For n € Ny and two nth differentiable func-
tions p(x) and q(x) # 0, let

W(n+l)><(n+l)(x) = (gz(nJrl)xl(x) g(nJrl)xn(x))(nJrl)X(nJrl)

and let (W, ;1) (n+1)(X)| denote the determinant of the (n+ 1) x (n + 1) atrix, where

the (n+1) x 1 matrix 2, 11)x1(x) is of the elements py(x) = ( ) for 1 <
n+1, andthe (n+1) xn matrix 2,1 1)x,(x) is of the elements qy j(x) = ( )
Jor 1 <0< n+1 and 1 < j<n. Then the nth derivative of the ratio (—jf)) can be com-
puted by the determinantal formula
d" p(x)] (Wins)x (ne) ()]
PN (qyn et Dt DT e N, (17)
i o~ U

3. Convexity

In this section, with the aid of Lemmas 1 and 2, we prove the convexity of the even
function H,(x) = In#,(x), the logarithmic convexity of the normalized tail A, (z).

THEOREM 1. ForneN, thefunction H,(x) =1Inh,(x) defined via the normalized
tail hy(x) in (14) is convex on ( 3 2) Consequently, the inequality

) n—1 £(2€+ 1)22/}5’2(22/}%2 o l)

xtanxsec”x — |Bagin|x?
& 20+2)!
n—1 (2£+ 1)22€+2 22€+2 -1
tanz'x - [_21 (ZE +(2)' ) |B2K+2‘xze
.X2 22n+4 1 an+4

>n (18)

2n2+5n+222n+2 —1|Bop12

is valid for 0 < |x| < 5 and n € N.
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Proof. Direct computation gives

(2I’l+2€+ 1)(22n+2f,+2 _ 1) |B2n+2/f+2| x2€—1

[Hn (x)]’ i (2n+2(+2) 21+ 1)(222 — 1)|Banr| ar _‘1)!

2 i 1 (2n+20+1) (22242 — 1) |Byyiargn| ¥
S ) (2n+1)(2212 — 1)[Bono | (20)!
x Z L (2n42043) (22— 1) [Bansora| o
_ =0 (2@1@4) (2n+1)(222 — 1)|Bap 2 (20+1)!
i 1 (204204 1)(2222—1)|Byy 0] 5
= (2n+22;,+2) (2n + 1)(22n+2 _ 1)‘an+2| (26)!
and
1 (2n+420+43)(22 2 —1)|Byyyarya] 1
(%259 2n+1)(22 2= 1)[Byura]  (20+1)!
1 (2n+20+ 1) (22242 — 1) [Bopsarsa| 1
2 en+ )@ -D)[Byl  (20)!

B 041 (2277254 — 1) | By 044 (19)
C (n+H04+2)(2n 420+ 1) (2214242 — 1) By yagyal

The increasing property of the sequence (19) is equivalent to

m—n (221n+2_1)|B2m+2‘ m—n+1 (22m+4_1)|B2m+4|
(m+1)2m—1) (22" = 1)[By| ~ (m+2)(2m+1) (222 —1)[Boy 2|

form>2 and n€ N suchthat m—n—12>0.

In Lemma 1, we proved that the sequence (10) is increasing in ¢ > 1. On the other
hand, it is easy to verify that, for given n € N, the sequence %
in m > 0. Accordingly, we acquire that the product

is increasing

(m—n)(2m+1) 22m+2 Bomin
2m—1 (m+1)2m+1)(22"—1)| Bay

_ 22m+2 —1|B -
- m—n ' 2m+4-2 (20)

 (m+1)(2m—1) 22m—1 | By,

is increasing in m > 2 for fixed n € N such that m —n —1 > 0. As a result, the ratio
in (19) is increasing in ¢ € Ny for given n € N. Making use of Lemma 2, we see that
the function
i 1 (2n+20+3) (2224 — 1) |Bopyorra] 2
| [H ()} AN @ DByl @01
" i 1 (2n+204+1)(22 22— 1)|Bopyarsa|
= (2n+22;+2) (zn + 1)(22n+2 _ 1)‘an+2‘ (zg)!

