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BALL-COVERING OF PRODUCT SPACES AND
GATEAUX DIFFERENTIABILITY OF THE CENTER

A1YU NIE

(Communicated by M. Krni¢)

Abstract. In this paper, the author proves that if X;, X» are Banach spaces, there exists a real
number o > 0 and a ball covering %; of X; such that %; is o -off the origin and the ball-
covering point is a norm Gateaux differentiability point if and only if there exists a real number
o > 0 and a ball covering % of (X x Xa,]| - ||), (X1 x X2, - ||,) such that & is o -off the
origin and and the ball-covering point is a norm Gateaux differentiability point.

1. Introduction and preliminaries

The study of space geometry began in 1932 with the publication of Banach book
“Theoriedes operations lineaires”, which was an important part of the discipline of
generalized functional analysis. The geometric theory of Banach spaces is an integral
part of the discipline of generalized functional analysis and has been used as a tool in
other fields such as physics and chemistry, playing an important role in the development
of other disciplines, intersection properties (MIP), non-tightness problems, use the ball
as a direct object of study in [10].

Originating from the study of the coarse embedding problem of Banach spaces,
in 2006, Cheng Lixin defined the ball-covering property of Banach spaces in [1]. The
ball-covering property of Banach spaces is one of the important components of the
geometric theory of Banach spaces. In 2007, Cheng Lixin, Cheng Qingjin and Liu
Xiaoyan obtained the ball-covering property of Banach spaces X by constructing [*
equivalence parametrizations on spaces is neither linearly homogeneous nor invariant
in [2]. In 2006, Cheng Bin proved that every Banach space realization can be made
to correspond to a quotient space with the sphere covering property by reassigning a
norm. In 2009, Fonf assigned a new norm to X to obtain the equivalence of X with
the ball-covering property and X* being w*-divisible in [4]. In 2009, Cheng Lixin
gave that any super-self-reflexive space can be inscribed by studying the ball-covering
property of its finite-dimensional subspaces in [3]. In 2016, Shang Shaogiang studied
the ball-covering property of product spaces in [8]. In 2017, Liu Jianglai extended this
proof by removing the condition, and the conclusion still holds in [6]. In 2021, Shang
Shaoqgiang studied the ball-covering property of Banach sequence spaces in [9]. In
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this paper, based on the study of the above problems, we continue to explore the ball-
covering property of the product space and investigate the Gateaux differentiability of
the ball-covering points.

Let (X,||-||) be areal Banach space. S(X) and B(X) denote the unit sphere and
the unit ball of X, respectively. We denote the dual space of X by X*. We denote the
open ball centered at x and of radius » > 0 by B(x,r). Let N,R and R™ denote the set
of natural numbers, reals and of nonnegative reals, respectively. Let D be a nonempty
open convex subset of X and f be a real-valued continuous convex function on D. The
continuous convex function f is said to be Gateaux differentiable at the point x in D if
there exists df(x) € X* such that the limit

(df(x),y) =lim flaty) — f(x)

t—0 t

(%)
exists for every y € X . First, Let’s recall the definitions used in the article.

DEFINITION 1.1. (see [7]) A Banach space X is Gateaux differentiable if every
convex continuous generalisation of it is Gateaux differentiable at the points of a dense
setof X.

DEFINITION 1.2. (see [1]) A Banach space X has the ball-covering property if
its unit sphere can be covered by a countable number of balls that do not contain the
origin, and we say that a ball covering %; is o -off the origin when and only when

inf{||x|| : x€e UL} > a.

DEFINITION 1.3. (see [1]) A point x; € A* is said to be weak ™ exposed point of
A* if there exists x € S(X) such that x;(x) > x*(x) whenever x* € A"\ {x{}.

DEFINITION 1.4. (see [8]) x is a smooth point if the point x € S(X) has a unique
support generic function f,. SmoX denotes the set consisting of all smooth points. If
every x € S(X) is a smooth point, then X is smooth.

It is well known that a convex function f(x) = ||x|| is Giteaux differentiable on xq
if xp € S(X) is a smooth point.

DEFINITION 1.5. (see [8]) Assuming that X;, X, are Giteaux differentiability
spaces, the following statements are equivalent:

(1) X1, X, have the ball-covering property;

(2) The product space (X; x X»,]||-||) has the ball- covering property, here

1
[1Gey)lee = max{lxll, [0} Cey)llp = (X7 +I315) 75 p € [1,420).

