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ON THE GENERAL CASE OF BRANNAN CONJECTURE

LUMINITA-IOANA COTIRLA* AND ROBERT SZASZ

(Communicated by T. Buric)

Abstract. We will prove the Brannan conjecture provided that the parameters o and f3 verify
the conditions % < o < B < 1. The basic tool of the study is a new integral representation
deduced in this paper.

1. Introduction

We denote N* = {1,2,3,...} and U = {z € C: [¢[ < 1}.
For a >0, >0, x=¢" 6 c[-n,n], and z € U the development holds

% _ iOAn(a,ﬁ,x)z".

The inequality
|A"(a7ﬁrx)’ SA"(OCJ})I); X e C: |)C| = 17

has been proved in [1] for &z > 1 and § > 1. In [5] D. A. Brannan stattes the following
conjecture.

CONJECTURE 1. If o, € (0,1], and x € C, |x| = 1, then the inequality
|Azn1(0, Byx)| < Agpyi(e, B, 1), x€C, [x] =1 (1)
holds for every natural number n.
The particular case B =1 and o € (0,1) was intensively studied. The inequality
[Azny1(e; 1,x)| < Agnpa (e, 1,1), x| =1

has been proved in [5] for n =1, in [7] for n =2, in [4] for n =3 and in [6] for n < 25.
In case B = 1 the proof for every natural number 7 is given in [6] and [4]. The second
particular case o = f3, that is

|A2n+l(a7 a,x)| < A2n+1(a7 o, 1)7 oc (Oa 1)
is proved in [9]. We will prove a partial result of the general case, which suggests that
Brannan’s conjecture holds in the general case too.
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2. The main result

THEOREM 1. If% <o < B <1 and x e C with |x| =1, then inequality (1) holds,
that is

[Aznr1(0, Box)| < Aguri (0, B, 1), (V)neN. (%)

3. Preliminaries

In order to prove the main result, we need the following lemmas. A simple calcu-
lation gives:

& 20—a)(l-a)2—a)---(n—1—-«

(I+x)*=1+Y,(-1) )x"z"

= n!
and
ot o 1e $ PO Gn ),
Thus it follows that
)= BBV DB on ) BB 2B on?)
OB P allw) s,
eyl @2,
+(_l)n_1a(l—a)(2—(lx1?---(n—l—a)xn.

This equality can be rewritten as follows:

BB+1)(B+2)...(B+n—1)

n!

ki O—0)(l—-0o)...(k—1-a)
(”2 T ey )...(/3+n—k)>'

A"((X’ﬂ’x> =

Let B, (o, B,x) be defined by

O-—a)(l—a)2—0a)...(k—1— )
Buler, ‘”2 kkak( TP -21B) ki) P

The conjecture (1) is equivalent to

|Boys1(0t, B,x)| < Bauri(, B, 1) wherex€C, [x|=1and aff €[0,1], n€ N*. (3)
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LEMMA 1. The following equality holds:

e (o) _
D2 G

“4)
Proof. We have the development
- (o
(1-x)"*=3 pr, x| < 1.

Integrating the equality, we get

;:/Ol(l_t)*adt: 2 ;a)P ' (5)

and the proof is done. [
LEMMA 2. If a,B € (0,1), k,neN, n >k >2 and
1
In7k :/ tk_l_a(l—t)"_k_1+ﬁdt7
0

then the following equalities hold:
k—1—-o0 k-2—-«a k—3—o l-o I
n—k+tB n—k+t1+B n—k+2+B T n—2+p ™

(6)

In,k =
and

B,(o,B,x) =1 “ ) /4f4”%1—tf**ﬁﬂl—tf—(l—t—xﬂﬂdn
n,l

+(n—1+ﬂl 0
(7)

Proof. Integrating by parts, we get

1 1 (1 _ t)nkarﬁ !
L = tk**“l—t"**”ﬁm::—/]ﬁ”*“ ———————)dt
& A (1-1) A P

_ _,k1a<(1—r>"k+ﬂ) ' k-l-a

n—k+pJo
k—1—«o
=——L 1. 8
Nk Bt ®)

