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ON THE CONVERGENCE PROPERTIES OF DURRMEYER TYPE
EXPONENTIAL SAMPLING SERIES IN (MELLIN) ORLICZ SPACES

QING-Bo CAr*, ESMA KANGAL AND ULKU DINLEMEZ KANTAR

(Communicated by I. Rasa)

Abstract. In this study, by using the concept of modular convergence with the help of a suit-
able modular functional we obtain main theorem for the (Mellin) Orlicz spaces X(? = Lﬂ (RT)
whose functions don’t have to be bounded or continuous. Then we customize our theorems for
Ll (R)-space and LZ""/3 (RT) using these results. Finally, examples with graphical representa-
tions are given for some Durrmeyer type exponential sampling series with special kernels.

1. Introduction

How to reconstruct a function from another type of function, that is, how to find
a useful function that approximates this function, is an important research topic. We
can state that the first main result in this context is the Weierstrass approximation the-
orem, which has inspired studies that constitute the scope of the approximation theory.
The Weierstrass approximation theory states that, for every continuous function on a
compact interval, there is a polynomial approaching it (see [33]). Bernstein proved it
algebraically in [14] by using the following polynomials sequence:

(Buf)(x) = ki) (Z)xk(l —x) Ry (%) (xe[0,1], neN)

where f is a continuous function on [0,1]. Later, in order to get approximations for
discontinuous functions (countable discontinuous), by replacing the values f (%) with

k1
Steklov mean values (n+1) """ f(u)du, the Kantorovich series in [24] are established
as follows: ’
2 (n =
)0 =+ )3 (1A= [
k=0 )

Mathematics subject classification (2020): 41A25, 41A05, 41A58.

Keywords and phrases: Durrmeyer-type exponential sampling series, Orlicz spaces, modular conver-
gence, Mellin band-limited function, kernel function.

* Corresponding author.

© deav., Zagreb 1135

Paper JMI-18-63


http://dx.doi.org/10.7153/jmi-2024-18-63

1136 Q.-B. CAI E. KANGAL AND U. D. KANTAR

In 1967, Bernstein polynomials were modified by Durrmeyer to approximate Lebesgue
integrable functions on [0, 1]. The Berstein-Durrmeyer Operators in [22] were defined
as follows

—nz ( ) x) ’<>/01 (Z)tk(l—t)("_k)f(t)dt (xe[0,1)).

After all, when the interest was focused on functions defined on the whole real axis, the
theory of sampling series offered useful and practical solutions. Initially, the sampling
formula was given in [27], [31] and [34] independently of each other, but this formula
worked for only Fourier band limited functions. To avoid this restriction, [16] has
showed that a function f that does not have to be band-limited can be reconstructed
with the convolution series defined by

(S?£)(x Zf o(wx—k), w>0

keZ

where ¢ has some certain assumptions. It is called a generalization of the sampling
series. Here, we see that the sampling values are equally spaced. This operator is so
functional because it is the starting point of many studies (see [1], [4], [17], [19], [25],
[26]). Also, inspired by the sampling formula and Mellin analysis, the exponential
sampling formula, where sampling values were exponentially spaced, was introduced
in [15], [23], and [30], also proved in [18] for investigation of concepts such as light
scattering, Fraunhofer diffraction, and radio astronomy. It is remarked that the exponen-
tial sampling formula can be considered as the Mellin version of the classical sampling
formula. Although such a connection is established between them, the exponential
sampling formula is used for Mellin band-limited functions whose set is disjoint from
the set of Fourier band-limited functions, when trivial functions are excluded. This dis-
tinction proved in [8] shows us the importance of studying the exponential sampling
theory. In the next stage, to overcome the disadvantage of being band-limited in terms
of Mellin setting on condition that the kernel function has some certain assumptions,
the generalized exponential sampling series were defined in [9] as follows:

(E f)(x Zfew ), w>0,xeRT (D)
kEZL

for any function f:RT — R where the series ECE f are convergent for each x. Some re-
searchers have studied these operators (see [7], [11]). We always can not have the exact
sample values at the nodes e . To handle this problem, the so-called Kantorovich-type
exponential sampling series was constructed in [28] as follows:

kel

=3 o(e / " f(e")du ®)

keZ

by replacing the value f (e%) with the mean value of f(e*) in the interval [i KLl for

ke Z, w> 0. Recently, several modifications of it were studied in [2], [3], [5], [6],
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and [32]. Durrmeyer type exponential sampling series were presented in [10] in the
following form

O = X ol [Cwle e @, wso o)
kEZ 0 u

It is important that the generalized exponential sampling series in (1) and Kantorovich-
type exponential sampling series in (2) are included by the Durrmeyer-type exponential
sampling series in (3).

