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COMPLETE CONVERGENCE FOR WEIGHTED
SUMS OF m-WIDELY ACCEPTABLE RANDOM
VARIABLES UNDER SUB-LINEAR EXPECTATIONS

SHUTING PAN, KE HU, XUEPING HU* AND KEMING YU

(Communicated by X. Wang)

Abstract. In this paper, under the assumption of the existence of Choquet integrals, the com-
plete convergence properties for weighted sums of m-widely acceptable random variables in
sub-linear expectation space are investigated. The results obtained in the paper generalize the
corresponding ones for some dependent sequences.

1. Introduction

The limit theory has wide applications in the field of risk finance. However, clas-
sical limit theory has strict requirements and limitations. Peng [10] transformed the
notions of probability and expectation in traditional space into capacity and sub-linear
expectations, proposing the framework of sub-linear expectation space, which has at-
tracted the attention of many statisticians. For example, Peng [8,9] obtained the central
limit theorem in the framework of sub-linear expectation space. Zhang [17-19] ex-
tended moment inequalities and Rosenthal’s inequality for negatively dependent (ND,
for short) sequences from probability space to sub-linear expectation space. Wu and
Jiang [13] studied independent sequences in sub-linear expectation space and proved
strong laws of large numbers and a version of Chover type logarithmic law. Based on
this work, Wu and Lu [14] derived a new form of the Chover type logarithmic law under
sub-linear expectations.

Since Hsu and Robbins [2] introduced the concept of complete convergence, many
scholars have discussed the complete convergence for sequences of random variables.
Up to now, related research in classical probability space has become quite extensive,
many fruitful and meaningful results have been obtained. See, for example, Yi et
al. [16] proved the convergence rate for weighted sums of y-mixing random variables
and gave its applications. Huang and Wu [5] studied the complete convergence and
complete moment convergence for weighted sums of m-extented negatively dependent
(m-END, for short) random variables and so on. Theoretically, it is feasible to gener-
alize the study of classical probability space to sub-linear expectation space. However,
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due to the nonlinearity of sub-linear expectation space, this extension poses certain
challenges. Nevertheless, researchers have conducted studies on independent random
variable sequences [15,20], END sequences [1, 11], and widely acceptable (WA, for
short) sequences [3] in sub-linear expectation space.

Based on existing theoretical foundations, the complete convergence of weighted
sums for m-WA sequences is investigated under sub-linear expectations, which extends
the results of reference [3].

This paper is organized as follows: some preliminaries and lemmas are provided
in Sect 2. The main results and their proofs are stated in Sect 3. Throughout this article,

N n
{X,,n > 1} is assumed to be a sequence of random variables in (Q, I, E) ,Shi= 2 X
i=1

Let ¢ be a positive constant which may be different in various places. a, < by denotes
the existence of a certain ¢ such that for sufficiently large x, a, < cb, holds true.

2. Preliminaries and Lemmas

We use the framework and notions of Peng [8-10]: Let (2,.%#) be a given mea-
surable space, and 7 be a linear space of real functions defined on (2,.%), such that
if X1,X5,---,X, € A, then ¢ (X1,X>,---,X,) € S for each ¢ € C;;, (R"), where
Ci 1ip (R") denotes the linear space of local Lipschitz functions ¢ satisfying

@)= <c(I+K"+ ") x =y, Vx, y € R,

for some ¢ > 0, m € N depending on ¢. ¢ is considered as a space of random
variables.

DEFINITION 2.1. (see [17]) A sub-linear expectation [ on 7 is a function
E: ¢ — R satisfying the following properties: for all X,Y € J, we have

(a) Monotonicity: if X > Y, then Ex >Ry,

(b) Constant preserving: e = ¢,

(c) Subadditivity: £ (X +Y) <EX + &Y,

(d) Positive homogeneity: £ (AX) = AK(X), VA >0,

where R = [—oco, +o0]. The triple (97% ,I@I) is called a sub-linear expectation space.
The conjugate expectation & of I is defined by éX := —(—X),VX € . By Defi-
nition 2.1, for all X,Y € 22, it follows that

X <EX, R(X+c)=EX+c,
EX-v)|<Ex-Y|, EX-Y)>EX-EY

If BY = &Y, forany a € R, we have [ (X 4 a¥) = EX 4 alY.
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DEFINITION 2.2. (see [17]) Let 4 C .%. A function V : 4 — [0,1] is called a
capacity if V(¢) =0, V(Q) =1, V(A)<V(B), forany ACB, A,B€ ¥.