DEFINITION 1.6. (see [9]) If X; is a Gateaux differentiability space forany i € N,
then the following statements are equivalent:
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(1) There exists a number o > 0 and a ball covering %; of X;, such that %; is
o -off the origin;

(2) There exists a number ¢« > 0 and a ball covering % of [*°(X;), such that Z is
o -off the origin;

(3) There exists a number & > 0 and a ball covering % of I!(X;), such that Z is
o -off the origin.

LEMMA 1.7. (see [7]) Suppose p is a Minkowski function defined on a space X .
Then p is Gateaux differentiable at the point x and has Gdteaux derivable x* when and
only when x* is a weak * of C* at the point x exposed point, €* ={y€X: p(y) < 1}.

LEMMA 1.8. (see [9]) Assuming that smooth points on Banach spaces are dense
on S(X), the following statements are equivalent.

(1) There exists a number oo > 0 and a ball covering % = {B (xi,ri)};-,, of Xi,
such that 2 is a-off the origin and % = {B (xi,r;)};_, , is a smooth point of X .

(2) There exists a number oo > 0 and a ball covering B = {B(x;, i)}, of Xi,
such that A is o -off the origin.

(3) There exists a sequence {x,};_, of weak* exposure points of B*(X) such that

inf sup(x;,x) > 0.
XES(X)nEJI\)/< >

LEMMA 1.9. (see [7]) Suppose X; is a Gateaux differentiability space for any
i€{1,2,3...k}, there exists a real number o > 0 and a ball covering %B; of X; such
that %; is o -off the origin, then there exists a ball covering & of (X1 +X2... X1, 1|-1])
such that % is o./4-off the origin, here

[ Gery =) [[1 = (llen || 4 [e2] -~ - ([l

2. Ball-covering of product spaces and gateaux differentiability
of the ball-covering point

THEOREM 2.1. Suppose Xy, X, are Banach spaces, there exists a real number
o >0 and a ball covering B;, i € {1,2} of X; such that B; is o-off the origin and the
ball-covering point is a norm Gdteaux differentiability point when and only when there
exists a real number oo > 0 and a ball covering B of (X1 x Xa,|| - |l=), (X1 x X, || -
|p) such that % is o-off the origin and the ball-covering point is a norm Gateaux

1
differentiability point, here ||(x,y) ||« = max{|lx|l, [y}, |, 9)[[, = (I} + Iyl5) 7
pE[l,+00).

In order to prove the theorem, we give some lemmas.

LEMMA 2.2. Assuming that X is a Banach space, the following statements are
equivalent

(1) X has a ball-covering {B(xy,ry)},_, such that the ball-covering point is a
norm Gateaux differentiability point and {B (x,,r,)},_, is o -off the origin;
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(2) there exists a sequence {B(x,,ry)},_, such that x, is a norm Gateaux differ-
entiability point, and

inf (sup (dg || xnll ,x)) > 0.
x€S(X) \neN

Proof. (2) = (1) Forany o € (0, igl&) (sup {(dg || x| ,x))) , let
xXe

neN

1
B,-#:B((a—l-u)x,-,y—ﬁ), i=1,2..., u=1,2...

We get every B;, is o+ 1/u away from the origin. It can be asserted that

SX)CU{Biy:i=12...,u=12..}.
Indeed, since o € (07 inf (sup (dg || xnl| 7x>)> , forany y € S(X) there exists
xeS(X) \neN

dg |||l € {d [1xall Y,y 7y >0

such that
dg x| (v) = (a+n) [yl = a+r,> 0.

Without loss of generality, for 1 < j < oo, take dg ||x|| = dg ||x;|| and let
y=dg||xj|| (). then
Y=o+

Let Qj = {x € X :dg||x;j|| (x) =0}, Then there exists g; € Q; such that
y=vxj+qj-
First, it is necessary to show that y € UL"ZIB j.u» otherwise for any u € N, we have
i < e+ wy =] = (et n=r)5—a-

This shows that

—%éHm+u—ww—%H—“
a1 - |
<=1 gl =l + ]

1
= [ Il -1+
_ =il =l

; —(r—a).
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Here t = 1/u —y, so we get
0 < |lx;||"(g)) = de ||| () = (y— @) = = (y— @) < =, <0.
Contradicts the fact, it follows that S(X) C U{Bju:i=1,2...,u=1,2...}. Hence

this shows that for any o € (O, inf (sup (dg ||| ,x))), X has a ball covering
x€S(X) \neN

{B(xu,rn)},—; such that the ball-covering point is a norm Géteaux differentiable point
and {B (xn,ra)},_, is o-off the origin.

