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INEQUALITIES FOR POWER SERIES OF PRODUCT OF OPERATORS IN
HILBERT SPACES WITH APPLICATIONS TO NUMERICAL RADIUS

SILVESTRU SEVER DRAGOMIR AND MUBARIZ TAPDIGOGLU GARAYEV *

(Communicated by M. Krni¢)

Abstract. Let H be a complex Hilbert space. We consider the power series with complex co-
efficients f(z) :== X3 arz* with a; € C for k € N:={0,1,...}. Suppose that this power se-
ries is convergent on the open disk D(0,R) := {z € C| z < R}. We define f, (z) := X |ax| &,
which has the same radius of convergence R. In this paper, we show among others that, if the
power series with complex coefficients f(z) := X7 ay7* is convergent on D(0,R) and A, B,
C.D € B(H) with ||AB|| <R, then the following vector inequality holds

[(D*ABS (AB)Cx.y)|
o —o o 1/2 *|1—0 2 1/2
< 1A IBI fu (1ABI) (1B [ x.x) <\\A "Dl y7y>

for a € [0,1] and x, y € H. Application for norm and numerical radius inequalities for the
composite operator D*ABf (AB)C are provided. Some examples for fundamental power series
are also given.

1. Introduction

The main aim of the work is to develop vector and numerical radius inequalities
for functions defined by power series of bounded linear operators on a complex Hilbert
space H. The study of numerical range and the inequalities for numerical radius is use-
ful in investigating many properties of linear operators and has various applications in
numerous fields of sciences such as, see [2], application in quantum information theory,
in particular, quantum error correction, additive uncertainty relations, multi-observable
quantum uncertainty relations etc... By making use of the numerical radius inequali-
ties one can also estimate the roots of polynomials using the notion of the Frobenius
companion matrix, see [3] and [5].

In the following, we recall some fundaments notions and present some facts that
will be used in this work.

The numerical radius w(T) of an operator T on H is given by

@ (T) = sup{|(Tx,x)|, |lx[| = 1} . (D
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Obviously, by (1), for any x € H one has
[(Tx,x)] < w(T) x| )

It is well known that w(-) is a norm on the Banach algebra % (H) of all bounded
linear operators 7 : H — H, i.e.,

(i) o(T)>0forany T € A (H) and o (T) =0 if and only if T = 0;
(i) o(AT)=|A|o(T) forany A€ Cand T € B (H);
(i) o(T+V)<o(T)+o(V) forany T.V € Z(H).
This norm is equivalent with the operator norm. In fact, the following more precise

result holds:
o(T)<||T|| <20(T) 3)

forany T € #A(H).

In the recent paper [2], P. Bhunia obtained the following interesting inequalities
for the numerical radius of a product of two operators in Hilbert spaces.

Let B, C € #(H), then

1
w? (BC) < 3 ||B[* + '

1 21112 12 |2
o (BC) < 5 (IBI* €I+ o (18P ICP) )

1/1
o (60 < 3 (5 |1t 10| + o (1 PicP)

and
w? (BC) < || (B + (1 = o) P 1B >

forall o €[0,1].
In particular,

1 2 2
w? (BC) < 5 ||1B°P +IcP | 11 el

For more related results for the numerical radius of a product, see for instance the
recent books [3], [9] and research papers [6] and [15]. However, Berezin transforms
have been extensively applied in the field of reproducing kernel Hilbert spaces, address-
ing various problems. In their study of the boundedness of operators on reproducing
kernel Hilbert spaces, Chalendar et al. [8] looked at more generic operators and in-
vestigated the Berezin symbols of their unitary orbits. Bhunia et al. [4] introduced a
new norm, the o -Berezin norm, for the space of all bounded linear operators defined
on a reproducing kernel Hilbert space, which extends the Berezin radius and Berezin
norm. Additionally, the Banach algebra approaches are investigated by Karaev et al.
[11]. For further information on Berezin transforms and Banach algebra structure, refer
to[1, 10, 12, 17, 18, 19].

In 1988, F. Kittaneh obtained the following generalization of Schwarz inequality
[14]:
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THEOREM 1. Assume that f and g are non-negative functions on [0,0) which
are continuous and satisfying the relation f(t)g(t) =t for all t € [0,0). Forany T €
% (H)

(Tx )| < IFATD X[ g TNyl )

forall x, ye H.