It is called subadditive, if V(A UB) <V (A)+V(B) forall A,B € 4.

V is defined as follows: V (A) 1nf{E§ I(A) <& €€ ff} , and we have

V(A):=1-V(AS), ¥(A)<V(A),VAcF

where A© is the complement set of A. According to definition of V and Y, it is

obvious that V is subadditive, and if I(A) € 7, then V(A) =E(I(A)), V' (A) =

B(I(A)). If f<I(A)<g, and f,g € 7, then Bf <V(A) < [Bg, &f <7 (4) < ég.

W Noting that 7 (|X]| > x) < Ii,l,p € J, which implies Markov inequality [4]: VX €
E|x|P

DEFINITION 2.3. (see [17]) The Choquet integral is defined as follows:

:/OOOV( dt+/ ~1)ar,

where is a similar definition for 7.

DEFINITION 2.4. (see [17]) Let X;,X, be two n-dimensional random vectors
defined, respectively, in sub-linear expectation spaces (Q,.7, ;) and (Q,,54,k,),
which are called identical distribution if

Ei (X)) =E2 (¢ (X2)), Vo € Cr1p (RY),

whenever the sub-linear expectation is finite. A sequence {X,;n > 1} of random vari-
ables is said to be identically distributed if for each i > 1,X; and X are identical dis-
tribution.

DEFINITION 2.5. (see [12]) A sequence {X,;n > 1} of random variables in a
sub-linear expectation space (Q I E) is called to be upper (resp. lower) WA if there
exists a positive sequence {g(n),n > 1} of dominating coefficients such that for each
n>l,

Eexp (i anifi (Xl)> < g(n)ﬁfEexp (anifi (Xi)), (2.1)
i= =1

where {a,;,1 <i<n,n> 1} isanarray of nonnegative constants and f; (-) € Cp 1 (R),

i=1,2,---,n, are all non-decreasing (resp. all non-increasing) real valued truncation

functions. We say that {X,,,n > 1} is WA if it is both upper WA and lower WA.
Especially, it follows that if for V¢ > 0, n € N,

Rexp (itX,-) < g(n)ﬁl@exp (X)), (2.2)

i=1 i=1

a sequence {X,,n > 1} of random variables is also WA.
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DEFINITION 2.6. (see [12]) A sequence {Xy,n > 1} is called to be m-WA, if for
some integer m > 1, forany n > 2 and iy, - - -, i, satisfying |zk zj| >m (1<k#j<n),
{Xi,,---.Xi,} is a sequence of WA random variables.

According to Definition 2.6, it can be found that the sequence of m-WA is more
general than the sequence of WA, and it serves as an extension of the sequence of WA.
The sequence of WA random variables is a special case of the m-WA when m=1. In
fact, if {X,,n > 1} is a sequence of m-WA, then it is also the sequence of m’ -WA for
any m' > m.

LEMMA 2.1. (see [6]) Let {X,,n > 1} be a sequence of WA random variables in
(Q, ,%”E) with B(X;) <0, 1 <i<n, forall x>0, d >0, we have

d
V(Sn>x)<V<maxX >d> g(n)exp f—i—gln 1+%
1<i<n 'ZIE\XJZ
=

LEMMA 2.2. Let {X,,n>1} be a sequence of m-WA random variables in
(Q,2, E) with B(X;) <0, 1 <i<n, thenforall x>0, d >0, it follows that

V(Sn>x)<mV<lmaXX >d)+mg(n)exp A P
<isn m
Proof. Forany 1<k <n, denote 7= [£]. Let
; <7<
Yj:{XJ’ l\]\}’l7

0, Jj>n

T
TanZYmi+j7 I<j<m.

i=0

Obviously, {¥uirj,i=0,1,---,7} is a sequence of WA for 1 < j <m, m <n.