Equality (8) implies (6). Finally we have

1
tk*Z*OC(l _ t)n7k+ﬁdt

Ck klxk 11
( _1+ﬁ nl;cz{ mk

1 n
_ 1+L)/ (1= 1) Y Ch (a1 — )k
}’1,1 0 k=1

B,(o,B,x) =1+

(n—1+p)1
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Using the equality
n n__ —p)t
Y k(=) k= M,
1%
we get
xo L L =)= (1 =1 —x1)"]
B, i — 2 ey
(0r.B.) +(n—l+ﬁ)ln71/ot (1-1) = dr
OC 1 —1— — n n
= U gy T Py (e,

and the proof is done. [

LEMMA 3. If o, € (0,1), o« < B and n € N, then the following inequality
holds:

_M/ol’_l_a“ =) P - (1= )dr > 0. ©)

Proof. Inequality (9) is equivalent to

(n—1 +ﬁ)/01f°‘(1 2B > a/lrlfau — )L — (1 — 1)t

0

We introduce the notations my = fy 1~ %(1—1)"">*Bdr and my = [y 1='=%(1—1)~1+P
[1—(1—¢)"]dt.

A change of variable leads to my = [y t=%(1—1)""2*Bdr = [} (1 — 1)~ >Pa,
and my = [ 11— )P — (1 —1)"de = [y (1 — 1)~ =% HB[1 — 1"]ar.

The developments

(1—1)"%= i %tp and (1—1)~1-% = i (l—i—a)ptp

hold for every ¢t € (—1,1), and we infer

* 1— )= on=2+B gy — o (&)p /Stn+p—2+[3dt: . (a)p 5P
/0( ) Z'O ! Jo IZ'OP!("+P—1+[3)

and

/ 1+ﬁ[ tn]dt
i 1+(X / tpflJrﬁdt_ i (1+a)1’ /Stp+n71+ﬁdt
0 p! 0

p=0

I
f=l

oS

S

> 1+oc,, oS (I+a), i
2ot h) Xt B

S

< n(l+a),
,Z‘op' (p+B) (p+n+ﬂ)sp
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forevery s € (—1,1).
For s /1, we get

l oo
_ o\ on=2+B 5. (a)P
m /0(1 1yt Eop—!(nw—lw) (10)
and
n(l+o), (11

my = ! o= 14Bry ny g
= O = S B e B

In order to prove inequality (4) we have to prove

(n—14B)m; > amy.

According to (10) and (11), this inequality is equivalent to

v (@p(n—1+p) & nll+a),
1+,,§1p!(n+p—1+[5 2 PP IR A (12)

We have the following equivalences:

1+pB) i n(l+a), S0

iTHﬁ) O Dt B)ptnth)
1>°‘§ T B T i <(paip1+>l'(<n_+;++%>><:’
- i <p+1§(>x<>p++ln+ﬁ> - <(pl 1)1!(&1;1%))
-
S (@)

PP 2 B )
(13)

The last inequality holds because the condition 0 < o < 8 < | implies

< o)p+1 AN () p+1
Z‘ p+a p+1)>(l ﬁ)gop!(erﬁ)(erl)’

and taking into account (4), we have

=

p+1 <
Z p+a p+1) g‘ p+1

Consequently, inequality (12) holds and this implies (9). U
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The next lemma concerns the function Y,,, which is defined by:

1_u2n+1 1 1+u2n+l

Y, :(0,00) = R, by the equalityY,(v) =v* T T oa

(14)

LEMMA 4. Let x € C be a complex number with |x| =1. If 0< oo < B < 1, then
the condition

1 2 I+o—f 1 2 I+o—P 1
/ v, (EH g g/ Y, () au, 5)
o \1+u 1—u o \1+u 1—u

implies the inequality:

|B2n+l(aaﬁ7x)} <B2n+l(a7ﬁ7l)7 (16)

where By,.1(at, B,x) is defined by (2).