(1) = (2) Let X have a ball-covering & = {B (xn,r4)},—1» B ={B(Xn,1n)} 04
is oc-off the origin and {x,},_, is norm Gateaux differentiability point then

I, —O|| — ryy > .

If

N.| Q

inf (sup (dg ||xn| 7x>> <

xeS(X) \neN

Then there exists xo € S(X) such that

l\J.| Q

sup (dg [|xa[| ,x0) <
neN

Let y, € {x,}, 1, Z1 = {B(yn,rn)},., isaball-coveringof X and % = {B (xn,r4)},.

n=1
is or-off the origin, by Hahn-Banach theorem there exists dg |[x,|| = x; € S(X*) such
that dg ||xu|| (ya) = ||lyn||» and y, is a norm Géteaux differentiability point and

[yn = Off =72 = x.

oo

Since S(X) C U B(yn,7n), there exists j € N such that xo € B(y;,r;). Since

n=1

da ||x}]| (vj) = |||
sup (dg |lxall ,x0) < %

we have
(04
rj 2 |[vi=xol| > da x| (v —x0) = [[vil| = do ||| (xo) = [lvil| = 5

This shows that

(04
Iosll < s+ %

This contradicts the fact. Hence % = {B(yn,ra)},_, is a ball-covering of X and
By ={B(yn,rn)} -y is c-off the origin, hence

<rj+o.

inf (sup (dg ||xn]| ,x)) > O
neN

xeS(X)

N.| Q
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Next prove Theorem 2.1.

Proof. First prove the sufficiency of the theorem. For greater clarity, we divide the
proof into two parts.
Firstly, when

1 (e 5 x2) |, = max { [l ]], [x2|}

forany (x,,x)€X; xX,.

Since there exists a real number a > 0 and a ball-covering %;, i € {1,2} of X;
such that B; = {B(x,,r,)},,_, is c-off the origin and the ball-covering point is a norm
Gateaux differentiability point, by Lemma 2.2, there exists a sequence {x;,} ., such
that x;, is a norm Gateaux differentiability point and

n=1"

inf sup (d, inllsxi) | >0, ie{l,2}.
int (n€113< ¢ il x>) ie{1.2)

Then for any y; € X1, y» € X, such that

1
}E}g;[“xl,n F ey 4 |Ix1n =ty ]| = 2[|x14ll] =0
1
}T&;[sznJrfylH + 22,0 — ty1]| = 2[|x2.0]l] = 0.

Hence there exists a sequence {(x1,,%2,)},_; € X1 X X2, (vy,y2) € X1 X X, without
loss of generality, and assume that ||xj || > ||x2 .|| then there exists #o (y,y2) >0 such
that

%10+ 231 > {220+ 132

10—yl > lJx2.0 — ty2]]-

Whenever |f| <19 (y,,y2), then

1
lim " M (1 X20) F1192) ||+ | G x20) — 2132 = 21 (K1 X2,0) Hw}

.1
= tim — | [|Cet+ 191524032 o 0L = 191,320 = 192) | = 2 (et 20 |
= tim | max{ 1+ 131 2 + 032l1} + max{ | = | 2 = 2]

= 2max{ vt 21}

= tim 1+ |+ 61— ]| = 200 0]l = 0.

Hence there exists a sequence {(x1,,%2,)}, | € X1 X X3 and (x1,,,x2,,) ) is a
norm Gateaux differentiability point. Let

dgllxiall(x1n) =1, [x1a] =1

(2n) =1, [lx2nll = 1.

dg||x2.n
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Then
(dclx1,4,0), (0,dgllx2.l) € B((X1 x X2)*)
((dclx1]l,0), (x1,1,0)) = dg|[x1 nl| (x1,,) =1
((0,dglx2.41),(0,x2,)) = dg|[x2,n] (x2,) = 1.

