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PARTIAL EIGENVALUES FOR BLOCK MATRICES

MANAL AL-LABADI, RAJA’A AL-NAIMI AND WASIM AUDEH

(Communicated by M. Krni¢)

Abstract. In this paper, we define extensions of the classical eigenvalues of the matrix A €
M, (C). These extensions are eigenvalues matrices for the block matrix A € M,, (M), where
M, (M) is the set of all m x m block complex matrices with each block in M,(C), they are

AV (A) = (Gl peys for h=1,2,--.m
and
A (A) = (A=), for k=12, ,n.

Among other equalities and inequalities, we prove equalities which relate our new definitions
with trj(A) and tr(A) as follows,

and
5 2.2)
tra(A) = Y, 4,7 (A).
h=1
These relations are extensions of the classical relation tr(A) = Y}" ; A;(A), where A € M,,(C).
Several new relations and properties of our new definitions are also given.

1. Introduction

Let M,,(M,) be the set of all m x m block complex matrices with each block
in M,(C). In the special case, M,,(C) is the set of all m x m complex matrices.
Recall that the matrix A € M, (C) is called positive semidefinite and it is denoted
by A >0 if xTAx >0 for all x € C". Let A € M,,(C), then AT and A* denote, re-
spectively, the transpose and conjugate transpose of A. For A € M, (C), the absolute
value of A is denoted by |A| = (A*A)%. For A € M,,(C), let 5;(A) > --- > su(A) be
the singular values of A which are the eigenvalues of |A|. It should be mentioned
here that 5;(A) = s5;(A*) = s5;(|A]) and s5;(kA) = |k|s;(A), k € C. To get acquainted
with the characteristics of singular values and recent inequalities on this topic, we
advise young authors to read [1 — 11]. We can measure the matrix by several mea-
sures, one of them is the unitarily invariant norm denoted by |[||.|||, which satisfy
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[/JTUAV||| = |||A]|| for any A € M,(C) and any unitary matrices U and V. Typ-
ical example of unitarily invariant norms is the spectral (usual operator) norm de-
noted by [|.|[, where [[ A || = supjy_y=1 [{Ax,)|. Given A =[A;;]/";_; € My (M,).
Xu and Fu in [13] define the transpose and partial transpose of A, respectively, by

AT = [A;i}?szl € M, (M) and A" = [A; ]| € M,,(M,). Recently, [15], some at-

tractive definitions are presented:

m
try (A) = ZAivi and trp (A) = [tI‘A,‘J]le:l
=1

where tr;(A) € M,(C) and try(A) € M, (C).
The authors in [16] present some new definitions, where if A = [A;, j]?f/:l eM,,(M,),
Aij = layi)liy, then
L. G = [“;’,ﬁ:‘f’j:y
2. dety (A) = [det(Gl,k)Mkzl-

3. dety(A) = [det(A; ;)] -

4. For A = [[aé:{;}ﬁkzl]ﬁf‘jzl € M, (M,,), the matrix A € M, (M,,) is defined as fol-
lows: &= [Grlfy = [l {17 faer-
It is shown in [16] that A and A are unitarily similar. Note that
1. A=A
2. det;(A) = detr(A).
3. dety(A) = det; (A).

A B

Tao has proved in[ 18] that if A, B,C € M,,(C) such that [B* c

} >0, then

2s,(B)<s,<[§*2D, for j=1,2,--,n. (1.1)

Audeh and Kittaneh in [11] have proved that if A, B,C € M,(C) such that [ A

B c} >0,

then
si(B) <sj(A®C), for j=1,2,---,n. (1.2)

In this paper, we define an extensions of the classical eigenvalues of the matrix A €
M., (C). These extensions are an eigenvalues matrices for the block matrix A € M,,(M,,).
The classical relation that relate tr(A) with A;(A) is

tr(A) = i An(A) (1.3)
h=1

for A € M,,,(C). We prove generalizations of equality (1.3). Several applications and
relations are also provided.
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2. Main result
DEFINITION 2.1. Let A =[A; ;|1",_; € M,y(M,), we define