If we take f(r) =%, g(t) =1'"* with A € [0,1], then we obtain the famous
Kato’s inequality [13]

(el < ||| 171 )

forall x, y € H. The case A = 1/2 is also of interest,
()] < 172|172

forall x, ye H.

We consider the power series with complex coefficients f(z) := X7, a5 with
ar € C for k € N:={0,1,...}. Suppose that this power series is convergent on the
opendisk D(0,R) :={z € C| z < R}. If R = then D(0,R) = C. We define f,(z) :=
Yo laxl 7% which has the same radius of convergence R. Motivated by Kittaneh’s re-
sult (4), we show among others that, if the power series with complex coefficients
f(2) := X gz~ is convergenton D(0,R) and A, B, C,D € % (H) with ||AB| <R,
then the following vector inequality extending Kato’s result (5) for power series holds

(D" ABS (AB)Cx.)| ©
o —o o 1/2 x| 1—0 2 1/2
<A1 £ () 11 P xe) (1= )

for ¢ €[0,1] and x, y € H.

Moreover, motivated by Bunia’s inequalities for the numerical radius mentioned
above, we provide norm and numerical radius inequalities for the composite operator
D*ABf (AB)C under certain natural assumptions for the operators involved. Examples
for polar decomposition of an operator 7' are considered. Some particular cases for
fundamental power series f(z) = (1+2)"", |z <1 and f(z) = exp(z), with z € C,
are also given.

2. Some vector inequalities

In [14] F. Kittaneh obtained the following result of Kato’s type for powers of an
operator:

LEMMA 1. Let T be an operatorin % (H). Then for any integer n > 1,
(e P < TP (T Pxx) (TP v,y ) )

for oo €0,1] and x, y € H.
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In particular,
n 2 2n—2 *
KT, ) [~ < T 17T |, x) (I T v, 9) 8)
for x, ye H.

We have the following result for product of two operators

COROLLARY 1. Let A,B be two operators in 2 (H) . Then for any integer n > 1,
B B 1/2 B 1/2
((ABY"x,3) | < A" Al B (1BP“x.x)  (JAPY " yy) )

for oo €0,1] and x, y € H.
In particular,

{(AB)" x,y)| < [AB|" " [|A]I"/2|[B]| '/ (|B|x,x) "2 (|A* | y,y) /2 (10)

forx, ye H.
Proof. 1f we take T = AB in (7), then we get
_ 1 2(1—
(B xy) < JABIP" (JaBP*xx) (|(aB) " “yy) (D

for ¢ €[0,1] and x, y € H.
Observe that

[AB]® = (AB)" AB = B (4"A)B < B" (||A|*1) B = [A|* B’
and by taking the power o € [0, 1], we get
B < ||A|**|B**.

Also
|(AB)"|* = (AB) (AB)" = ABB*A* < ||B|* |A*|?,

which implies that
a8y < |BIP e A

Therefore
<\AB|2°‘x,x> < |IAf* <|B|2ax,x> ,XEH

and
(B vy ) < 1B (AP yy), v H.

By utilizing (11) we deduce the desired result (9). [J
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LEMMA 2. Let A, B, C, D be operators in B (H). Then for any integer n > 1,
(D" (AB)" Cx, )| (12)
B B ) 1/2 o ]2 1/2
< s e ) a1l -] )
for oo €0,1] and x, y € H.

In particular,

(D" (AB)"Cx,y)| (13)

Liianl/2 1 ml11/2 1/2 A 12 1/2 |2 1/2
<l a2 e e ) (a0l )

Proof. From (9) for Cx instead of x and Dy instead of y, we obtain
(D" (AB)"Cx, y)| (14)
B N 2, ol 1/2
<[lABI" A BI (C"|BPCrx) (D7 AT Dy.y)

forall x, ye H.
Since )
C*|B**C=|B|*C|
and 5
D* ‘A*‘2(170¢)D _ “A*|17QD’ :
hence by (14) we get (12). O

As some natural examples that are useful for applications, we can point out that, if

R NGV iPY I ,
f(/l)_n;Tx —ln )L,/IGD(O,I), (15)
_ < ( ) 2n_
g(l)—nzo )1 A cosA, A €C;
_ - ( ) 2n+1_
h(l)—’gai(zn_i_l) A sind, A € C;
< nan __ 1 .
(3)= 3, (-1)"3" = 7. A€ D(0.1);

then the corresponding functions constructed by the use of the absolute values of the
coefficients are

Z l_lwxeD(O,l); (16)

=25

=coshi, A €C;



1012 S.S. DRAGOMIR AND M. T. GARAYEV

0o 1 . '
ha(k) = 2 mlz = Slnhl, S (C,

ZA" JLED(O 1).