21




CONVEXITY AND SERIES OF TAIL OF TANGENT’S SERIES EXPANSION 945

is positive and increasing on (0,%). Therefore, for n € N, the derivatives [H, (%)]/

and H)(x) are positive and increasing on (O, %) . In a word, for n € N, the function
H,(x) is convex on (0,%).
From (15) and (21) and by the increasing property of ) , it follows that

X

H!' (x) . H,(x) _ 2 (2274 —1)|Bap4]
X =0t X 2n? +5n+2 (222 — 1)|Bayy2|

and

n—1 22/,'+2 (22€+2 _ 1)(2€+ 1)

H/( | anxsec” x & 201 2)! |Baya|20x 2n
n X) = : o
- 1 22£+2(22€+2— 1)(2£+ 1) 20 .
an’x— 3 (20+2)! el
=1 '

on (0,%) for n € N. Consequently, we derive

n—1 22K+2(22K+2 _ 1)(2€+ 1)

2tanxsec’x — B 20521
El (20+2)! Baeal
n—1 22€+2 (22f+2 _ 1) (2£ + l)
2 20
tan“x — E Bypio|x
£ (20+2)! [Bat2]
2n 2x (2274 —1)|Bap4]

>

2512 (27 1) Byl

on (07 %) for n € N. The inequality (18) is thus proved. The proof of Theorem 1 is
thus complete. [

COROLLARY 1. For given m € N and n € Ny, the sequence

m—n 22m+2 _ 1
(m+1)2m—1) 22m—1

Boyio
BZm

(22)

is increasing in m satisfying m >n € Ny.
Proof. By calculus, when regarding m as a continuous variable, we have

>0

d [(m=n)Cm+1)] _ (2m—1)*+4n-2
dm 2m—1 B (2m—1)2
for either m,n > % orm > %(l—l—\/z) =1.207--- and n = 0. This implies that,

(m—n)(2m+1)

1. when m,n € N, the sequence T isincreasing in m € N for fixed n € N;

(m—n)2m+1) _ mQ2m+1) . . .
2m—1 Tm—1 1S 1ncreasing n

2. when m € N and n = 0, the sequence
m>=2.
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Combining these two items with the increasing property of the sequence (16), we derive
that the sequence in (20) is increasing in m > n € N for fixed n € N orin m > 2 for
n = 0. Moreover, numerical calculation shows

m (272 — 1) | B2 1
(m+1)2m—1) (2> =1)[Bow| ||,my 2
_ m (22m+2_ 1)|B2m+2| _%
(m+1)2m—1) (22" =1)|Bom| ||, 3

Consequently, the sequence (22) is increasing in m satisfying m >n € No. [

4. Maclaurin power series expansion

In this section, in light of the derivative formula (17), we expand the even function
H,(x) = Inhy,(x) defined via the normalized tail A, (x) in (14) into a Maclaurin power
series about x = 0.

THEOREM 2. For { € Ny and n € N, let

22n+€+2 o
— " sz -
Then we have
3 (2n+2)! 2 2t
Halx) = %Dze(n) 2n+ 1) (222 —1)[Barsa] | (201
where
0 ()Mo, 0 0 0
My, 0 (1) Mo, 0 0
0 ()M 0 (5) Mo 0
My, 0 )Mz, 0 0
Dyy(n) = : 0
0 ( 0 )M2f—47n 0 ( 2 )M2€—6n 0
My >, 0 (612)M2€74,n 0 0
0 ([01)M2(72,n 0 (€EI)M2/74 n (f:})Mom
My 0 (f)Mzhz n 0 0
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Proof. For £ € Ny and n € N, let

o 2 a2 1) |Bal
tn = (2n+€k‘+2) (2n+1)(221+2 — 1)|Byy12|

Then

£ (2n+2)! Y
T 2n+ DRPTI 1) |Byga] "

We note that Byy,; =0 for £ > 1.
Differentiating on both sides of (15) gives

S 2242 (2n+2043) (222 1) |Bypaorra] 23!

() =0 (2”271@4) (2n+1)(222 — 1)|Bap+2| (20+1)!
x) = ‘
! S 2% (2n+ 204 1) 1) Byyaggo| 2
“~ (2n+22;3+2) (2n+ 1)(22n+2 —1)|Bapsa) (20)!
Let
(x) i 220 (20420412222 —1)[Boysoria| 2
n\X) =
q Poart (2n+22;+2) (2n+1)(227%2 — 1)|Byyy 2| (20)!
and

Pa(x) = q,(x)
S 2242 (2n 4204 3) (22— 1) |Byygarial 20!

e G (2n+1)(22"+2—1)|Bau 12 Q0+ 1)!

for n € N. Then

for ¢ € Ny and

(— 0
P 0(0) =g (0)
220 (2n+20+1) (222~ 1) |Byiasl

= (2n+22/,€+2) (2n + 1)(22n+2 - 1)|B2n+2‘

= E2(,,n

947
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for £ > 1. Accordingly, making use of the formula (17), we obtain