Proof. We use equality (7) and we get:

an-‘rl((x’ﬂ?x)

a l
:1+—/ I =) TR (1= )2 - (1 — 1 — xt) P s
(n—1+B)hnt1.1)o (1=1) (=1 ( ]

This equality is equivalent to:

B2n+l(aaﬂax)

e Hi-a BT (1 = )2t

- (2n+ﬁ)l2n+1,1/0t (1=0) PP = (1 =) at
# 17170‘ _ BT o 2n+1
+(2"+ﬂ)12n+1,1/0t (1= P === ar. A7)

Since according to Lemma 3 we have

o Lo _
L g [ R - a0
n-1,

it follows that in order to prove inequality (16), it is enough to show that the following
inequality holds:

|J2n+l((xaﬂax)| < J2n+l(aaﬂa l)a provided that x € (Ca ‘)C‘ = 17 (18)
where
1
J2n+1(a7[37x):/ O =) TP = (1= (1 +x))* e (19)
0
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The change of variable u =1 — (14 x)r leads to
1
Jont1(e, B, x) =/O =) TP L= (1=t (1 4 %)) e
1 _ —l-o —14B
_ 1 / l—u x+u (l—uan)du
I+x/x \1+x 1+x
-5 /1 Loy x+u — N du
 14xJo \1+x
1 [~ /1-
_—/ u u2n+1)du
I+xJo \T+x
—1— —1+
b /1 I —u 13(1 2 du
l+xJo \I+x 1

x o U a\T (x— ) P )

1 n+1. 2n+1 du.

+1—|—x/o<1+x> 1+x> (I4+x""u™")du
(20)

X

From (19), (20) and |1 + xu| = |x+ u| we infer that

=
—l—/ol% g l_ﬁ(1+u2n+1)du.
This inequality can be rewritten as follows:
A = N (e e e
- Ha_ﬁT"( = )d”~ e
A simple calculation shows that ﬁ <1H +u, for every x € C, with |x| =1, and u €

(0,1).
This result together with the inequality (21) lead to

1 2 I+o—f
<
el < [ (2)

X+u
1—u

)du,

1 I+o—p 1
J2n+1((x,ﬁ,1):/0 ( 2 ) Y,,( u )du for |x[=1,xeC. (22)

and

1+u 1—
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and (15) imply (18). From (17) we get
o b e “14p 2nt1
- |t 1—¢ 1—(1—6)""""|dt
(2n+B)hnt1, /0 ( ) [t ]

b (e B )]
s P,X) |-
Cn+ By iry !

\an+1(a,ﬂ,x)| <

and taking into the account (18) it follows

o

1
(2n+B)hny11 /0 AU t)_HB [l -(1= t)an]dt
o

+ o Jar1(0, B, 1) = Bayyi (@, B, 1).
2n+ B)bmi +1(e, B, 1) +1(e, B, 1)

‘an+1(a7ﬁ7-x>| < I

and consequently inequality (16) holds. [J

We define the sequence (Dy(a, 3,x)),>1 by the equality

1 2 \!te B 1+u
Dulocpor) = | (m) Tn(m)‘”’
1 I+a—p
_/ ( 2 ) Y’n<u+x|)du
0 1—u
I+a—p 14+u a_ lu+x\ 71— u? !
0 1—|—u 1—u 1—u 1—u
1—u 1—u\P] 142!
du
14u |u+ x| l+u

LEMMA 5. If 0 < a < B <1 and |x| =1 then we have

Dn+1(a7ﬁ7-x> >Dn(aaﬁ7x)~ (23)

Proof.

Dn+1(a,ﬁ,X) - D"(aaﬁrx

)
- /o1 <liu>l+aﬁ{[ 1J:Z)a— (%)a]uznﬂ(wu)
+[<;Z|>ﬁ‘(:Z)ﬁ]uzn“(l—u)}du. 24)

o o B B
Since <}%ﬁ) > <‘”1’J_rxl> and < 1’”) > <1;z> , forevery u € (0,1}, and |x| =1,

u

equality (24) implies (23). U
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LEMMA 6. Let k,A : [a,b] — R be two continuous functions. If K is increasing,
k(a) > 0 and there is a point xo € (a,b) such that A(x) >0, x € [xo,b] and A(x) <

0, x € [a,xo] then
b b
/ K(X)A (X)dx > K(x0) / A (x)dx
Proof. We have

/b k() (x)dx — xo//l )dx
= [ [0 = xt)] dx+/ (x) — K(x0)] A (x)dx > 0.