This study aims to show that the Durrmeyer-type exponential sampling series of-
fers us approximations for functions on R™ which are not only continuous or uniformly
continuous, but also discontinuous such as elements of (Mellin) Orlicz spaces.

2. Preliminaries and notations

In our considerations, %, (R™) denotes the space of log-uniformly continuous and
bounded functions f: Rt — R and L~(R™) represents the space of all essentially
bounded functions f : Rt — R equipped with the usual norm |[|f||. The symbol
flr+ : RT — R denotes the restriction of a function f : R — R. The symbols N, Ny,
Z, Rt and Rg denote the set of positive natural numbers, the set of non-negative
natural numbers, the set of integers, the set of positive real numbers and the set of
non-negative real numbers respectively.

A version of the Haar measure is defined as follows:
dt
)= [ —

Al

for any measurable set A C R™, and it is also used in the construction of exponential
Durrmeyer sampling series. We denote the space of all measurable functions over R™
with respect to the Haar measure by M(R*, ut).

Let ¢ : ]R(J{ — ]R(J)r be a convex ¢ — function, which means that the function ¢ has
the following assumptions:

(i) ¢ is convexin R],
(ii) ¢(0) =0and ¢(u) > 0 forall u > 0.

Let n be a convex ¢—function. Now, by using Haar measure, we define the
following functional which is so important for us because we use it in our theorems:

M= [ClwDs, seME ).

From [13] and [29], I" is a convex modular functional on M(R™, ).
Now we introduce Mellin-Orlicz space defined as follows:
X7 ={f:R" = R: f()() € Ly(R™)}

where
LIRY) ={feM®R",u): 3A>0: I"[Af] < +oo}
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is the Orlicz space with respect to the (invariant) Haar measure p. If we consider
N(u) = uP (1< p < o), the Mellin-Orlicz space X turns into the Mellin-Lebesgue
space X' ={f:RT = R: f(-)(-) € Ly(RT)} where L{;(R") is the Lebesgue space
with respect to invariant measure [l .

In our study, we focus on the Mellin-Orlicz space X for ¢ =0. Frankly, the
Mellin-Orlicz space X, is the Orlicz space Lj}(R"). Therefore, our theorems are
related to the Orlicz space L} (R ™) and from now on we use only the symbol L;} (R*)
instead of X(? . We also want to give

EJRY) ={feMR",u): I"Af] < +oo, YA > 0}

as a vector subspace consisting of all finite elements of the Orlicz space Lﬂ (RT).

For f € Lﬂ (R), we will use a notion which is called modular convergence. We
can explain it in this way: for some A > 0, if

lim I"[A(f;, — /)] =0,

W—ro0

a net of functions (f,),~0 C Ll (R™) is modularly convergentto f.
Let’s recall Luxemburg norm given by

£l == inf{A>0:1"[f/A] <1}

for f € L}(RT). We denote the Luxemburg norm of a function f € L§ (R*) by || || p.u-
Indeed, we have the following equality

a\ b
= [ %)

for f € Lﬁ (RT). Here, for the ¢ -function 17, we mention an essential property called
the A;-condition. To be more precise, we state that 1 satisfies the (A;)-condition if
there exists a constant M > 0 such that

n(2u) < Mn(w) (Yu>0).

This condition helps us to get the relationship between norm (Luxemburg norm) con-
vergence and modular convergence. To explain this relation, let’s remind norm conver-
gence in L} (R):

if || fiv — flln — O when w — +-eo, then f,, — f.

Now we can state that the (Ap)-condition is necessary and sufficient in order that
norm convergence and modular convergence are equivalent in Lﬂ (R*). Moreover,
L} (RT) = E](RT) when (A;)-condition holds. For details on this subject, see, e.g.,
[13,29].
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3. Exponential sampling Durrmeyer operator

In this section, we remind the Durrmeyer-type exponential sampling series defined
in [10]. In this reference, point-wise and uniform convergence properties were investi-
gated, and an asymptotic formula of Voronovskaja type was given for these series. In
addition, by using the usual modulus of continuity for uniformly continuous functions,
some results were obtained.

Below, the functions having some features and used in the construction of the
exponential sampling Durrmeyer operator will be introduced.