Other important examples of functions as power series representations with nonnegative
coefficients are:

()= %A" rec, 17

1 1+2 < 21 )
5In (1—1) Z2n—ll AeD(0,1);
o —1 _ < F(n—f—%) 2n+1 .
sin (A)_%iﬁ(Zn—l—l)n!x ., AED(0,1);
-1 o < 2n— l
tanh (A)_gzn_lx AeD(0,1)
T+l (n+B)I(Y),, _

where I" is Gamma function.
The following result provides an extension of Kato’s result (5) for functions de-
fined by power series as above:

THEOREM 2. Assume that the power series with complex coefficients f(z) :=
> oarZr is convergent on D(0,R) and A, B, C,D € % (H) with ||AB|| <R, then

|(D"ABf (AB)Cx,y)| (18)
o —o o 1/2 k| 1—o 2 1/2
<Al B fu (I4BI) 181 [ x.x) <\A D) y,y>

for oo €0,1] and x, y € H.
In particular,

[(D*ABf (AB)Cx.y)| (19)
1/2 1 p1/2 12 A 1/2 1/2 |? 172
< a1 1812 1 ) 112 ) ([ 2] )
forx, ye H.
Proof. 1f we take n =k+ 1, k € N in (12), then we get

‘ <D*AB (AB)Cx, y> ’ (20)

B ) 1/2 o ]2 1/2
< [lABI* Al 18]~ |11 C[*x.x) <||A D) y,y>
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forall x, ye H.
Further, if we multiply by |a;| >0, k € {0,1,...} and sum over k from O to m,
then we get

<D*AB (i o (AB)k> Cx, y>‘ 1)
k=0

Ea < D*AB (AB) Cx,y>
k=0

2|ak\ < D*AB(AB)* Cx y>‘

k=
1/2
X 1— ) 1/2 1— 2
<<zak|||AB>A||°‘||B “(1B1C[*x.x) <)A* “D| .y
k=0

forall x, ye H.
Since ||AB|| < R, then series Y ,ax (AB)* and Yo lak] |AB|* are convergent
and

Y. & (AB) = f(AB) and Y || [AB|" = £, (|AB])).
= k=0
By taking now the limit over m — oo in (21) we deduce the desired result (18). [J

COROLLARY 2. Assume that the power series with complex coefficients f(z) :=
S ozt is convergent on D(O,R) and A, B € % (H) with ||AB| < R, then

[(ABf (AB)x,y)| (22)
N 12/ ol 1/2
<IN 1B fu (1ABI) (B %) (A" PEy,y)
for a € [0,1] and x, y € H. In particular,

(ABf (AB)x,y)| < A" (|BII"* f. (|ABI) (|Blx,x)' 2 (JA* [y, ) * (23)

forx, ye H.
REMARK 1. If we take B = A in (22), then we get

1/2 705 1/2
(427 (a%) )| < AN Fu ([l42])) (AP x) © (Ja P 5) 24

for o € [0,1] and x, y € H. In particular,

(A2f (A%) x,y)| < IIAIlfa (]|A%]]) (JATx0) 72 (1A% |y, (25)

forx, ye H.
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Also, if we take in (22) A = B*, then we get
(18P £ (181 ) x.3)| (26)
<1817 (1817) {18Re.x) " (1BP1 vy
for o € [0,1] and x, y € H. In particular,
(182 7 (1B12) .v)| < 111 fo (181 ) <1B1x,%) /2 (1Bl )2 @7)
for x, ye H.