The inequality holds because [k (x)— K (x0)| A (x) = 0,x € [a,x0] and [(x(x)— K (x0)] A (x)
>0, x¢€[x,b]. O

1 3
LEMMA 7. The equation A(u) = <§>3 11— =) +Z 1 pas qunique
q (u)=1(3 [y 1 q

root up € (0,1) such that A(u) <0, u € [0,up] and A(u) >0, u € [up, 1].

Proof. We have

;L’(u):l(lﬂz_%”)% il —é( 1 )2 (25)
ANT+u?=2u/) (1+u>—Lu)? 3 \1+u/

We will prove that the equation A’(#) = 0 has a unique root u* € (0,1).
The equation A’(u) = 0 is equivalent to:

11
1 1+u?+2uN\§ 27
1+ (C5 ) =5 (26)
6
The mapping o: (0,1) = R, o(u) = > (14u)3 (%) is strictly increasing

(1,,4)3
since it is a product of positive, strictly increasing functions. Thus taking into the
11

account that lim, ~j @(u) = 4, ®(0) < % the equation (26) has a unique root
€ (0,1). Consequently the equation A’(u) = 0 has the unique root u* € (0,1) too.
5

The equalities lim, 4 A’ (1) = +eo and A’(0) = ; — &~ < 0 imply that A’ (u) <
0, u€ (0,u*), A'(u) >0, ue (u*,1). The inequalities A (0 ) <0 and A(1) >0 and the
monotony of A imply that the equation A () = 0 has a unique root up € (¢*,1). O

LEMMA 8. If 2 <a < B <1, |x| =1 and arg(x) € [arccos(—3), 7], then the
following inequality holds:

J2n+l(a7ﬁ7 l) = ‘J2n+l(a7ﬁ7x)|7 neN". (27)
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Proof. The equality (20) implies
Jzn+1(067ﬁ7 l)

1 1 \o 1 =B
=2 (=) (?) (Ut 4 )

1 1 o 1 1-B
+21+a*ﬁA <l—|—u> (l—u) (I—u+u?—ud+ .. +u*")du, (28)

and since |14 xu| = [x+u|, |1 —xu+x2u> — 3w +. . 42| < L +ut+u?+. . +u®,
we get

[J2nt1(e, B, x)]

o 1 1-B
< |14 x|o ﬁ/ ) — (I+u+u®+...+u*)du
l—u |x+ u]

1o F‘/

Now (28) and (29) imply
J2n+l(a ﬁ 1) - ‘J2n+l( ’

o, f,x)|
o 1 1-p
> e ﬁ/ 1 ( ) (I+u+u+...+u*")du
—Uu

1+
21+O€ ﬁ/
1+u

o 1 1-B
) (—) (1 +uti®+...+u™)du. (29)

|x—|—u\ l—u

) (1—u4u® =i+ ... +u*)du

1\
N ﬁ/ <x+u|> (14 u+u+...+u*)du
1 \'"P
— |1 x| /3/ ) (L+u+u?+...+u*)du. (30)
|x—|—u\ l—u

‘We use the notations:

1 1 al 17[5
M=2°‘/ (—) X (1+u+u®+...+u*)du
o \1—u/ |x+u
1\
— |14 x|t ﬁ/ (14 utu?+...4+u*)du
l—u |x + u]

oc 1 1-p
— |14 x| ﬁ/ (—) (14 u+u+ ... +u*)du,
|x—|—u\ l—u

1 e/ 1 \'P
:21+a—ﬁ/ 1 230 1
m A (l—i—u) =% (l—utu —w+...+u")du (31)