Let ¢ : R™ — R be a continuous function such that the following assumptions are
satisfied
(¢.1)for Vu c RT,

> ole ™ u) =

keZ

(¢.2)
):=sup Y |¢

ueR" ez

)| < oo

(¢.3) for some r € N,

lim ) ‘¢(e_ku))|k—logu|’:
Y_wo|kflogu\>y

uniformly with respect to u € RT;
we suppose that @ denotes the class of all functions ¢ satisfying the above assump-
tions.

Let v : RT — R be a function satisfying the following conditions:

(y.1)
~ du
| v =1,

(v.2) )
Bo(y) = [ 1yl)| S <+

Now, let’s denote the space of all y functions satisfying the above conditions by
Y.

Let v € Ny, for ¢ € ® and y € ¥ discrete and continuous algebraic moments of
order v are defined as follows:

m, =Y ¢(e Fu)log’ (e ut) = ¢(e*u)(k—logu)’, u e R*
kez kez

i [ oS

and
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The absolute moment of order v of ¢ € @ is defined as follows:

My(9,0) 1= 3, |6(e ™ u)|[Tog" (b )| = X [o(e )| (K~ Togu)
keZ keZ
and
My(9):= sup ¥ [o(e™*u)| [k~ logul".
ueR" kez

In addition to that, the absolute moment of order v of y € ¥ is in the following form:

W)= [ )] 1oglu) .

Let 9 € ® and y € ¥. In [10], for any w > 0 and f: R"™ — R, exponential
sampling Durrmeyer series are defined by

DY) = 3 ol w [Ty, vert

keZ

for any function f € dom(D?L””) . This domain consists of all functions f for which the
series are absolutely convergent at each x.

REMARK 3.1. [10] Note that, for ¢ € @, if vi,v, € N with vi <vy, then M,,(¢)
< oo implies M,, (¢) < eo. This argument is valid for the absolute moments of y € ¥,

i.e. when vy < vy, if M,,(y) < o, then M,, (y) < oo.
REMARK 3.2. From Remark 3.1 and the condition (¢ .3),

lim Y ‘q)(e_ku)’:O.

e |k—logu|>y

REMARK 3.3. [10] Using the conditions of the classes @ and ¥, the operators
DYV are well defined for any f € L~ (RT). Indeed,

(DY ) (x)] < Mo(9)Mo(w)|f o, x ERT.

4. Convergence theorems

From now on, let kernels ¢ € @ and y € ¥ for all remaining sections. In [10],
the pointwise and uniform convergence theorem for the Durrmeyer type exponential
sampling series (Da’w)w>o was obtained.

THEOREM 4.1. [10] Let f € L™(R"). We get
im (DY )(x) = /()
at any continuity point x of f. Moreover, for f € €,(R") we have
Jim [DEYF = £l =0.
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For the remaining parts, let i be a convex ¢—function. We will yield a mod-
ular convergence theorem in Lﬂ (R™) by using a modular continuity property for the

Durrmeyer type exponential sampling series (D9 ).

THEOREM 4.2. Let ¢ and v be kernels with My(¢) < +oo and Mo(y) < +oo,
also let f € L} (R") be fixed. Then there exists A >0 such that

Mo (y)Mo(9)
Mo(9)Mo(v)

Especially, D%V is well-defined and D?ﬁ,’w(f) is an element of Lﬂ (RT) for every w >
0.

I"ADGY f] < I"[AMo(9)Mo () f], w > 0.

Proof. The assumption that f € Lﬂ (R*) implies that there exists A > 0 such that
IM[Af] < 4oo. If A > 0 is chosen to be such that

AMo(9)Mo(y) < A,

we get I [AMo(9)Mo(y) f] < +oo.

We employ Jensen’s inequality in our proofs; for further intriguing details on this,
see [20]. Now, by taking advantage of the convexity of 1, triangle inequality, Jensen
inequality, and the change of variable e *u" =t respectively, we get

IMA(DLY £)]

s/own<AkeZZ|¢(ekxw>|[W/owW S|t %)%

<@ h Lezzme ) n (Mmoo /Ow}w<ekuW>||f<u>}d7“)]§

1 ~ —k w « 1 dt dx
st | Zlet i (o [ vl )
l
~ Mo(9
WO byde) | &
Lezzwe X" |71<AM0(¢) o) [ g @OIT )|
R 1
Mo(¢
lZW’e ) w [ Jwle )| m (AMo(0)81 <w>|f<u>|>"’ﬂ%
keZ
_ 1
~ Mo(0)o(v)
du