Thus,
{8n=x} C ({Tnl = ﬁ}U{Tﬂ} ﬁ}U"'U{TnjE ﬁ})
m m m

By Lemma 2.1, it is easily checked that
V(S > x) <V (ﬁ(T->ﬁ> <§:V(T»>i>
m
2 (max Yiivj > d)

0<i<t
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<mV<maxXi>d> +mg (n)exp L T
m

1<i<n

LEMMA 2.3. Suppose X € 5, p > 0, for any constant ¢ > 0, then
(i) (see [11]) if o0 > 0,

Cy (|X|7) <o Y P71V (|X]| > cn®) < oo

n=1

(ii) (see [71) if Cy (|X|?) < oo, for any a > 1,

= .
Y a V(|X|>ca1’> < oo,
k=1

3. The main results and their proofs

Before formulating the main results, we first give some notations and assumptions.
For1<i<n, n>1,let

Yoi = —n%I1(X; < —n®) + X1 (|X;| < n%) +n*I(X; > n%), (o> 0). (3.1)

Suppose that {X,,,n > 1} is a sequence of m-WA random variables under sub-
linear expectations.

(a) Suppose that g (x) is a nondecreasing positive function on [0,0), and g (x) =
g(n) when x =n, ”)E—f) | forsome 0 < 7 < 1.

(b) There exists a nondecreasing positive function % (x) on [0,c°), such that @ !

and 2 W))<wforsome y>0,0<u<l.

THEOREM 3.1. Let {X,X,,n> 1} be a sequence of m-WA and identically dis-
tributed random variables under sub-linear expectations, & is countably sub-additive.
Assume that

Cy (IX]P) < e (3.2)
For 0 < 1 <o <1, g(x) satisfies (a) or (b), and {Yni,1 <i<n,n> 1} is m-WA.

Let {am, i <n,n > 1} be an array of positive constant satisfying
Yan=0(n"), (3.3)
i=1

and
max a,; =0 (n~%). (3.4)

1<i<n
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Then, for all € >0, we have

i l’lap72V (i Ani (X,‘ — I@X,) > 8) < oo, (35)

n=1 i=1

Znal’ 2y <2am X; — &X;) e) < oo, (3.6)

In particular, if EX; = £X;, then
s) < oo, (3.7)

N n*? 2y (
n=1
THEOREM 3.2. Let {X,X,,n > 1} be a sequence of m-WA and identically dis-
tributed random variables under sub-linear expectations, & is countably sub-additive.
For p=a =1, g(x) satisfies (a) or (b), and {Yn;,1 <i<n,n> 1} is m-WA.
If (a) holds, and for some 0 < § < 1,

En: Api (X,' — I@X,) >

i=1

cv(|x|l+5) < oo, (3.8)

If (b) holds, and statisfying
E(IX1n(1X])) < Cy (IX|A(|X])) < . (3.9)
Suppose that {ay;,1 <i<n,n>=1} is an array of positive constant satisfying

(3.3) and (3.4), then (3. 5) (3.7) are also hold.

REMARK 3.1. The assumptions in (3.3) and (3.4) are commonly used conditions,
which are also similar to the assumptions of Huang and Wu [16] and Yi et al. [5].
The results in this paper can be compared with Hu and Wu [16], which improve and
generalize the conclusions of this literature.

Proof of Theorem 3.1. Tt can be checked that

i n*r=2y (i ani (Xi —fEX,-) > 8)

i=1

gi 22V|X\>n +2n°‘1’ 2V<2am Yoi — BX;) )
n=1 i=1 n=1 i=1
<Eo 2 vt 30 (Saulr-n) > )
n=1 i=1 n=1 i=1
+ 3 2y (Za (BY—BX) > g)
n=1 i=1
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to prove (3.5), it suffices to show H; < oo, i=1,2,3.
First, we prove H; < . For 0 < u <1, let z(x) € C;1;p (R), 0 <z(x) <1, for

all x, z(x) = 1if |x| <, z(x) =0if [x| > 1, and z(x) is nonincreasing for any x > 0.
Then

Il < p) <z () < TN < 1), I(x[ > 1) < T=z(f) < (I >p). - (3.10)

Applying Lemma 2.3 and together with (3.10), we can get

S |Xil
n%

( ("" ))

ap_lV(\Xl > un®)

m
Mg
N
3
M

N I
iMz HM%E

A
8

Next, in order to prove Hp < oo, let {T;,1 <i<n,n>1} be a set of random
variables, it follows by Markov inequality that