SO OO O o oo

¢ (—1)*
H}E +1)(O) = m }gz(ﬁrl)xl(o) Q((+1)></J(O)|(/j+1)><(g+1)
Ein  (J)Eon 0 0
Exa (B ()Eon 0
2 2 2
E3n (0)E27n (1)E1 n (2)E07n
Ein  ©)Ba (B2 ()Ein
=(-D : : z
E€—2,n (663)E€—3,n ((/13)E€—4,n (653)E€—5n
Eﬁ—l,n (€62)E€—2,n (€I2)E€—3,n ((52)E€—4n
Epn (“OE1a (V) Er2m () Eisa
Epiin ((é))E(n (f)Ef,fl n (ﬁ)E€72 n
_ 1y (2n+2)! e
B | (2n+1)(22712 —1)| By
My, ()Mo, 0 0
My (Min (})Mon 0
My, @OMen (DM ()Mo,
Min  OMsn  (Mon (DM
| : : : _
Mian (" )Mz (P )Mean () Misi
Mﬁ—l,n (%62)M€—2,n ((;2)M€—3,n ((32)M€—4,n
Mf,n (kaly)Mf—l,n (eIl)Mf—Z,n (651)M€—3,n
My (S)M(n (f)M/ffl,n (g)M/ffln T
Since the function H,(x) is even, we deduce H,SN’H)
0 )Mo, 0 0
My, 0 ()Mo n 0
0 (6) M2 0 (5)Mo,,
M47" 0 (?)M2n O
M2, s 0 (%1_ 3)M2(,74,n (zj{ Z)Mzzfsn
0 (%o )Mar2n e 0 (%3 )Moy y
My y 0 (%] M2 , 0 (50—
0 (0) Mo 0 (5) M2

|~ |

~~
~

(i1

(4

)
)

0
0
0
0
0
0
0

" oo o oo o o
T
- S
3

._.
B

My,
M,

n

n

(0) =0 for ¢ € Ny, that is,
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Meanwhile, for £ > 1, we have

Hr(lzg) (O) _ [ (Zn + 2)! 2
[ (2n+1)(227+2 — 1)|Bap 2|
0 ()Mo, 0 0
M, 0 ()Mo 0
0 (6)M2, 0 ()Mo,
Ma, 0 ()M, 0
x| : : :
0 (“P)Mys, 0 (‘) M6 -+
M2 p 0 (512)M2€74,n 0
0 ('0 YMap_2, 0 (651)M2€—47n (
Moy 0 (1) Map—2. 0

S~

=0 e
oo 20
(20 1y X
=2 Hy(0)
=1 (20)!
= i Dyi(n) (2n+2)! s
A7 Len+ 1) (222 = 1)[Basa| | (201

The required proof of Theorem 2 is complete. [

REMARK 2. Numerical computation yields

0 1
Dy(1) = 'M21 (0)](;/10’1 =—MoiMr1=—1o5
and
0 (OMoq O 0
_ M 0 (OMoy 0 |7

D) =1"9 CMay 0 ()Mo,| 122880°

My 0 G)MQJ 0

—_—

T~ O O O O O o O

(e}
B
=

949
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Hence, it follows that

) N 2
Hy(x) = _gDzz(l) [3(24_ 1)|B4|} (20!

o0 Y
—— ¥ Dy(1)16¥ =—
/=1

(20)!

2 4

X X
:—D2(1)162E—D4(1)164Z—---
_ 2,5 T 4
BRI

This coincides with the first two terms in the series expansion

tan2x - oo 22€+1(22€—1 _ 1)

1 = Bay|x**

e T AT o [Baclx
_2_)62+E+124x6+127x8+292x10+ 0<x<”
3 45 2835 8450 66,825 Y

which can be deduced from

oo 22/}(22/,'71 _ 1)

Intanx = Inx+ Y| | Byy|x?
(=1

020!
- +x2 N 7t N 62x° N 127x8 N 146x10 N 0cxe ™
T T 90 72835 T 18,900 | 66,825 =3

found in the handbook [6, p. 55].

5. Conclusions

There are two main conclusions in this paper.

The first main conclusion is the convexity of the function H,(x) = Inh,(x) defined
via the normalized tail %,(x) in (14) for n € N and x € (O, %) ; see Theorem 1.

The second main conclusion is the Maclaurin power series expansion about x = 0
of the function Hy(x) =Inh,(x) defined via the normalized tail &, (x) in (14) for n € N;
see Theorem 2.

Lemma [ and Corollary | are interesting too.

The infantile idea and thought of the notion of normalized tails of the Maclaurin
power series expansions of analytic functions originated from Qi in the papers [7, 9, 10].
Hereafter, the novel notion was enlightenedly and formally invented and designed in the
papers [1, 16, 18,22,23,26, 27]. From mainresultsin [1, 16, 18,22,23, 26, 27] and [8,
Remark 7], we can understand the significance of the notion of normalized tails of the
Maclaurin power series expansions of analytic functions.
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