< T ot S [ lwte ] n (m(@po(w ) 5
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finally, if we apply the Fubini-Tonelli theorem to the inequality above. After this, by
the change of variable e Fx = v, we deduce

PIADSY )

~ s 00N [ S et (avolonsit| ] 2
— SOV [ (At ) 0 2
=£$¢$QWW%WWwM<+w

Theorem 4.2 is proved. [

Due to the previous theorem, we can obtain that the operators fo,’w are well-
defined mappings from L;}(R") to itself. Furthermore, we assert that DY is mod-
ularly continuous. Firstly, we explain this notion: for any sequence (f) C L} (R")
which is modularly convergent to f € Ll (R*"), if 1" ADYYF=DYY )] — 0 (k—
+e0) for some A > 0, D?L’W is modularly continuous. Let’s show~ the validity of
our claim; for a modularly convergent sequence (f), there exists A > 0 such that
I"[A(f — fi)] — 0, as k — oo. Now let’s choose A > 0 such that AMy(¢)Mo(y) < A,
then we get

IMA(DSY S = DY fie)) = I"ADSY (f = fi)

D?LW is modularly continuous because the right part of inequality in (4) goes to 0 when
k — oo,

After all these explanations, we give the main theorem of this section in the fol-
lowing theorem.

THEOREM 4.3. Let ¢ and y be kernels with My(¢) < +oo and My(y) < +oo,
also let f € L} (R") be fixed. Then there exists A >0 such that

lim I"[A (DY f — f)] = 0.

W—ro0

Proof. First of all, since f € Lﬂ (R™) there exists Ay, A >0 such that I [A f] <
oo, and

IS (f() = F(-17))] = 0, a5 w — oo,



DURRMEYER TYPE EXPONENTIAL SAMPLING SERIES 1143

i.e., for every fixed € there exists 6 > 0 such that
* 1.\ dx
| el =ty S < 5)

for every 1 € R* such that |logz| < wé. This explanation is concluded from p. 178
and Example 1 in [12] and also from Theorem 2.4 in [13].
Now, we choose A > 0 such that

. { Ay Ay }
A < min = , =
4Mo(9)Mo(w) 2Mo(9)Mo(y)
Applying the properties of the convex modular functional I" (in fact, the properties

of convex ¢ -function 1) and the Fubini-Tonelli theorem, we obtain the following in-
equality.

N B RN CAT R
_[7 ¢V/ e kx e fu” uxeiwk d_u
I

Y ol /we u)f(uxew)d—:—ﬂx)‘)%

keZ

1 00
< =
\2{/0 n(ZA
+/mn<2A
0

1
= —{J1+}.
2{1+2}

(D2V £)(x Eq)e X" /l//e ") f(uxe ™ ) —

keZ

2¢(€7kx / y(e uxe‘v)%—f(x)D%}

keZ

At first, we examine J;. Applying Jensen inequality twice similarly to the proof
of Theorem 4.2 and change of variable e *x" =, we obtain

du \ dx
‘J1|</0 (21\2(1’@ x" |W/ (e u” \)f uxew);u>x

keZ
< i@ o S
Ry et
/Oke%kpe x"
[/ e “>‘"(2AM0 () [100) e ) ) 4|
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Now, using 6 given in (5), we can rewrite the above integral as follows

il < % {/Ilogt<w5+/llogtl>w5} o)l
<[ namionnin o) 5]

=:Ji1+ i

Now, let’s use the inequality in (5), we have

Mo(v)
Mo(¢)Mo(w)

<[ o] [ n Aoty st s

Vi1l =

<
=
—_
\8
=
/N
>
8]
-
~—
=
|
~
~—~
=
S
= |-
S~—

Mo(¢)Mo(yr) Jjtogr|<ws
< Mo(w)Mo(9) e< Mo(y)Mo(9)

S

Mo(0)Mo(y) © ~ Mo(9)Mo(y) ©

for every w > 0.
From the convexity of 1, we obtain
Mo(y) / 1 [/‘” du
Jip| € ——="— t)|= 4AM, —
12 < 0] Jhowions 017 L) 1 (4AMO(0)0(w) L))

1

+ [ (4nmo(0)0 () |t

) du dt
ult”
In order to get a result for Jj 5, we must note that

du

1

| (4mo(@)0(v) |
for every t € RT and w > 0. Moreover, there exists Wy > 0 such that

dt
t)— <&
/|logt|>w5‘¢( ) 1

for every w > Wy because of the assumption that M(¢) < co. Using these explanations
and Fubini Tonelli theorem, for every w > wy we get

u

)5 = [ (anmotonmiot) 1)