Then for (x1,x2) € S(X; X X2), let

{dG”(xl,mxln)H}::l
={(dgllx1x],0)},-; U{(- ,0)}m UL (0,
U{(()?_dGHxln”)};o:]

)hnet

because

inf (sup <dG Hxi.n|| ,xi>) >0, ie {172} .
xE€S(X;) \neN '

Therefore

inf, d ns n ’ ) > 0.
(X17xz)érsl(xlxxz) (i‘;18< Gl x2n)ll, (21 xz)))

Therefore, it follows from Lemma 2.2, that there exists a real number ¢ > 0 and a ball-
covering Z of (X1 x Xp,|| - ||-) such that 2 is o -off the origin and the ball-covering
point is a norm Gateaux differentiability point.

Secondly, when

1
[(x1,x2)[lp = (I lIf +[1x2015) 7 p € [1,+eo)
forany (x,,x2) € X; x X,. It is divided into the following two cases.

Casel. p=1

Since there exists a real number a > 0 and a ball-covering %;, i € {1,2} of X;
such that B; = {B(xn,r4)},_, is o -off the origin and the ball-covering point is a norm
Gateaux differentiability point, by Lemma 2.2, there exists a sequence {x;,},_,, such
that x;, is a norm Gateaux differentiability point and

inf (sup(dgxmﬂ xl>) >0, ie{l,2}.
X €8(X;) \neN
Then for any y; € X;,y2 € X such that

lim [Hxln-i-t)’1||+Hxln—mH—ZHxlnH]

lim [HX2n+ty1||+HX2n—ty1||—2HX2nH]

Thus there exists a sequence {(x1,,X2,)}, | € X| x Xy and (x1,,x2,,) is a norm
Gateaux differentiable point. Let

dgllxiall(x1n) =1, [x1a] =1

(2n) =1, [lx2nll = 1.

dg||x2.n



1194 A.NIE
Then
1
}E}g [H(xl wX2n) FtLY2) |l F X x20) =t 01,y2) [l = 21 (10 X2,0) [[1]

—hm [H(xln+ty1,in+tyz)||1+H(xln ty1, %20 — ty2) || | (s x2,0) ]

= hm [Hxl n 1|+ 2+ eyl |2, — il + 22,0 — 2] = 2|10 —

all

= lim - [Hm n vl X, — il = 2]fxall]
+lim [||x2n+ly1H + {20 = 11| = 2[|x2,01]
=04+0=0.

Then (dg ||x1.4]|,dG ||x2,0]) € B((X | X X2)"). And

(dallx1all, ) (X1, %2,0)

= dg||x1.all(x1,n) + dlx2.n]| (X2.0)
= [lxinll + Ix2.4]]
ezl

Then for (x1,x2) € S(X; X X32), let

{ds|| (X1.05%2,0) H}::l
= {(dg||x1.]|s Vet UL(=dallxiall dgllx2.
U {(dGHXI,n||adGHx2.,n||)}:=l uil=

Thus it is easy to obtain that when (x,x2) € S(X; X X»)

Ve

,—dg||x2al) }y

inf sup(dc || (X1, X2, X1,X2 ) > 0.
it (suplda ) )

Therefore, by Lemma 2.2 we get that there exists a real number o > 0 and a ball-
covering A of (X; x Xp,]-||1) such that & is a -off the origin and the ball-covering
point is a norm Gateaux differentiability point.

Case?2. p € (1,40)

Since there exists a real number a > 0 and a ball-covering %;, i € {1,2} of X;
such that B; = {B (xn,r,)},,_, is c-off the origin and the ball-covering point is a norm
Gateaux differentiability point, by Lemma 2.2 there exists a sequence {x;,}_,, such
that x;, is a norm Gateaux differentiability point and

n=1"

inf sup (d, inllsxi) | >0, ie{l,2}.
int (n€113< ¢ il x>) ie{1.2)

We assert that the convex function f(x,y) = ||x|| is Gateaux differentiable at
{(x1,,x2,)},,_,» and in fact it is Géteaux differentiable on the set D; x X,, where
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Dy = {x € {xi,}7,,|lx[|; is Gateaux differentiable at x} . Similarly, there exists D,
where f(x,y) = ||y|| is GAteaux differentiable at X; x D, with the chain rule for dif-
ferentiation, and we get

1Ge ), = (el + (1115 )7, pe (1 +eo).