EXAMPLE 1. Let A, B, C, D € #(H) with ||AB|| < 1, then by taking f(z) =
(1+2)"", |z] <1 in Theorem 2 we get

‘<D*AB (1+AB)"'Cx, y>) (28)
IIAH“HBII““< o 2 1/2< a2\
<———(||B|"C x,x> ‘|A*| D‘ Y
1— [ AB|| | |

for oo € [0,1] and x, y € H. In particular,

D*AB(1+AB) ' Cx,y (29)
[{raza1an)yco)
S 1_A||A|Z’BII|| <||B|“C}2X»X>1/2<‘|A*IlO‘D’zy,y>1/2

forx, ye H.
Also, if A, B, C€ #(H) and a € [0,1], then by Theorem 2 for f (z) = exp(wz),
withw, ze C, w#0
[(D*ABexp (WAB) Cx, )| (30)

B 5 1/2 a2 1/2
<l 1 explasl) (81cP) " (a0l 1)

for ¢ € [0,1] and x, y € H. In particular,

|(D*ABexp (wAB)Cx,y)] (31)
<[]V 18I exp (|w] |AB]|)

y <‘B|1/2C‘2x,x>1/2<)|A*1/2D)2y,y>1/2

for x, ye H.
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3. Norm and numerical radius inequalities

The following vector inequality for positive operators A > 0, obtained by C. A.
McCarthy in [16] is well known,

(Ax,x)" < (APx,x), p>1

forxeH, |x[|=1.
Buzano’s inequality [7],

[(x,e) (e < 5 [l Iyl + 16 1] (32)

N =

that holds for any x, y, e € H with |le|| = 1 will also be used in the sequel.

THEOREM 3. Assume that the power series with complex coefficients f(z) :=
S ozt is convergenton D(O,R), a.€[0,1] and A, B, C,D € % (H) with |AB|| <R,
then we have the norm inequality

|D*ABf (AB)CI| < |AI* 1B fa (IABI) [ 1BIC]| 14" -*D||.  33)
We also have the numerical radius inequalities
o (D*ABf (AB)C) (34)

1B P+ ||

1—
<A1 1B £ (JABI) -

and

o (D*ABf (AB)C) (35)

V2 -
<A1 1B fu (4B

o |2 wl—a | sl—a |2 o ~|2 1/2
el H\A| DH to )\A\ D‘ 1B|“C| .

Proof. From (18) we get

|ID*ABf (AB)C||
e (D"ABf (AB)Cxy)| < AN IBII'* fa (IAB])
X[|=|Y||=
2 1/2 el 2 1/2
X sup <’\B\ac| x7x> <)|A ! aD‘ y7y>
Il=llyl=1
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1_
< A" 18] fa (JIABI))

o |2 1/2 wil—a |2 1/2
X sup <||B| C} x,x> sup ‘|A | D’ v,y
[lxlI=1 lIyl|=1

= Al 51 s (lasl) 151

= AN 181 fa (laBI) B ]| 1471

)

which gives (33).
From (18) we get for y = x that

[(D*ABf (AB)Cx,x)]

o 1-a o |2 172 wl-a n|? 1/2
< 1A 1B fa (1ABI) (| 1BICP ) ([1a%1 D) x,x

forall x e H.
By using the A-G-mean inequality, we obtain that

1/2
<|\B\aC|2x,x>l/2 <)A*1QD‘2x,x>

“ o b 1/2
D) H

1B|“C|* + ’\A*P*"‘D’z
X, X

- % [<||B|ac}2x,x>+<‘A*|laD’2x7X>} =< 5

and then by (36) we derive

o (D*ABf (AB)C)

= sup [(D*ABf(AB)Cx,x)|
[lxll=1

1—
< 1A 181" £ (14B]) p< .
2
i3l + D)

2

= |l AII“IBII'""* fu (IABI))

and the inequality (34) is proved.
From (18) for y = x and Buzano’s inequality we derive that

|(D*ABf (AB)Cx,x)[?

_ 2 il |2
<JIA P BP0 12 (Bl (|18 x.x) < A" D| >

1B1“C|*+ ’|A*\1*°‘D’2
X, X

(36)

;

(37)
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|

2 2
+’<‘|A*|1_°‘D| ||B|1/2c| x,x>H
forall xe H, ||x|| = 1.