A(A) = Gy, for h=1,2,-,m

and ,
)L]/E )( ) [)Lh( )]l] 1 for h:1727"'7n

It is obvious that JLIEI)(A) € M, and 7Lh (A) € M,,. Also, it is clear that

AN (@) =22 (A). 2.1)

AP @) =V (A). (2.2)

Now, we will generalize equality (1.3) to a one which relates tr;(A) with JLIEI) (A).
This new equality is an amazing generalization of equality (1.3).

THEOREM 2.2. Let A = [A; ;| € M,,(M,,). Then
ri(A) =Y AV (a). (2.3)
h=1

Proof.

(Gnt) tr(Gra) - t(Gr)

i1 A(Gr) i An(Gra) - Xty An(Gr)
i1 (Gan) By An(Ga) -+ Bt An(Ga,n)

227:1)Lh(Gn,1) EZLM%(G Gn,n
A(G1,1) lh(Gl,z) lh Gln
m | Ap(Ga1) M(Gaa) -+ A G2n
=2 : :
=1 : :
Ai(Gut) An(Gn, )
Z[A«h(le lkl_zl . I:l

h=1

Another attractive generalization of equality (1.3) is the following theorem which
relates trp(A) with 1;52)(A).
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THEOREM 2.3. Let A= [A; ;] € M,,(M,,). Then

n

ra(A) = 3 4P (A). (2.4)

h=1
Proof.
tra(A) = [tr(A; ;)72
tI’(ALl) tI'(ALQ) tI'(ALm)
tI’(A271) tr(A272) tr(A27m)
(A1) (Ama) - tE{Apn)

i An(Arg) 2r_ i A(Ar2) - X An(Arm)
Yot M(Az1) ooy An(Azz) -+ Xy An(Azm)

She1 Mn(Amn) Ty An(Am2) -+ Zhey An(Amm)

M(Ar1) An(A12) - Ap(Arm)

no | Ap(A21) An(A22) -+ An(Aom)
2| DL

M(Am1) An(Am2) - A(Amm)

2 z’h l/ lj 1 — 2 A U
Interesting properties of JLIEI)(A) and 1;52)(A) are listed below.
THEOREM 2.4. If A = [Ai,j]?jjzl e M,,(M,,), then
AN @) =AM@4) and AP(AT) =22 A7) = AP (AT (2.5)

Proof. Since A" = [A;]";_, and A =[G, Kl k=1, we have

2(G]
:[)Lh[al’,i];”, l]lk 1
= Malay 7= ]ier (because A4(A) = A4(A7))
= MG} k=1
=1 (4)
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Also,
AD(AT) = (AT )y
:Mh[a%hk 1},1 1
= [ala] e ]li=y (because A(A) = Ay(AT))
= 1747
= A0

THEOREM 2.5. If A = [A; j| € M,,(M,,) is Hermitian matrix, then ?L}El)(A) and

%52) (A) are Hermitian matrices.

Proof. 1f A= [A; ;] € M,,(M,,) is Hermitian matrix, then A is Hermitian (since A
and A are unitarily similar). This implies that

Ap A o A G11 G- Gip
Al, Az - Aam |G, G G
A= . . . and A=| 7 .
AT AS L A G, G5, Gun
Then ]
M(Gr1) An(Giz) -+ An(Giy)
(G 2 A Gro) -+ A G2,n
A0(4) = ”(:‘/) ”(:/> h(: )
)Lh(Gl,n) Ah(G2,n) < M(Gny) |
and ]
M(Arn) An(Ar2) - A(Arm)
M(A12) M(A22) -+ Ap(Azm)
2;52)(14): : ’ : | ,
M(Arm) A(A2m) =+ An(Amm)

This shows that A;EI)(A) and 1152) (A) are Hermitian matrices. [J

This following lemma is essential for our next conclusions. This lemma is given
in [18].

