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SOME INEQUALITIES FOR WEIGHTED POWER MEAN

YONGHUI REN

(Communicated by M. Krni¢)

Abstract. In this paper, we mainly present an inequality for weighted power mean, which extend
a key result of I. H. Giimiig, S. Furuichi, H. R. Moradi and M. Sababheh. To be more precise,

(m"V;LM”)Il’

Aﬁp,vB < mtt;LM

AtB,

where p >0, ve€ [0,1], A =min{v,1 —v} and 0 < ml <A,B < MI for some scalars m < M.
As applications, we obtain some inequalities for Hilbert-Schmidt norms.

1. Introduction

Let (H,(-,-)) be a complex Hilbert space and let B(H) denote the algebra of all
bounded linear operators acting on H. A self adjoint operator A is said to be positive
if (Ax,x) >0 for all x € H, while it is said to be strictly positive if A is positive and
invertible, denoted by A > 0 and A > O respectively. In this paper, A — B > 0 means
A > B. Moreover, we identify the matrix algebra M, (C) of all n x n complex matrices
with entries in the complex field C with the space of B(C"), and by positive definite
matrices we mean the strictly positive operators on B(C").

As usual, we define v-weighted arithmetic-geometric-harmonic means (AM-GM-
HM) by

aV,b = (1-v)a+vb, atyb=a'""b" and a!\b= ((1— v)a~ !+ vbil)_1

for a,b >0 and v € [0,1]. Similarly, we denote the corresponding v-weighted operator
AM-GM-HM as

AV,B=(1-v)A+vB, Af,B=A%(A"7BA"2)'A* and AL,B= ((1-v)A~" +vB )"

for A,B>0 and v € [0,1]. A more generalized v-weighted means is the weighted
power mean defined by

L

atpyb=((1—v)al +vb")?
for a,b >0, p#0 and v € [0,1]. The following proposition explained the weighted
power mean is an increasing function:
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PROPOSITION 1.1. ([3] p. 26) Fora,b>0, ve|[0,1], and p#0, let My(a,b,v) =
1
(1 =v)aP +vbP)? and My(a,b,v) =a'~"b". Then
My (a,b,v) < M(a,b,v) for p<s

In this paper, we define the weighted operator power mean as follows: if A,B >0
and v € [0,1], then

==
=

AtpsB =A% ((1 W) +v(A~4BA~ 1)) 74

for p #£0; and
Ao B = Af,B.

Itis easy to see that Af#}; ,B=AV,B and Af_|,B=A!,B. Moreover, Aff, ,B=Bf, | ,A
is consistent with the properties of v-weighted operator arithmetic-geometric-harmonic
means.

In addition, the Kantorovich constant and the Specht’s ratio are defined by

h+1)> BT it e 0,1)U(1,e0),
K(n) = Ih) forh>0 and S(h)=1 c1og (%) it he(0,)U(1,)
1 if h=1.
The v-weighted operator AM-GM inequality reads
At,B < AV,B (1.1)

for A,B>0 and v € [0, 1]. Tominaga [6] obtained a reverse of (1.1) with Specht’s ratio
AV,B < S(h)At,B, (1.2)

where 0 <ml <A,B< MI, h=%,and v € [0,1]. In 2015, Liao et al. [5] showed
another reverse of (1.1) with Kantorov1ch constant

AV, B < K(h)RA4,B, (1.3)

where 0 <ml KA I<MI<B<MIor O<ml <B<m'I <MI<ALMI
h=" R=max{v,1 —v} and v € [0,1].
Recently, Furuichi et al. [1] and Giimiis et al. [2] showed

mV,lM
mij; M

where ml < A,B < MI for some scalars 0 < m < M, A =min{v,1 —v} and v € [0,1].
Furthermore, they [2] also explained that (1.4) is better than the results of (1.2) and
(1.3), and the constant ’:Zfz\ﬁ; is best possible.

In this paper, we shall present some weighted operator power mean inequalities,
which extend the inequality (1.4). As applications, we obtain some inequalities for

Hilbert-Schmidt norms.

AV, B <

At B, (1.4)
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2. Main results

We firstly give the weighted power mean inequalities as promised.

THEOREM 2.1. Let A,B € B(H) be such thar 0 < ml <

scalars m < M. For A = min{v,1 —v} and v € [0,1],
if p>0, then

(mpVAMp

A, B <
. mf, M

if p<O0, then

Moreover, the inequalities are sharp.

Proof. To proof the results, we define

flx) =

xPVv

Then

f/(x) = pv(l —v)(xp_ 1)x—pv—1.

1
)pAﬁvB;

1— P M
(I=v)+w? forxe[ﬁ,_}

1283

A,B < MI for some

(1)if p>0: then f'(x) >0 when x > 1, which implies f(%)

0 when 0 <x< 1, whichimplies (%) > f(x). Therefore, f(x)
To compare f(%) and f(%), welet h =2 > 1 and put

(L=v)+vh?  (1=v)+v(5)" (L—v)+vh?

g(h) = - =

aX{f( ),

(L=v)h? +v

hrv (%)pv hrv

Direct calculations show that

(R VP —1)(1—hP)

Iy
gh) = pr(1 =) ]

hp(1-v)

So g'(h) >0 if v € [0, %], which means g(h) > g(1) = 0; and g'(h)

which means g(h) < g(1) =0. That is

M PV, MP |
f(ﬁ):’:ﬂ’ﬁmp for 0<v <y,

max, /() = -
XE[ 57 5] f(%) = varrrnzl’ for % <v< 1.