By taking the supremum over ||x|| = 1 in (37) we get that

< [IAJP* 1B]P" ) £2 (1|ABY)
|

x —
2

= ||A** 1B~ £2 (| AB|)

1 2
x5 [H‘|B|l/2c‘ x

[181C[x]

“|A*I—OCD|2
X

+ '<|B°‘C|2x,|A*|1_°‘D‘2x>

“|A*I—OCD‘2
X

o? (D*ABf (AB)C)

= sup |(D*ABf (AB)Cx,x)|*
=1

L2 2(1-
< g AP 1B £2 (l1ABI)

< o ||

x1—o 2
|A*"""D| x

+ MA“O‘D‘2 |B°‘C|2x7x>

|

1 _ 2 el 2
< S IAIP 31 2l [ sop (1317l sup | fia'- [ x
1

[lxl=1

[lxll=

[ —

al-a n|? o ~2
+ sup ’|A | D‘ 181 C|*x,x
=1

1 _
= S IAIP* 18I 13 (lAB])
2 2
x [H|B|°‘CH2HA*|1°‘DH +a)<’A*|1°‘D‘ ||B|°‘Cl2)]7

which proves (35). U

We notice that, in the simplest case when f =1, we get the following numerical
radius inequalities for four operators

1B+ ‘\A*\“O‘D‘Z

o (D"ABC) < ||| |B|'° :

and

2

o5

o (D*ABC) < —=[|A||*[|B]|'~*
, 5 ’ 5 1/2

where A, B, C,D € #(H).
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COROLLARY 3. Assume that the power series with complex coefficients f (z) :=
Se oz’ is convergent on D(O,R) and A, B € % (H) with ||AB|| < R, then we have
the numerical radius inequalities for o € [0,1]

B B2a+ A* 2(1-o)
o (ABf (AB)) < A1 18]~ £, (|as]) | 22 a8)
and
\/_ o -«
® (ABf (AB)) < — ||A|"|IBI" fa (| ABI]) (39)
1/2
||B||2O( HA*HZ(I—OC) +o <|A*‘2(l—a) |B|2a>:| )
REMARK 2. If we take oo = 1/2 in Theorem 3, then we get
|D*ABf (AB)C| < Al |1BI/2 £, (|aBI) 1B *c]|[[1a*2D]|. 0)
We also have the numerical radius inequalities
o (D*ABf (AB)C) (41)
2 2
1/2 1/2 ’|B|1/2C‘ + "A*|1/2D‘
< A2 IBI fa (1AB])) 2
and
o (D*ABf (AB)C) (42)
V2
<5 Al 181" fa (14BI)
2 2 2 2\11/2
[l =l o (Jar2of el
Moreover, if we take D = C = in (41) and (42), then we get
B|+|A*
oaBf (48)) < A" 8] 1, sl | 5 @3)
and
® (ABf (AB)) (44)

V2 .
< 1A 1B £ (1ABI) 181 AT+ o (4% B1))"/2.

The second main result is as follows:
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THEOREM 4. Assume that the conditions of Theorem 3 are satisfied.
If ae[0,1], r>0, p, g> 1 with 11—7—1—5: 1 and pr, gr > 1, then

o (D*ABf (AB)C) (45)

_ 1 2 2qr
1 V * 1-
< AL 181" Az | 1 18P+ ) =)

If r> 1, then
o (D*ABf (AB)C) (46)
< [lAI*1BI' ™ fa (JIABI|)

L
2r

81l

r 2
A*|'%p H +wr<)|A*1—“D) ’BO‘C|2>

2

Ifr>1, p, g>1 with 11—?—1-% =1 and pr, qr > 2, then also
¥ (D*ABf (AB)C) < ||| (B~ £ (|| AB|) 47)

1 1 P | _ 2qr
{3 | 1w o)
2l q

+o (‘A*|1°‘D’2 ||B|“c]2>} } .

Proof. If we take the power 2r > 0 in (18) written for y = x then we get, by Young
and McCarthy inequalities that

[(D*ABf (AB)Cx,x)|*"

, (l-a) or 2 N asi—anl?.
<JIA P BIP ) g2 (1ABY) | 1B CPx.x) <)|A D >

2r 2r(1—
< [lA]Pe Byt (IIABII)

x :%<||B|O‘C}2x <’A “p xx>qr}

2r 2r(1—
<lA 8] (=) g2 (|1 ABY))

<[5 NPy + 2 (ar=onf ")

2 2r(1-
= AP BIP =) 2 (ABI))

[ 1 2qr
X <<—’BaC|2pr+—)A*l_aD‘ q)x,x>]
L\ \P q

for x € H with ||x]| = 1.