2 s %/Mgwwé |¢(t>|?/ow (4AMO( ) o(y) |f (u )‘) du
__Moy) dt . __Moly)
< 101 s 0T < St M
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We continue for J,, using the change of variable e *u" =, applying Jensen
inequality twice and the Fubini-Tonelli theorem, we have

12:/0 <2Ake%¢e x" / wle ™ u") | fluxe™ ) — }d;
/Omn <2A > ¢(e*kxw)/0w w(r) {f(xﬁ)_f(x)} ) %
</0 <2Ak§‘Z (e *x" / lw(t) |’f ML_ ‘?)%

keZ
)| (2amt0) [ w1t - 10| 5 )

X

dr
t

Mol((P /0 keZ
- Otw / [/ |w<r>|n(2AM0<¢>Mo<w>\f<xt%>—f<x> )

[/ <2AM0(¢)M0(W)‘f(xt%)_f(x) %)] at

Then using again 6 in (5), we can convert above integral to the following form:

1
? My(y) { [logt|<ws  J|logt|>wd vl

x [/Own <2AM0(¢)A7I0(V/) Flaw) — f(x) @)] ?

X
=Jr1+ .

d

x

d
1

Again using the inequality in (5), we obtain

Ja1= m/,mg,gwé [y ()] [/:n <2AM0(¢)M0(1,,) ’f(xﬁ) ) %)] ?
) MOEW) /\logr\@é v [/omn <A2 ‘f(xf@ —f(x) %)] % <e

for every w > 0.
Thanks to the convexity of 1, we get

| 22| Motllf) /\logt\>w6 |W(t)|l |:/oo <4AMO ’f tw
+ [Tn @amtonw i) %]

t

NS

X

1 - dt
N MO(W) /\logt\>w5 |W(Z)| [/() n (4AMO( ) ( )|f( )|) ] t

By the property (y.2), i.e My(y) < o, so there exists w5 > 0 such that

[ o <e
[logt|>wd v t



1146 Q.-B. CAI, E. KANGAL AND U. D. KANTAR

for every w > wy and similarly to before, we have

€
Mo(y)

1 dt
192 < ) Sronrng WO G TN < s

Mo(y)

for every w > wy.
Eventually, let w := max {wy,w;} and

1 {MO(W)AZI (¢) Mo(y)

_ 0
2 | Mo(¢)Mo(y) ~ Mo(9)Mo(w)

— IMALf]+1+ I”[Alﬂ},

1
Mo(l!/)
SO We can write

IM[ADYY f - f)] < Ce,
forevery w >2w. [

In the last part of this section, we will obtain convergence results for some special
cases of Orlicz spaces. Firstly, we examine the situation where ¢ -function 1 (u) = u”
(1 < p < o). Due to the fact that 1 (u) = u” satisfies A, -condition, we get L} (R*) =
E](RT = L (RT) endowed with the Luxemburg norm || f|| .. As mentioned before,
modular convergence is equivalent to norm convergence. By making inferences from
previous theorems, we yield the following corollaries.

COROLLARY 4.4. If ¢ and y are kernels with the assumptions My(¢) < 4o
and Mo(y) < oo, then we obtain

1ol Pl p=t
IDGY Fllpu < Mo(w) 7 Mo(9) P Mo(9) 7 Mo(w) 7 || f]lpu (w>0)
for every f € Ly(R") (1 < p <eo). We conclude that DoV LE(RY) — L (RT) is
well-defined.

Proof. Let n(u) =uP, so the convex ¢ -function 7 satisfies A, -condition. There-
fore, when we consider a function f € Lj(R*), [57|Af(x)|PL < o forall A > 0. So,
when we choose A = 1, it is satisfied that [ |f(x)[P % < co, i.e. ||f||hy < co. Using
Theorem 4.2, we get

[IDE:Y Fllpu)” = 17DSY f]
MO(W)MO(¢) n Y
< Mio(d))Mo(l//)I [Mo(9)Mo(y)f]
= Mo(y)Mo(9)Mo ()"~ Mo(w)? | fII5 ..
By this result, we conclude that