1+x

Taking into the account (30), the inequality ﬁ 2 i

implies

Joni1(e, B, 1) = |Jopyi (e, B,x)| > M +m.
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Thus, in order to prove (27), we have to show that M +m > 0.
Since m > 0, it follows that we have to prove the inequality M > 0 in order to

finish the proof.
We have
1 1 ol 1-B 1— o+p—1
M:/ ( ) R [20‘—|1+x°‘—|1+x°‘ . ]
o \1—u/ |x+u x+u
X(1+u+u’+... +u*)du
1 1 ol 1-B 2 o 1— o+p—1
=|l+x\°‘/ < ) e < ) B
o \l—u/ |x+u |14 x| X+u
x(1+u+u*+... +u*)du. (32)
Since x = —t +iV1—12, t € [{,1) it follows
2\ 1—u|*P 2 N} 1—uls
()™ )
|14 x| x+u |14 x| x+u

_( 2 )% { ( 1—u )3
l—1 V1+u?—2ur

A simple computation gives that ¢/(t) >0, ¢ € [1,1), u € [0,1] is equivalent to

21+ —2ut)? > 31— u)(1—1)* 1 € [%,1)7 ue0,1]. (33)

On the other hand the inequalities hold

provided that ¢ € [§,1), u € [0,1] and u > 2% If 2% > u, then

1
2(1—|—u2—2ut)% >1>u(1—u)(1—10)% 1€ [4_1’1>’ ue[0,1].

1
Thus the inequality holds ¢’(¢) >0, 7 € [1,1) and consequently ¢ (¢) > ¢(3) = <§) -

1
3
1—(1;“) JtE[§,1).
l+u27%u

Finally we infer the inequalities

< 2 >a | 1—u“+’3‘1>(8>é | 1—u 3
114 x| ~\3 1
2

xX+u
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and

1
M>‘1+x|a+1—/3/ <;>O{ l
0

X+u

1—u

()

1
x(14u+u*+...+u*)du provided that arg(x) € [arccos < - —)Jl’} . (34)

~

‘We have

O ()

= f(u)g(u), (35)

(1114)“‘57
=t (0 - ()

Since the function f:[0,1] — R defined by f(t) = % is increasing provided
that n > 3, it follows that the mapping f : [0,1] — (0,4-<0) is increasing because, it
is a product of four positive, increasing functions, and the equation g(x) = 0 has an

unique root xo € (0,1), g(u) >0, u € (x0,1) and g(u) <0, u € (0,x9) because the
| 1

1

— (I+u+u®+...+u)
x+u

WA

Ttut 4w 1+u\'"P
— 14 u)P-
) l+u+...+ub <|x+u> (1)

3
mapping g1 : [0,1] = R, gi(u) = (%) R (i> is strictly increasing.

\/1+u?— %u
Consequently the conditions of the Lemma 6 are fulfilled and we get

1 1
M=l +x|1+a_ﬁ/ fw)g(w)du> |1 +x|1+a_ﬁf(xo)/ g(u)du.
0 0
Since H| = folg(u)du =0,294..., it follows that M > 0 and the proof is done for
nz=3.

In order to prove the inequality (27) in case n € {1,2}, we will prove M +m > 0.
Since 3(u?> —u+1)>u?>+u+1incase n=1 we have

gl+a—B /1 1 o 1 1-B
> 1 :
m 3 /0 (I—I—u) <l—u) (1+u+u)du
and it follows that
1-B ’
()1
[1+ x|

M+m>|1+x\°‘/01( ! )a
)a(l—u)a+ﬁ_l}(l+u+u2)du (36)