K
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By taking the supremum over ||x|| = 1, then we get that

* (D*ABf (AB)C)

= sup |(D*ABf (AB)Cx,x)|*"
=1

2r 2r(1— r
< [lAJPe B 27 (||ABY|)

1 | o |2
X sup [<<—||B|O‘C’2p —F—‘|A*\1 QD) >x7x>}
=1 L\ \P q

= AP P 2 sl | £ e P+ 2l )

1 1 2qr
p q

which proves (45).

By taking the power r > 1 in (37) and by using the convexity of the power func-
tion, we get

|(D*ABf (AB)Cx,x)|*"
< [JAJP BIP ) 2 (1|ABY)

o |2 s l—a 2 1 l—o 2 o |2
HHB\ C| xH ‘\A| D’ x|+ ’\A\ D‘ I1B|“C[*x,x
X
2
2 2r(1—
< AP B 27 (lAB|)

2 r - 2 r 1 2 ) r

H||B|°‘cy xH ’ |A*| O‘D‘ x +‘<)A*| O‘D‘ 1B|“C]| x,x>

2

for x € H with ||x|| = 1.

By taking the supremum over ||x|| = 1, we get that
" (D*ABf (AB)C)
2r 2r(1— r
<[l BIP ) f2r (|ABI))
l—a n||* 1—a n|? o 2
1A% DH +w’<‘|A*| D) 1| c;)

2 )

18/ c[*

which proves (46).
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Also, observe that

2 r 1 2 ar
181l HMA* _“D‘ x

<2 |imecrs|” H)A o)

qr
22

- % H||B|°‘C’2x‘ 7yl

- %<’|B|O‘C’4x,x>p2r 41 <‘|A*|1°‘D)4x>
bt
:<<%}Bac|2pr+5‘A*|l—a ) >

x|1—o 2
—[[A*]"""D| x
q

R

for x € H with ||x|| = 1. Then

s o] o] x

. ’<‘|A*|1°‘D)2 ’|B|aC’2x,x>‘r

2

17//1 1 24r
<= K <— 1Bl + = )\A*\““D‘ ! )x,x>
2 p q
wl—a 2 o ~|2 '
n ’|A | D‘ 18] Cx,x )] |,

which gives that

(D*ABf (AB) Cx,x)[ < || B>~ £2" (|AB])

1 1 s 1 _ 2qr
x{—[<<—|BaC|2p +—‘\A*|l aD’ )x,x>
2 P q

2 r
(o o))
for x € H with ||x|| = 1.

By taking the supremum over x € H with ||x|| = 1, which gives (47). O

COROLLARY 4. Assume that the power series with complex coefficients f(z)
=37 gzt is convergent on D(O,R), A, B € % (H) with ||AB|| <R and o € [0,1].
If ae[0,1], r>0, p, g> 1 with 11—7—1—5: 1 and pr, gr > 1, then

1
ABFAB) < AN IBI= . (Il L oapr IA* 2(1-a)gr|| ? 4
o (ABf (AB)) < [|A[|”|IB|"~" fa (IIAB]]) ;|B| +5| \ (48)
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If r> 1, then

@ (ABf (AB)) <[|A]|“||BII'~" fa (|AB]) (49)

=
Y

HBHZO(V ||A||2(1706)r+ " <|A*‘2(170() |B|206>
2

X

Ifr>1, p, g>1with 1 +——1andpr qr =2, then also

2" (ABf (AB)) < ||| |IB| X"~ s2" (|AB])) (50)

1 1 1
« {_|:H_BZOCpr+_A*2(IO¢)qr
200p q

o <‘A*|2(17a) BZa>:| }

As above, if we take f =1 then we get several numerical radius inequalities for
the product of four and two operators, respectively.