SELK
; . 3.11
V(ggﬂ>d> §V|T|>d) Zi o , g>0 (3.11)
Since {Y,;,1 <i<n,n>1} is an array of m-WA random variables, it follows
that for any n > 2 and Rig, -+, niy, satisfying |nig, —nix,| = m (1< p#q<n),

{Ynikl 1<I n} is a sequence of WA. To prove {Yni—]EYni} is m-WA, we only
need to show that for all ni,---,ni, satisfying |nikp —nikq} >m (1<p#qg<n),
{Ym-kl ~BY, 1<1< n} is WA. It is easily checked by (2.2) that for A > 0

Eexp (Z/l ( i, _EYnik,>> =Eexp (lzikYm-kl _zleEYnik’>

(exp (Z "‘H) exp (— D )L]EYm-kl ))
=1 =1
—exp (— LEY, Yai, ) i) (exp (i lYm,))
I=1
<exp <_z m,q> HEexp < i, )
Hexp ( mk ) ]ECXp <)LYmk )

M=

~
—

M=
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—g(n )[[]E(exp( 2%, Yexp (A%, ) )

n

=g(n )llj[IAE(exp (/l( niy, EYmk,)))

We can see from the above equation that { nit, — fEYn,-kl 1<K n} is WA. Thus,

{Ym kY, 1<i<nn> 1} is a sequence of m-WA. According to Lemma 2.2, let
2, d>0, takmg q > p, we have

Hy < 2 nor=2 <mV <1n<1ax (ani (Yo —EY,)) > d))

n=1

€ ed

€
# S | mgtmyenp | 55525 1+
2md  2md 2m§I@’ani(Yni—EYni)’2
i=1

E}am( ni IE:Ym)|

<m2nap 22

— € € ed
+m Y n*? %g(n)exp | =— —=—1In| 1+ —
- 2md  2md Bla (V. — By 2
n 2m 121 |am (Ym Ynz)|
=:Hy + Hy.

In the following, we prove H»; < e. For any r > 0, which together with (3.10)
yields that

Yol =Xl T (1Xi] < n%) +n*1(|Xi] > n%)

o ( 1Xi . | Xi]
SX,-|Z< e +n%(1—z pe )

Hence,

<k (X'z(‘ux>)+n°"V(|X|>un“). (3.12)
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By (3.4), (3.12) and C; inequality, it follows that

Hy; gcmE:nO‘I7 2261 E|Ym\q
n=1 i=1

oo n R X‘
<em Y %P2 aq(E(qu('u ))—FnaqV X|> na)

S 3t (& (i (40 (%] > )
<cm 2 n®P=2n ( max dp;

(o) (5 (“"))+"“‘1V<X>W“>)
(2 - )
<<§n°‘1’1°“11@<x’1z< )) 2

=:Hy +Hoo.

=1y (|X| > un)

Applying Lemma 2.3 we can get Hj2 < . To prove Hp; < oo, it suffices to show
Hypp <ee.

For Jj=1, let zj(x) € Crip (R),

0
20D < x| < 27%, z;(55) =0 if x| <

<zj(x) <1, forall x, and z; (557) = 1 if
u
even function. Then

20D or |x| > (14 p)2/%, and z; is an

X
Zj <2j—a> (uZ(J De < \X\<(1+u)21a>

X J X
‘X‘rzj <2TOC) <1+ Z ‘X"Zj (27>, Vr> 0.
=1 ‘

Together with (3.13), (3.14) and g > p,

(3.13)

(3.14)
that

(x) is nonincreasing for any x > 0, such

Hy <Y,

2 2k(al’ 1- 0“1 (Xq <“§)>
k=12k—1<peok n
ulX
5 11
ok(p—q) 3 q M|X|
<22 Z |X|9z; a7

x| (20*1)“ < x| < W)

M8
HM» |

~
Il

—

k
< 2‘”‘1’ 9) 221“4E1<\X\>2f Da )

Mg HM

—

njaq 2 20k(p=q)yy <|X| > 2(/'—1)Of>
j

k=j
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<Y 2ieay (\X\ > 2<J‘*1)°‘)
j=1

i 20P)y <|X| > L(20‘1’)%)

It can be inferred Hj; < o by Lemma 2.3.