1—u o+p—1

X+u

I+x
x+u
2lte—B =B, 1

3 l+x’ <1+u

1—u
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u2
The conditions |x| =1, Re(x) < -1, 3 <a <P < > 1+3
2
21+O€*ﬁ x+u‘l—[3< 1 )a(l_u)a+ﬁ71
3 1+x 1+u
o - - 2 o 2 2.
/2 8 4 8u? 4u‘—2—<1 u) >2_3<1 u>3>2_31 u 37)
31 3(1—u)? 1+u 3 \1+4u 3 1+4u
Finally from (36) and (37) we get
1 1 o 1 17ﬁ
M+m> \1+x|a/< ) T
1—u/ |x+u
1
8\ 4 1- -
» (5)3_1_<7”> R
\/1+u2—Ju tu
This inequality can be rewritten in the following form
a—3 1 1-B 1 2
M+m > |1+x/e /3/ ) (1 )P tutwr
l—u X+u (1+u) (1—u)3

1

1 3 2
3 1— 23 1—
<§)3_1_<7u> AL Y
3 /7“”2_%” 3 1+u

. - L \% Ltu|1-B
We use again Lemma 6 choosing f(u) = (m) (1 +u)P- | +“} and g(u) =

X (38)

1 5
””7“22[(%)3—1—<$> +2TT] The function f£:[0,1] — (0,0) is

(14u)3 (1—u)3 1/1+u27%u
2
23 1—u

L 3
increasing and the mapping /: [0,1] = R, h(u) = (%) . - (17”1> + 5 e

1/1+u2—7u
has a unique root ug € (0,1) with g(u) <0, u € [0,ug] and g(u) >0, u € [up,1].
Inequality (38) can be rewritten as follows

1
M+m>|1 +x|1+°‘7ﬁ/ f(u)g(u)du >0,
0
and Lemma 6 implies
1
M+m>|1 —|—x|1+°‘7ﬁf(uo)/ g(u)du >0,
0

because H, = fol g(u)du=0,161..., and the proof is done in case n =1 too.
In order to finish the proof, we have to prove the inequality in case n =2. A simple
calculation shows that

S+ tut ) = ut i utFut 1, ue [0,1],
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thus we get m > 2t ﬁfo (1+u> (ﬁ) (1+u+u’+u +u*)du.

A completely analogous calculations to the case n = 1, lead to

_2 1-p
=)

14+u
X+u

1
8\ 4 1—u RS
<_> T "5
3 \91+u2—1tu Tu

3

Mam > |14 ﬁ/

1—u

1+u+u +ud +ut
(1+u)3 (1 —u)3

du.

I\J

o— —
Now, we use again Lemma 6, putting f(u) = (%) (14+u) -3 i%ﬂl P and

1
1 3 2
I B < )3 1—u 23 1
U)=—"—"51\1= —1—- —— + =+ . We get
g( ) (I+u)3 (1— u)2 l 3 (yll+u2—%u> > +] 8
1
M+m= \1+x|1+a*ﬁf(uo)/ g(u)du >0,

0

because Hz = fol g(u)du=0,276... and the proof is done. [J

LEMMA 9. The equation

_UTWE o welo1] (39)
4 (1—|—u2—%u)%

1
has a unique root ug € (0,1), % —(1+u) (1-u)2

+ <0, ue(0,up) and %—(l—i-
(1+u2—%u)1

(1-u)2

14)7l 3
(1412 —5u)4

>0, u € (up,1).

Proof. The equation (39) is equivalent to v(u) = w(u), u € [0, 1], where

(1= 20)h, wi) = (1) (- )t

-Nw

v(u) =

We have v(0) = 3, w(0) =1, v(1) = %(%)?T w(1l) =0. Since v is strictly decreasing
on (0, 1) and strictly increasing on (4, 1), w is strictly increasing on (0, 1) and strictly

3 1
. 7 b
decreasing on (3, ), and v( % %(P) % ({2) , w(%) = %(%) ) w(%) =
(

%(%) , it follows that the equation v(u) = w(u) has a unique root uy € (%7 1) and
) <

v(u) <w(u), u€ (0,up) and v(u) > w(u), u € (ug,1). 0O

e S
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4. The proof of the main result

Proof. According to Lemma 5, it is enough to prove the desired inequality in the
case n = 0. We will prove the inequality (15) provided that n = 0, % <o<B<LI,
xeC, x=¢® 0¢c(-n,nx.