REMARK 3. If we take oo = 1/2 in Corollary 4, then we get

1
1 PR B (-4
o (ABf (AB)) < /||A|l||B|lf. (||AB|)) H;|B|1’ +5|A |7 (51)

for r >0, p, g>1 with I%—i-é:l and pr, gr > 1.
If r > 1, then

1
B||"||A||"+ »" (|A*| |B|)\ ¥

Ifr>1, p, g>1 with 1 —|——:1 and pr, qr > 2, then also
o (ABf (AB)) < |A|"|BI" 2" (| AB)) (53)

L[]|1 1
x <= ||[=|B|"" + = |A¥|*" +w’(A*|B|)”.
{Z[HP | q‘ |

THEOREM 5. With the assumptions of Theorem 3, we have for r > 1, A € [0,1]
that

We also have:

o (D*ABf (AB)C) (54)
o l-a o A el—a 1A
< 1Al 1B fa (1A 1B c|* 1471 D)

L
2r

(1=2)|IBl*C|” + 4 ‘\A*|1_°‘D’2r
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forall a €[0,1].
Moreover, we have

o (D"ABf (AB)C) < ||A[||IB|'~* f. (|AB]) (53)

(1—QL)}\B|°‘C|2r+7t‘|A*\l’°‘D’2r i

1
o 2 B wil—o 2r|| 2r
< ||A][B|I*C|™ +(1—=A)||A* "D

forall a €[0,1] and r > 1.

Proof. From (36) we get
|(D*ABf (AB) Cx.x)

2
< AP I gl 1oy - )
B b 1-14
= AP 1B 2 (aB)) (|18 P xx)” ([1B1CP x,x)

)
><<‘|A*|1_°‘D’2x,x>l<‘|A*l “p x,x>1 '
)

1-2 2 A
— AP B £2 (|lAB|) <}|B| c} XX <‘|A*|1QD’ x7x>

et et <of )

< [lAIP(IB)P M) £2 (||ABI)

X {(I_M}B|ac}2x”‘>”<’A*|‘“D\zx,xﬂ
(mecaa)’ (Jr-eofss)

forall xe H, ||x]| = 1.
If we take the power r > 1, then we get by the convexity of power r that

[(D*ABf (AB)Cx,x)|*" (56)
< JJAJPe BIP ) 2 (1|ABY|)

ey o]
) <||B|OCC}ZX”“>rA <‘|A*|1—aD’2x,X>r(l/l)
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2r 2r(1— r
< AP (|BIP ) 27 (||AB|)

) [(l_M<“B|ac’2x”‘>r”<\lA*1“Dlzx,xﬂ
. <||B|acl2x’x>m <‘|A*|1—aD)2x,x>’<1_x>

forall xe H, ||x]| = 1.
If we use McCarthy inequality for power r > 1, then we get

(1 —7L)<||B|aC|2x,x>r—|—7L <‘|A*|1_°‘D)2x,x>r
<=2 (|IBI“ " x.x) + A <‘|A*|1_°‘D’2rx,x>
- < {(1 —A)[1BI% T+ A ‘|A*1°‘D’2r} x,x>

and by (56) we get

[(D*ABf (AB) Cx,x)|*"
< JlAJF (B> =) f27 (||AB))

X <[(1 — W) [IBI% "+ A ‘|A*|1_°‘D’2r] x,x>

X <| ‘B‘ac|2x’x>r/l <)|A*1°‘D‘2x,x>r(l_k)

forall xe H, ||x|| = 1.
If we take the supremum over ||x|| = 1, then we get

o (D*ABf (AB)C) < [|A|>||BI""~*) £2r (|AB))

X

(1= 2)||B*C[" + A 'A*l_“D‘er

2r(1-2)

)

<[>

"A*|1—OCD

which gives (54).
We also have

(D*ABf (AB) Cx,x) | < A [ B~ £27 (| AB])
2r
><<[(1—?L)||B|O‘C’2r+?L)A*1O‘D‘ ]x,x>
o 2 sl—a n|?
><<[7L||B| C| +(1_;L))\A\ D‘ ]x,x>

forall x € H, ||x|| =1, which gives (55). O
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COROLLARY 5. Assume that the power series with complex coefficients f (z) :=
Se o’ is convergent on D(O,R), A, B € % (H) with |AB|| <R and a € [0,1].
Then we have for r > 1, A € [0,1] that

o (ABf (AB)) < [|A[|* 1= 0A B ook g (1B (57)

||t =ayimper 2P|

forall a €[0,1].
Also, we have

@ (ABf (AB)) < ||| |BII'~* fu (|| ABI|) (58)