Next, we will show Hjy < oo. Consider the following two cases:

@ p>2.

From equation (3.11) in Reference [6], we have I@|Yni\ < Cy (|Yni]) , combine with
Definition 2.3, it follows that

cv(|Ym-\2):/O°°V(\Ym|2 dt+/ (1%l > 1) = 1] e > B,

which implies E|Y,;|* < Cy (|Ym-\2> . We can also get Cy (|Y,i|) < Cy (|X]) from Def-
inition 2.3. By (3.1) we have |Y,| < |X|, thus Cy (|Ym-\2) <Cy <|X|2>. Therefore,

we can immediately get |Y,,;|> < Cy (|Ym-\2> < Cy <|X|2> < oo. Combining (3.1) and
(3.3), taking d = m and noting that 7 < 1, if the conditions (a) or (b)
hold, we have

Hy =m Y n®"2g(n)exp %—Lln l+ nA ed
2 E’am (Ym - EYm) |
i=1

n=1

s €
<em Y, n*"~2g (n)exp ~ S In| 1+
m

n=1

— _ € ed
o (25

n=1

_ < ap-2 ed \ d
cmnglln g(n) (cno‘)
<Y nr g (n)n~nd
n=1
3 p®P 2T g if (a) holds,
g nil
ap—2—+£% g(n Y (n®)n?— ooy if (b) hold
Zln nZahy()ayal()OSa
n—=
Y 0Pl if (a) holds,
< n=1

Y n%P~2ma~+%Y if (b) holds,

n=1
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i apiliZWL .
2 n Am(1+op—a+oay) , if (a) hOldS,
= nil op——E4— —a+ay
S CEap-ore . if (b) holds,
n=1

nTITEPTOY oo,

VA
103

(i) 1< p<2.
It is easily checked that |¥,;| < n* by (3.1). Taking d =
(b) hold, we can get

ea(p—1)
4m(1+op—o+aoay)’

b

o € ed
Hy <cm'y, n®"~%g(n)exp T md Inf I+—
m . _
= 2m X a BTl Yl
i-
oo Fel ed
<em Y n*" g (n)exp ~5ma ™ 0
n=1 m cn®(2-p) _;1 "
o ap-2 & (g
<Cmn§1n g(n)exp< 2md ln<cna(lp)>>
_ - ap—2 ed o
Cm,;n g(n) (cno‘(ll’))
< 2 nocp72g (n)nfﬁa@’*l)
n=1
3 pOP 2T (P-1) if (a) holds,
g no:ol ca o), 2— 0o
%ﬂk%mmw%g%%ﬁy,ﬁwmwm
n—
S por—1-35q (p=1), if (a) holds,
< nil
Y 0P~ gma(P=-tay g (b) holds,
n=1
. OCp—l—2 e;(apfl) (p—l)
Y n " am(Trap—otay) , if (a) holds,
_ ) n=1
) = Py eapm  (PD-etoy
S n " Im(T+ap—atay) if (b) holds,
n—

—

nTITEPTOY oo,

N
ok

3
Il
—_

Thus, it follows that H, < co.

1257

if (a) or
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Finally, we prove H3 < co. Combine with (3.2) and (3.10), obviously,

EY,: — EX;| <E Y — Xi|
SB|(X;+n) I (Xi < —n®) + (Xi —n®) [ (X; > n®)|

“(elr(2)

—eP=Df|x |7 (3.15)

It implies by (3.4) and (3.15) that,

2 ani (BY, —EX;)| <
i=1

max amZ]E\Ym—X\

<i<n

<n max ayn~*PVE|x|P

1<i<n
:n7a+1n7a(p71)E|X|p

=n!"*PR|X|P — 0, n— oo, (3.16)

By (3.16), it can be seen V < Y ayui (]EYm IEX) > 2) =0 for sufficiently large n,

thus H3 < o. Hence, (3.5) holds. Obv1ously, {=Xu,n > 1} also satisfies the conditions
of Theorem 3.1. Considering {—X,,n > 1} instead of {X,,n > 1} in (3.5), we can

obtain (3.6).