Every point on D x D, is Gateaux differentiable. Therefore there exists a sequence
{(x1,0,x2,0)} | € X; x X5 is norm Gateaux differentiable. Let

dollxiall(x10) =1, [Jx1
dax2nl|(x20) =1, [lx2,0

then |
(21/qdcxln|| zl/qungn) S((X, x X))
and |
(21/‘1dGXIn|| zl/qu'xzn”) (x17n7x27n)

1
21/11

dG“xln (xl n) Zl/quHx2n||(x2n)

1/q 1
) e all” + ezl

1
21/q<
1 1
~ 21/q 21/p
= ||zl -

Here 1/p+1/g=1. Take

{dal|(x1nx20) 1}y
- {<21/qu xiall- 317 dcxz””) }
oA (ot zl/qd”z””)
U{<21/q 21/ }

| -
U{( siradolnal sidelil }n=1

Thus it is easy to obtain that when (x,x2) € S(X; X X2)

|Gzl

inf sup(dq || (X1, %2.) || , (X1,%2 ) > 0.
it (suplda ) )
Therefore, by Lemma 2.2 we get that there exists a real number oo > 0 and a ball
covering # of (X; x Xa,||-[|,) such that Z is a-off the origin and the ball covering
point is a norm Gateaux differentiability point.
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Next, prove the necessity of the theorem.

There exists a real number o > 0 and a ball covering % of X; x X, such that %
is o -off the origin and the ball covering point is a norm Gateaux differentiability point,
and by Lemma 2.2, there exists a sequence {(xy,,x2,)}, | X1 x X5 and (x| ,X2,) is
a norm Gateaux differentiability point and

inf sup (dg || (x1. , X2, , (X1,X2 >>0
(x1.x%2) €S(X1 xX2) <n€£< letmz2a)ll, € )
Firstly, when

| Gy x2) |, = max {{|xy [, [lx2 [}

forany (x,,x)€X; xXp.
Since, there exists a sequence {(x1,,,X2,,)},_, such that {(x1,,x2,)}_, is norm
Gateaux differentiable, for any (x,y) € X; x X, we have

1
Him = {[]Gevny x2,0) + 2 (2 ) | (et 2.0) =2 0691 = 211 Ger s x2.0) 1] = 0

> ||x2.. ||, then there exists a sequence

Without loss of generality we assume that ||x; ,
{x12},_, of X;, when

1
e+ oxl] =+ [l = 2x]] = 2x1 ]

1
= - [max{ ot -+ ], [z o1} max ot — 2] [z — 1311}
— 2max{| 1, |2l }]
1
= [kt 20) + £ (e9) | 1 62) = 2(53) [ = 21 o1 220) L | = 0.

At the same time there exists a sequence {x2,}, | of X3 ,we have

]

= ; [11€0,x2,) +2(0,3)[[e= + [1(0,22,1) = 2(0,y) |eo = 2[[ (0, x2,0) | ]

1
7 [z 23l + bz = 131l = 2z

= ; [ | (et =Xt sx20) 2 (x=2,3) ||, 4 Gt = X1ox2,0) — 1 (x —x,9)]..
20 (et =2

= [ 22) — (600.0) 1 (53) — 15 O).
01 %2) = (510 =1 (53) 105, 0) = 20| 1 20) = (612,0)

1

< [0t 20) + 13 e+ 1 x2) = 159)]L
- ZH (x17n7x2,n)||°° +| (xl,mo) +1(x,0) H‘X’
16100 + 15, 0) . = 21| (31,0,0) .. |
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= Gt x2.0) 206 9) oo + 1 Get s 20) =206 9) [

= 2/[(x1m5%2,0) oo + [l10 + 2] 4 {210 — 2| — 2Hxl,n||}

~ | —

—[H (1 %2.0) +206Y) oo + 11 X20) =206 9) oo = 2l (et s x2.0) o]

+7 [Hxl.,n x| 4 [ — 2x]] = 2||x1,4[]
=04+0=0.

Thus there exists a sequence {x;,}_, of X;,asequence {x2,} _, of Xo with {x;,}
and {x,,}_, is a norm Géteaux differentiability point.

For any x; € S(X;), we have

inf supdg/||x1 .|/(x1)

X1 €S(X1) neN

=, dnf  sup(dg|xi.[0) (x1,0)

- Xlé?&[)sup(dGH (%t %20) |1, (x1,0))
> 0.

Similarly, for an arbitrary x, € S(X,), we have

inf  sup||x2, | (x2
0ES(X2)nen G Izl (x2)

:xzelgl&)sup(o ,dg[x2,4]) (0,x2)

- f d ny 1N 0
Xzelg(xz)ilelm Gl (x1,m,x2.0) [l (0,x2))

> 0.