« H(l —A,) |B|2ar+l ‘A*|2(170¢)r 2

> HA« |B|2ar+(1 _2’) ‘A*|2(1706)r 2

REMARK 4. If we take oo = 1/2 in Corollary 5, then we get for r > 1 that

o (ABS (AB)) < A" |B]'Y" £ (JABI) [ (1~ A) B + 24|17 (59)

forall 2 €10,1].
Also, we have

o (ABf (AB)) < V/[|A|[|B]| fa (||ABI]) (60)
L r x| L
) |I(L=2) B+ A A" ][> A [B]" + (1 = A) |A™["]| >

forall 2 €10,1].
From (59) we get for A = 1/2 that

(61)

B A*
o (ABf (AB)) < |Al1} B £ (1ABI) HM

By taking f =1, f(z) = (1£2)"", |z] <1 or f(z) =exp(wz), with w, z€ C,
w #£ 0 in the numerical radius inequalities obtained above, one can obtain several results
concerning these fundamental functions.

4. Some examples for polar decomposition

Let T € #(H) where T = U |T| is the polar decomposition of T and U is the
partial isometry. By taking A = U |T|'™" and B = |T|", see also [2], we have that

1—
AB=T, Al =T, [IBI=T]", [B|*=[T|*

and
|A*‘la |T|1061t)
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forr €10,1].
Now, if we use the inequality (18) for the above choice of A and B, then we get
(DT (T)Cx,y)| < ||T)|*CH09 f (i) (62)

« <||T|wc|2X,x>l/2<)T*(la)(lt)D‘zy’y>l/2

for a, t €[0,1] and x, y € H.
The case t = 1/2 gives

5 1/2 5\ 12
o mesa) <11 L AT (i) (120 sy)

which for o« = 1/2 provides

5\ 12 s 12
o1 mes) < I ATt ef sy (|1 ] )

where x, yc H..
From the inequalities (34) and (35) we derive

o (D*Tf(T)C) (63)

HT‘O“C|2—|— )|T*|(170¢)(171)D 2

<t £ (i) 5

and
o (D*Tf(T)C)

2 (i
<§HT||““ D ()
ot ~||4 (1—a)(1-1) 4 (1—a)(1-1) 2 ot ~|2 1/2
x DHT cl*{jir D +a)<‘|T*| p| |IT“c| )] . (64)

for a, t €[0,1]
From Theorem 4, if o,z € [0,1], r >0, p, ¢ > 1 with ll—)—i—tll =1and pr, gr > 1,
then

o (D*Tf(T)C) (65)

1
2r

- - 1 r 1 wi(1— _ 2qr
< ||T||OC(1 1)+1(1 a)fa(||T)Hl_)||T|OCtC|2P +5"T |(1 o)(1 I)D‘
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If > 1, then

=
Y

2r 2
H|T|wCH2r |T*‘(l—a)(l—t)DH +mr<’|T*(l—a)(l—t)D’ }|T|“’C}2>
2
(66)
If r>1, p, g>1 with %+5=1 and pr, gr > 2, then also
o™ (DT f (T)C) < ||T|P1e =0+ 0=l g (7)) (67)
2qr
» {1 [Hl ||T|atc}2pr+l‘|T*|(1—a)(1—t)D’ q
2 lp q
2
+wr <’|T*(la)(ll)D’ “T|OUC}2):| } )
From Theorem 5 we obtain
o (D*Tf(T)C) (68)
B B 2 1 (1 —00) (1 1-2
S A Y el [T i
20| %
x (1—JL)}|B|°‘C}2r+l‘\T*|(1_°‘)(1_”D
forall o, A, € [0,1]. Moreover, we have
o (D'Tf(T)C) < || T||* =04 g (|7) (69)

L
2r|| 2r

« (1—l)||T‘a1C|2r+l’|T*‘(l_a)(l_t)D

L
2r|| 2r

X

A ||T|atc}2r+ (1 —A,) ’|T*‘(lfa)(17t)D

forall a,z €[0,1] and r > 1.
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