In particular, if kX, = £X;, then
<V (2 Ani (Xi — é‘Xl) > 8) +V (2 Ani (Xi — éXl) < —8) .
i=1 i=1

Thus (3.7) holds. The proof of Theorem 3.1 is completed. [

Zam z_£X

REMARK 3.2. In the proof of H»,, condition (a) does not involve y, but taking

d= m does not affect the proof of the result.

Proof of Theorem 3.2. Similar to the proof of Theorem 3.1, it can be inferred
Hy <oowhenp=1.Takex=5,d= 4m,q>p in Lemma 2.2, we have Hy| < =. Then

we show Hp; < oo. Similar to the proof of ]E|Ym-| < Cy <|Ym-\ ) < Cy <\X\ ) <
we can get K|Y,;|'° < Cy <\X\1+5> < oo, If (a) holds, |Y,;| <n®, combine with (3.8),
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thus
o o2 & £ ed
Hy < Y, n*?g(n)exp | 5— —s—In| 1+
- 2md  2md ¢ fy ) |2
n=1 2m '21 E|ani (Yni - EYni) |
i=
= € ed
<c Y n% %g(n)exp ~ 5 In|1+——— ;
n=1 cy aiiE‘Ym"
i=1
oo € ed
<e Y n* ?g(n)exp| —=—1In| 1+ —
n=1 2md ¢ Y @R[V O 0
i=1
d
<c Y n“ %g(n)exp —% | — -
n=1 m cn@(1-98) 3 a%i

i=1

N
[
DM

3
Il
_

/N
o
DMs
N
]
O
oQ
S
SN~—
=
9|
Sles
Y
3
S}
VA
o
S
3
EN|
#

3
Il
-
3
I
_

N
o
DM
N}
L
|
R
A
8

3
Il
—_

If (b) holds, by (3.13) and (3.14), it follows that

- € ed

Hoy <cm Y, n® g (n)exp o Inf14+—F———

" cX a%iE‘Yni‘z
i=1

n=1

i=1

o n ﬁ
<Y n*?g(n) (Z aﬁiElYni2>

= Hyy + Hy.
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Next we will show Hay; < o and Hay < . By (3.10) we have z (M\X\> <
I <|X | < ) Since h(x) T and " L in condition (b), it is apparent that xk (x) T and

T, combine with Z W()) < o in condition (b) and (3.9), taking d = 2my,

we can obtain

o = 31 S g o GLNE |X|>‘) sha

VA
D18
S
Q
O
e
3
SN
o
5
SN~—
VR
=
S
\
=
=
>
oyl
~
(]
3
Y

3
Il
—_

A
HMS
oQ
=

—(E|X|h<x>>%
n2 athd (‘una)

A
8

We can also conclude 1 —z<|X|> <I(|X] = pn®) by (3.10). Combine with 775 1
and (3.9), such that

XA ( X Tnd
g ()

€

Msi

- pap [ X[AX) )
< 2mdg
= ,un“h un®h (un®)
<<2na 2= 2mdg ‘X‘h >2md
n=1
2 (I@XM(X))W

(Xh 2md (‘[,Lna)
<oo,

Thus we can infer H,, < eo. Next we provide the proof of H3 < . We have
|X| > un* from 0 < 1—2(|X|> <I<‘X‘ >,u> It follows from l—z(l l) <1 and

| ;@Yni—ml<@('x| (1‘Z<_))>
<CV<X|<1_ (IXI) )
:/ONV<X<1—Z<| I)) )
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:/OWV(X <l—z<|j(—a|>) >x>dx
+/;av<|x| (1-4%)) >x>dx

</O“naV(|X| >un°‘)dx+/;aV(|X| > ¥)d

—un®V (X| > una)+AjaV(|X| > x)d

=:H3 +Hz.

By Y V(|X|> un®) <o in Lemma 2.3 and V (|X| > un®) |, we can obtain
n=1
Hs; — 0. According to Cy (\X\HS) < eo we have Cy (]X|) < e, hence H3p — 0. It is

n A A
easily checked that | ¥ a,; (EY,; —EX;)| — 0 if n — oo, we can get Hz < eo. All above,
i=1

(3.5) is established. Similar to the proof of (3.6) and (3.7) in Theorem 3.1, we can also
prove that (3.6) and (3.7) are hold, thus the proof of Theorem 3.2 is finished. [J
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