Therefore, by Lemma 2.2 we get that there exists a real number oo > 0 and a ball

covering A of X|,X, such that Z is o -off the origin and the ball covering point is a
norm Gateaux differentiability point.

Secondly, when

==

(IRl? +11115)

, PE(1,+0).

Casel. p=1

Since there exists a ball-covering % = {B (x1n,%2,) "}, of (X1 xXa,|-|p)
such that the ball-covering point is a norm Gateaux differentiability point, for an arbi-
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trary (x,y) € X; x Xo
hn(}l [H(xlmxzn)+f(x I H G msx20) = 1) =21y x20)[],] =0
= lim - [||(x1n+tx,x2n+ly)H1+ (o1 — txoxon —t3)| ) = 2[| (X105 %2,0) 1]
=lim [”xln"'tx”_"HxZn"'tyHJ’_”xln_tx”_"HxZn_ty”_ZHXIn”_ZHxZnH]

]

+lim — [HX2n+tyH+|IX2n—ty||—2HX2nIH

= lim - [IIX1n+IXII+HX1n—tXH 2[px1n

hence
lim [HX1n+IXI|+HX1n—IXH 2|1 nll]
=lim [HX2n+WI|+HX2n—WH ]=0.
Thus there exists a sequence {x; ,}_, of X;,asequence {x2,}_, of X, with {x;,} |,
{x2,},,_, are norm Géteaux differentiability points.
Thus for any x; € S(X;), we have
inf supdgl|x1..|(x1
oot sup (21| (1)
= inf su d Xin x1,0
XIES(XI) p GH L )( ! )
= inf sup(dg|| (x1,n,x x1,0
L eS(Xy ) e P< GH( 1,n 2n)|| (x1,0))
> 0.

Similarly, for an arbitrary x, € S(X;), we have
inf

(x2)
0ES(X2)neN G

:xzelg&z)sllp O dGHx2”H) 0 x2

— inf d : 0
xZEI.ISI(Xz)SHp< Gl (x1m5%2,0) 5 (0,x2))

> 0.

Hence, by Lemma 2.2, when p =1 there exists a real number o > 0 and X, X, ofa

ball covering Z such that Z is o -off the origin and the ball covering point is a norm
Gateaux differentiability point.

Case 2. p € (1,+o0)
Since there exists a ball covering % = {B (x1,%2,) "}, of (X1 xXa,|-|p)
such that the ball covering point is a norm Gateaux differentiable point, for

F06) = e, = (Il + I8) 7, p € (1,420)
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Every point on D; x D, is a norm Gateaux differentiable point, here

Dy x Dy = {(x7y) € {(x1nsx2,0) Hioy ¢ [[(x,)]], is Gateaux differentiable at (x7y)}
then

Fey) =1, = (7 + Iyl )”, p € (1,+)
is Gateaux differentiable at (x; ,,0), and for all (y;,y2) € X; x X, has

—0

1
hm |:||()C1 nvO) +t(yl7y2)||p+ H(xl,nao) _t(y17y2)||17 - 2||(x1,n70)||p] =

then
lim [||x1n+ly1||+Hxln—ty1||—2Hx1n|H
= tim = [, 01, + 1 — 1,0l ~ 211 (x10,0)1,

l
= tim— [[|(x1.0:0) +1(1,0)]|, + | (x1.0:0) =1 (31,0, = 21| 1,1,0)
=0
Thus there exists a sequence {xl7n}:=1 of X; that is a norm Gateaux differentiability

point, and similarly there exists a sequence {x,}, , of X5 that is a norm Gateaux
differentiability point. Thus for any x; € S(X;), we have

f
XIEI;I;IXI neN (xl)
:xlé?&)S“P(dGHMII 0) (x1,0)
:xlel?(g(l):lépMGH(xl"7x2n)|| , (x1,0))
> 0.

Similarly, for an arbitrary x, € S(X,), we have
inf  sup||xo,|| (2
e Gpll all(x2)

:xzég&z)sup(o ,dg[x2,4]) (0,x2)

= f d nyA2.n 0
it supldol| (x| (0.52)

> 0.
Therefore, by Lemma 2.2 we get that when p € (1,+4o0) there exists a real number

a > 0 and a ball covering # of X|, X, such that # is o -off the origin and the ball
covering point is a norm Gateaux differentiability point. Proof complete. [
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