LEMMA 2.6. Let A,B,C,D € M,,(C). Then

ILea]]- HL’% ol @
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THEOREM 2.7. Let A= [A; ;] € M,,(M,,). Then

[2(G11)| A (G12)] -+ |An(G1n)
12(G2,1)| [A(G22)| -+ |An(G2n)

12" @Il < , N
2(Ga) 1A(Gn2)] -+ |44(Gna)

In the special case where n =2, we give

IR < 5 (26101 + G2

+%\/(W(G1,1)| — (G22))* + 414 (G1.2)| |24 (Ga )

Proof. If A= [A; j] € M,,(M,), then

1A A = 1A G s

M(Gr1) An(Gr) -+ 4n(Gip)
M(Gayt) An(Ga2) -+ Ap(Gay)

2(Gnt) (G2 -+ (G

12(G1,0)| [An(Gr2)| -+ [An(Grn)l

| -
Mh( )||7Lh(G22)| (G . ,
) (by inequality (2.6)).

N

Gl (G| - 1A(Gon)

In the special case where n = 2, we give

M [)Lh (G1.1) M(Gip) }
Ay G21 1(G22)

4\[!1:52;:3! Iizﬁz;zil]H oy ety (26)

- %(Mh(Gu)l +[A(Ga2)))

+%\/(|7Lh(G171)| —(G22))> +4 1M (G12)| |A4(Gay)|. O

THEOREM 2.8. Let A= [A; ;] € M,,(M,,). Then

1A (A1) [An(A12)] - [An(Arm)]
122 < |20 (A2,1)] [An(A22)] -+ [An(Azm)]
h ~X . . .

Am)] [ (A2)] - (A
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In the special case where m =2, we give

D @1 < 5 (AaAnn)]+ an(422))

+%\/(|/1h(A1,1)\ — [2n(A22)])? + 4 (A1 2)] | An(A2,1)-

Proof. If A= [A; j] € M,,(M,), then

122 ()] = [T (A )Ty

(An(Ar)] [An(Ar2)] \
An(A2)] [ An(A22)] <+ | An(A2m)]

N

A (A 2)] - [A(Amn)]

In the special case where m = 2, we give

i@ = | e ]|

p H [MALM (A1 2)
S LA (A2 )] [An(Az2)

} H (by inequality (2.6))

([ A (A11)] + A (A222)])

N —

+%\/(|/1h(A1,1)\ — n(A22)))* +4 M (A1 )] An(A2)|. O

997

THEOREM 2.9. Let A = [A;j] € M,,(My). Then the eigenvalues of A}EI)(A) are

denoted by lj(kigl)(A)) where

(2 (A)) + \/ (rAV(A))2 — 4det(2V (A))
- 2

2V (4) . for j=12.

2.7)
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M (G11) An(Gr2)

Proof. If A= [A; j] € M,(My), then A{V(4) = [M(Gzl) G

} . The eigen-

values of this matrix are:
A (A (A)) = det(A1 -2V (A))

)L,—A(G,) —A(G,)
—aa PO @) ]

= (A =2(G1,1)) (A = (G22)) — (A(G2,1)An(G12))
=22 (A" (A))) + det(2 M (4)) = 0.
Thus

O

(A (A4)) £ 1/ (2D (4))2 — 4det (A (A))
24" (4)) = =" v 3 =

THEOREM 2.10. Let A = [A; ;] € My(M,,). Then the eigenvalues of 1}52) (A) are
denoted by lj(ligz)(A)), where

@) @ — @
2y - OO sy
Proof. Let A = [A;j] € My(M,). Then A\ () = HZ&S ;ZE? ; . The
eigenvalues of this matrix are: 7
AP (A)) = det(AT - A7 (A))
A—A(Ary) —Au(Ar)
S e ]
= (A = (A1) (A = A(A22)) — (An(A2,1)An (A1 2))
=22 = A(r(A (A))) + det(2P (4)) = 0.
Thus
e e — @
Ly = O A2 G W)y Gl