We have to determine the maximum value of the integral

o= () (e

_/1< 2 >1+aﬁ[(\/1+u2+2uc0s9>0¢+< 1—u )ﬁH—u]du
o \1+u 1—u V14u?+2ucos’/ 1—u '
(40)

X+u
1—u

We will prove the inequality

Do(e ) =1(1) ~ 1) > 0, x| = 1 and arg(x) € [0,arccos (~ )]

I4+a—B
. 1 2 V1412 +2ucos 0\ & 1—u ﬁ1+u :
The imegra } (37) | (V) (i) e an

even function with respect to 8, consequently it is enough to determine the maximum
value provided that 6 € [0, 7].
The notation ¢t = cos 0 suggest to define the mapping g: [—1,1] — R by the equal-

ity

) /1< 2 >1+a_ﬁ[<\/1+u2+2ut>a+( 1—u )ﬁH—u]d
— u.
g o \1+u 1—u V1+u24+2ut/ 1—u

‘We have

I(x) = t
) = g g0

and

¢(0) :/3/01 [(%)(liﬂ)wﬁ(l_lu)a(1+u2+zm)‘z‘lu

2 I1+a— 1 2 _B_
T+ Aogrp(F (4 2u) 72 du (4D

We will prove g’(z) > 0, provided that € [—%, 1] and % <o<pB<l.
The equality (41) can be rewritten as follows:

¢ = g2 [ (L ) () R

1—u 14 u?+2ut

y u’ [(x 1—|—u< 1—u )“*ﬁ}dt
(1+u)(1—-w)i B 1—u\VI+u2+2ur '
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Since for ¢ € [—,1] and u € [0,1] we have \/ﬁ € (0,1), thus the conditions

3 <a<B<I1, imply:

g’(t)>ﬁ21+a*ﬁ/ol(1+u)ﬁ*“( ! )“_%( u )1‘%%*%

l—u 1+ u?+ 2ut
3 1
X#F—(l—i—u)(l_iu)z%dt. (42)
(1+u)(1—u)7 L4 (I+u2—tu)s
We get
1
g'(6) = B2 P | x(u)A(u)du,
0
where
1 a—3 u 1-¢ a_ 3
_ B—a 7 2 o 3
k) = (1+u) <1—u> <1—|—u2+2ut> wr et
and
ut 3 (l—u)%
M= e
(1+u)(1—u)7 L4 (1+u?—Lu)1

According to Lemma 9, there is a real number ug € (0,1) such that A («) <0, u € [0, uo]
and A(u) >0, u € [ug, 1). The mapping k is increasing, since it is a product of positive
increasing functions on the interval [0, 1]. It follows that we may apply Lemma 6 and
we get:

¢0) > B2 P [ A 3

Taking into the account that

1
L= / A(u)du=0.5577...
0

according to (43) we obtain
, 1
g)=0,r¢e —171 . (44)

Summarizing, we have proved that the mapping g is strictly increasing on the in-
terval [—1, 1] and consequently g(1) > g(t), (V) t € [, 1]. This means that Do(cz, 8, x)
> 0 holds provided that % <o<P<landxeC, |x|]=1,0<arg(x) < arccos(—%).
According to Lemma 5 the inequality D,(c,f3,x) > 0 holds provided that % <o<
B<landxeC, [x]=1,0<arg(x) < arccos(—%). Finally, Lemma 8 shows that the

inequality D, (ct, B,x) > 0 holds for arg(x) € [arccos ( — %) , 7] too and we are done.

Thus we have proved that D, (o, 3,x) > 0 provided that % <o<pB <1 and
x € C, |x| = 1. This result is equivalent to Theorem 1. [J
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REMARK 1. Numerical approach suggest that inequality g'(t) >0, t € [— 1,1]
holds for % < a < B < 1. Taking into account that we proved Lemma 8 in case % <
o < B < 1, we think that the presented approach could lead to the following better
result:

If #<a<B<1andxeC with [x| =1, then the inequality holds

|A2n+1(oc,[3,x)| < A2n+1(a’ﬂ’ 1)7 (V) nelN. (*)
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