1 - 1 p— p—1
DY fll pu < Mo(w)? Mo(0)7Mo(¢) 7 pMo(w) 7 | fllp- O

Additionally, we directly reach the following consequence.
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COROLLARY 4.5. Let ¢ and y be kernels with My(¢) < +oo and My(y) < +oo.
We obtain

im [IDGYF~ fllpu =0
forevery f € Ly(RT) (1< p<eo).
Secondly, let us consider the function 1, g (1) = u®(log(e+ u)P,u=0fora>1

and 8 > 0 which satisfies the A -property. The Orlicz spaces corresponding to 14 g
comprise measurable functions f € M(R™*, 1) where

PasAf) = [ A%/00] Gogle+ Al ()" T <t

for JA. We denote it by LZ“‘B (R*). If we apply Theorem 4.2 for this space when
o =B =1, we deduce the following corollary.

COROLLARY 4.6. Let ¢ and y be kernels such that My(y) < o> and My(¢).
Forevery f € LZ“ (RT), we have

/om |D$"”f(x)’ log (e+A|D¢ v E( )’) cix

< Mo(y)o(0) 11| Tog (e + AM ()10 () 1))

for A>0. Moreover, DY is a well-defined operator from LZ“ (RT) 10 LZ“ (RT).

Proof.
/A}D¢‘Vf}loge+A|D¢Wf )})ix
= I [AD)V f]
%IWII[AMO((P)M (w)f]

= AMo(w)H1o(0) [ 7] 1og (e + AMo(0) o ()] (w)]) %"

o
If we eliminate A’s, the desired result is obtained. [l

As 11,1 has the A;-property, modular convergence and norm convergence are
equivalent in LZ“ (R™). Thanks to this equivalence, we have the following corollary.

COROLLARY 4.7. Let ¢ and y be kernels such that My(y) < oo and My(¢). We
have

lim [IDEY'f £l =0

for Vf € L' (RT).
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5. Examples

In this section, we will show our theory is valid for some examples. Therefore,
firstly, we want to introduce Mellin splines which are analogues of the classical central
B-splines in the Mellin setting. The Mellin B-splines of order n are defined as

é ()( +logx— ])"717

where r. denotes the positive part of the number r € R, i.e. ry := max{r,0}. Since
B, (x) has compact supports [¢~2,e?], the functions B, (x) are bounded on R* and the
moment condition M, (¢) < e is held for all v > 0. If we reduce (or simplify) B, (x)
for n =2, we get

By (x

I—logx, l1<x<e
By(x):=(1—|logx|)+ =< 1+logx, e '<x<l1
0, otherwise

which is the second order of Mellin spline whose graphic is given in Figure 1.

Figure 1: The graphic of By(x).

If we put ¢(x) = Bz(x) and y(t) = y[1 ¢(t), so the Durrmeyer-type exponential
sampling series turn into

d
(DBZX” ) 2326 x" /%[u]e u") f(u) Mu

keZ
(k+1)/w du
=Y By(e *x"
Sae e, o
= 3 Bale e [ = KENW,  GERY)
keZ

which is in the form of a Kantorovich-type exponential sampling series.
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We recall the Orlicz space L(R) studied in [21]. If there exists JA such that
JrN(Alf(x)])dx < o= for a function f, then f & L"(R). On one hand, it is trivially
non sense to investigate whether the space L"(R) is equal to the space L} (R") as
the domains of their functions are different. On the other hand, we may think of the
question of whether there is any function f such that f ¢ L"(R) but f|g+ € L} (R").
The answer to this question is so important, because if we can answer it positively,
although we can not find a series approximating a function f € LT(R), the Durrmeyer-
type exponential sampling series can be used to approximate this function f on the
positive part of its domain. Now, in this sense let’s examine the following function
defined by

1
e el 6
f@) {0 xER—[1,00) ©

Let us consider 1 () = u® as a convex ¢ -function. Because there does not exist any
A >0 such that [ i (A]f(x)]) dx <o, f ¢ LM (R). However, let’s denote f|g+ by
g, since there exists dA such that

Lom@l@h < <o

we have f|g+ € L]l (R"). Here, we give the plot of g(x) as follows:
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021

0.1f

Figure 2: The graphic of g(x) = f|r+(x).

By X1.e
Now, we apply the Durrmeyer-type exponential sampling operator D’ A o

g = flg+ which is a restriction of f(x) given in (6). Additionally, we present the

B). X1
comparison of the function g(x) with the series (D, Al g)(x) forw=5 and w=10

in Figure 3.
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Figure 3: Comparison of the function g(x) with the series (Dwz’x“" g)(x) with respectto w =5

and w=10.
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