THEOREM 2.11. Let A =[A; ] € M,,(M,,) and B = [B; j] € M,,(M,,). Then

AP (ABT) = (AP (BAT))T. (2.9)
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Proof. The equality (2.9) can be reached directly by applying equality (2.5). [

Bhatia in [12] present the definition of Hadamard product of matrices, where if
A =[A;;] and B = [B; ;] are matrices of the same size, the Hadamard product of A and

B, denoted by A o B, is the matrix [A; ;B; ], A" = [A7,] and A = [A,-le]~
The author in [17], shows that if A,B € M,(C) are positive semidefinite, then

det(A 0 B) > det(A)det(B). (2.10)
DEFINITION 2.12. If A = [A; ;] € M,,(M,,), then A = [A} ]

ijlij=1"

THEOREM 2.13. Let A = [A; j] € M,,,(M,) and A = [A}]7',_,. Then

Proof. Let A= [A; ;] € M,,(M,) and A = [A} ]"_,. Then

i.jlij=1-
AL Al - Al Al AL, - AL,
2 A 2 A1 Agp o Ay, Ay Asy e A
)L]/E )(AOA):A,}E) ) ] .m o : : m
Am,l Apmp -+ Am,m Arn,l Arn,Z e A;:(n,m

ALIAT ApAl, - ALmAl,
@ | | A21421 A2245, - Avwds,
:Ah . . .
Am,lA:L] Am,2A;kn72 Am.,mA;,m
[ An(A11AT ) An(A124T,) - An(ArwAT )
Mn(A21A5 1) An(A22435,) - An(AzmA3 )

_Ah (Am,lA:n.’l) Ah (Am,2A:n.’2) e Ah (Am mA;;,m) |

[ (AT 1AL An(ATLA12) <+ An(AT,ALm)
An(A5 A2 1) An(A55A20) <+ An(A3,A2m)

L An (A 1 Am 1) A (As, 2Am2) = A(Agy yyAmm) |

AT,] AT,Z AT,m Arg A - A
A5 Asy o Asy, Ayi Agp o Ao
Do A I .

=22

Arn,l A:‘n‘Z A Am,l App o Am,m

m,m
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THEOREM 2.14. Let A = [A; ;] € M,,(M,). Then
dety (A) = o, AV (A). (2.11)

If QL}EU(A) is a positive semidefinite for all h =1,2,---,m, then

det(det;A) > det(A
h=1

Proof.
det; (A) = [det(Grx)]} k=

det(GLl) det(GLz) det(GLn)
det(GzJ) det(G272) det(sz)

det(Go 1) det(Gra) -~ det(Go)
I A(Gra) TIS  An(Gra) -+ TI An(Grp)
I An(Ga) TS An(Ga) - TI An(Ga )
A

H?:l Ah(Gn,l) Hz;l )Lh(GnQ) Hz;l A‘h(Gn,n)

12) == M(Gia) M(Gr1) M(Gra) -+ A2(Gr) An(G11)
M(Ga1) M(Gap) -+ Mi2,n) A2(Ga,1) 22(G22) -+ Aa(Gay) A )

= i ) i 0 ) . ) 00

A(Ga) 1(Goz) -+ M (Grn) ) | Aa(Gna) Aa(Ginz) -+ A2(Gin) Ton(Gnt) Aon(Grz) - An(Gin)
=204 0 AN @A) o 2V (A) 0 - 0 AL (4)
m 1
= 0h=17h§ )(A)~

Also, if A;EI)(A) is a positive semidefinite for all 2= 1,2,---,m, then
m
det(det;A) = det(of'_ 2" (4)) = [] det(2,"(4)), (by inequality (2.10)). O
1
THEOREM 2.15. Let A = [A; ;] € M,,(M,,). Then

dety (A) = of_, 17 (A). (2.12)

If kigz)(A) is a positive semidefinite for all h =1,2,---,n, then

det(detA) > H det(A,
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Proof.
dety (A) = [det(A,'J)]le:l

det(Ay) det(A;p) --- det(Ay,,)
det(AzJ) det(Azg) det(A;m)

det(Ay,1) det(A,,2) - det(Anm)

[Th— 1 An(Arn) Thh—y An(Ar2) -+ Ty An(Arm)
[Th—1 An(A21) T—y An(A22) -+ Ty An(A2m)
A

T A (At) Ty A (A - Ty A (A

ll(Al,l) ll<Al,2) ll(Al,m) }LZ(ALI) l2('41,2) }LZ(AI.m) lu(Al,l) n(Al,2) }Ln(Alm)
_ M(A21) M(Az2) - Ai(Azm) Ma(Az1) 22(A22) -+ A2(Am) M(A21) Aa(A22) -+ A(Am)
) M) - MilAma) | [ 2aldin) Aa(An2) -+ Aa(An) AalAnt) FaAn2) -+ FolAnn)

=22 0 A7) 0 2P (A) 0 - 0 AP (4)
= oj_ 12 (A),

Also, if k,gz)(A) is a positive semidefinite for all h=1,2,---,n, then
_ noo4(2) - ) . .
det(detyA) = det(of_;A,” (A)) = [ det(1,” (A)) (by inequality (2.10)). O
h=1

THEOREM 2.16. Let A = [A; ;] € M,,(M,,), S =[S; ;] € M,,(M,,) where s; ; are
invertible matrices for i,j = 1,2,--- ;m. Then

MW(SoAos” ) =27 4) =27 (5" 0A0S). (2.13)

Proof. Let A= [A; ] € M,(M,), S =[S; ;] € M,,(M,,) where S; ; are invertible
matrices for i,j =1,2,---,m. Then

Si1 812 Sim Ay Al o Al S;i S;% S[%n

2 -1 2 o1 S2p 00 S2, Axy Arp - Ay S50 8, S,
AP (S0Aoss Y= | | BB | A e Rl B

S Sm2  Smm A Am,2 < Amm shsl. S;}m

m,1 “m,2

S11ALISTT 12412577 -+ StmALmST,

1,m
e $2142,18,1 822422855 -+ SamArmSy
=N . . .

—1 —1 —1
Sm,lAm.,ISmJ Sm,ZAm,2Sm72 Sm,mAm,mSm.’m
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lh(51,1A1,1SI}) lh(51,2A1,2SI§) o 2(StmALmS L)

1,m

lh(Sz,lAz,lsi}) Ah(S2~,2A2’2S27,é) )Lh(SlmAl’“Sirln)

Afh(Sm,lAm,IS,;’ll) kh(Sm,zAmQS,;’lz) )Lh(Sm,mAm.,er;,%)

M(Arn) M(Ar2) - M(Arm
22) o An(Ag

NN

A1) () <+ Ao

(since the eigenvalues of the matrices AB and BA are the same)

_1@
=X, (A)
Moreover,
S;i S[% S[%n Arr Arg - A S1a 812 Sim
2 —1 2 Soq S0 Son Azl Azp - Ao S21 S22 0 S,
A}E )(SO OA OS) :A}E ) 2..1 2..2 2 o : ' ’ d v : : .m
SI;.II S';lz S,;Vlm A Am,2 s Amm S Sm2 - Smm

Si%Al,lsl,l SiéAIQSLZ Si,;Al,mSLm

_ 1(2) Sz_jAZ,ISZ,l S£;A2’2S2~,2 e S2_7;1A2.,mS2,m

—h
St Am1Sm1 Sy hAm2Sm2 +++ SppAmmSmm

Mn(ST1ALISLY) Aa(ST2412512) -+ M(STpALmS1m)
Afh(si}A2,1S2,l) lh(SZéAz,zsz,z) A’h(Sijy,AZ,mS2,m)

th (S;}]Am,lsm,l) th (S,;}QAmQSmQ) Tt Ah (Sr;}mAm,mSm,m)

|l Alh] o),

)Lh(A.m,l) lh(fim,z) )Lh(Amm)

9

THEOREM 2.17. Let A = [A; j] € M,,(M,). Then

2% = (7 ).
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Proof. If A= [A; | € M,,(M,). Then

AA%) =274 040 - 0A)
—_———

k -times
Aig Ap - Ay A1g A - Al
2) Arq Azp --- Ag Axq1 Azp --- Agyy
P h : : . 0 “ e 0 : . .
Am,l Am72 Am,m Am,l Am,2 to Am,m
k -times
Agl Az'z Ag’"
_ 0 Ay Agy s Ay,
= A .
A];n,l A];n,2 A];n,m
z’h(Allc,l) z’h(Alfa) o Ah(Allc,m)
B Mn(A5 ) (A5 ,) - An(AS )
A'h(Aﬁq,l) Ah(AIr(ng) A’h(Alr{n,m)
(AL Af(Ar) - Af(Arm)
| A(A2) A(A22) - Ag(Agm)
A;]f(Am.,l) z’h (Am72) )L;I,C(Am m)
M(A11) (A - An(Arm) M(A11) A(Ar2) - Au(Arm)
M(A21) Ap(A - (Ao m) M(A21) An(A22) -+ Ap(Azm)
= . 00
M(Am1) An(Am2) - An(Amm) M(Amt) An(Am2) - An(Amgm)
k -times
=12 0 7)o - 027 (4) = P (a)”. O

k -times
THEOREM 2.18. Let A= [A; ;] € Mr(M,) and kigz)(A) are positive semidefinite.
Then

An(A11) An(Ar2)
M(A12) Au(Az)

2. |A,h(A172)‘ < max{?th(A171)7lh(A272)}.

1 2|A(Ar2)| <55 ([ D,forj: 1,2and h=1,2,---,n.
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Proof. If A =[A; ;] € Mb(M,) and 1(2)( A) are positive semidefinite, then A is

Ay Ay 2} Now, )L,Ez)(A) M(Arr) An(Arp) ]

Hermitian. This impliesthat A= |
b [AMA 2(Af 5) Aa(Az2)

[M(Al,l) An(A12)

> 0. Hence, by inequality (1.1), we get
An(A12) /lh(Az,z)] y inequality (1.1), we g

[ M(ALr) An(Ar2) . _
2|14 (A12)| < s ([M(Al,z) AnlAon) | ) for j=1,2 and h=1,2,---,n. (2.14)

Also, by inequality (1.2), we give
|2,h(A172)| < max{?th(A171)7lh(A272)}. O (215)

COROLLARY 2.19. Let A =[G} ;] € Mp(M,,) and A}EU(A) are positive semidef-
inite. Then

(G 1) A(G
1. 2|M4(Gr2)| < sj (MEGE; JL:EGZ

- A(Gr2)| < max{A4(G11), A (G22)}-

H),forj:lﬂ and h=1,2,---,m

Proof. 1f A = [G,4] € Mz(M,,) and JL(I)( A) are positive semidefinite, then A is
Gi1 Gip M | A(Gr1) 2(Gr2)
Hermitian. This implies that A = [ " Gzz} Now, 4, /(A) = 2(G5) M(Gaa)
[M(Gu) An(Gr2)
n(G12) An(G2p)

] > 0. Hence, by inequality (1.1), we get

([ A(Gra) 4(Gr) P —1.2....
2|40 (G12)| < s <|:Ah(Gl,2) (Gara) | ) for j=1,2 and h=1,2,---,m. (2.16)

Also, by inequality (1.2), we get
|An(G12)| < max{An(G11), A(G22)}. O (2.17)
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