2.1

(2.2)

;and f(x) <

FGn)}-

<0ifve[s,1],
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Then we have

P P
(I—v)+wf < Tn”&%’ xPv for 0 <v< %,

(I=v)+wx? < %I;,Z:’r’n":xpv for % <v<l.

This is equivalent to

mPV , MP
_ P L TAT L pY
(I—v)+wf < mPﬁ;LMPx (2.3)
That is
Py MP)l
1 m r
((1—V)+pr)p < (I/)’ZWXV' (24)

By a standard functional calculus in the inequality (2.4) with x = A"3BA™? , we obtain

1
mPNMPYP

((1—v)1+v(AiBA5)”>p ! AT 2.5)

Multiplying A? to both sides of (2.5), we can obtain

(mPV,MP) 7

Af,B.

Aty B <
(2) we use the same calculations as above to discuss the case of p < 0: it is not
difficult to find f"(x) > 0 when x > 1, and f’(x) <0 when 0 < x < 1, respectively.
Therefore, f(x) <max{f(2),f(%)}.
Meanwhile, if v € [0,3], then g'(h) < 0= g(h) < g(1) = 0; if v € [3,1], then
g'(h) >0=g(h) >g(1) =0. That is

MPY P
f(%) = M/’ﬁvnr:lf’ for 0<v< %v

max f(x) =
<€l 7. 51] f() =mmats for J<v<
This is equivalent to
P P
(I—v)+wf < %x’w
That is
1
(1 = 75

Mﬁ;tm
Using the same technique as (2.4), we can get (2.2).

The sharpness of (2.1) comes from A =m, B=M when v € [0, %], and A=M,
B=m when v e [%, 1]. On the other hand, the sharpness of (2.2) dueto A=M, B=m
when v € [0,%};andA:m, B=M when v e [%,1}. O
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REMARK 2.2. We can get the inequality (1.4) by (2.1) when p=1.

Khosravi [4] presented

A, B <AfyB for —1<p<g<1. (2.6)

1
. PV, mr) P
So, when 0 < p < 1, itis easy to see that Af, ,B <AV,B and (m mjAM) < Tnjﬁj (by

Proposition 1.1), which implies that neither (2.1) nor (1.4) is uniformly better than the

%
.. MPV; mP
other under some conditions. On the other hand, when —1 < p <0, then % <

1 and A%, ,B < Af,B, that is to say the inequality (2.2) is a refinement about operator
geometric mean to harmonic mean. Especially, if p = —1 in (2.2), then we obtain a
reverse of operator geometric-harmonic mean inequality. Therefore, Theorem 2.1 is a
new generalized v-weighted operator means inequality.

Some reverses of Theorem 2.1 are as follows:

COROLLARY 2.3. Let A,B € B(H) be such that 0 < ml < A,B < MI for some
scalars m < M. For A = min{v,1 —v} and v € [0,1],

if p>0, then
1
ARB < (mpV*Mp)FAﬁ B 2.7
vD X mﬁ)LM —p,vDs 2.7
if p<O0, then
1
(MPVm?) EAﬁ B <A#,B 2.8)
AL B < A% .

Proof Let A=A"! and B= B! in (2.1). Then

==

1\P p
Aflﬁmel < [(M()A%;;;(( ) ] AflﬁVth

)

3=~

that is

[(%)p l(%)p]ﬁ (A_lﬁp,VB_l)_l > (A_lﬁVB_l)_l

()i ()

which is equivalent to (2.7). We can similarly obtain (2.8) by (2.2). 0

b

To avoid repetition of the article, the rest of this paper only provides results related

1
(mp Vv, MP ) P
to factor W . . ' ' . ' .
Next, we show the double-sided inequality involving the operator weighted power

mean and v-weighted geometric mean.
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COROLLARY 2.4. Let A = min{v,1—v} for ve [0,1] and A,B € B(H) be such

that 0 <ml < A,B < MI for some scalars m < M.
If p >0, then

(mvaMp)%

At, ,B—M
b ( mf, M

- 1)1 < A4,B;

If0<p<1,then

1
(mPV,MP)?
Af,B <Af_, B+M(|~——F———1]L
: bt ( mi M )

Proof. Notice thatif 0 <ml <A,B < MI, then
ml =m(I§,1) = ((ml)$,(ml)) < Af,B < ((MI)$,(MI)) = MI.

If p >0, we have

A%puB— ALB < (% - I)AﬁvB (by2.1)
< M(% - 1)1 (by (2.9)).
If0<p<1,then
ALB—Ab B < (% - 1>Aﬁp,vB (by (2.7))
(Car UL P
<M(% - 1)1 (by 2.9)). O

(2.9)

THEOREM 2.5. Let A,B,X € M,(C) and A, B be positive definite matrices such

that 0 <ml < A,B < MI for some scalars m < M. Then

mPV)LMP 1— v
||(1—v)APX +vXBP||, < WHAP( IXB||,,
where p >0 and A = min{v,1 —v} for v €[0,1].
Proof. Set x =2 in (2.3), we get
(1—v)al +vbP < mNAME 1)

mPt, MP

(2.10)
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Let U and V be unitary matrices such that A = Udiag(A;)U* and B = Vdiag(u;)V*
are spectral decompositions of A and B. Furthermore, let Y = U*XV . Then we have

||(1=v)APX +vXBP|[5 = ||U((1 - v)diag(A)Y + vYdiag(u!))V*| |3

= ||[(t =22 +vul] o i

=3 (=2 +vu?)|yisl?

i,j=1
mI’V;LMP 2 n p(lfv) 2 "
(W) %l(% u ) lyil? - (by (2.10))
2
= (S ) Iwrtxsn | o
A

REMARK 2.6. When p =1 in Theorem 2.5, we get

[[(1=v)AX +vXB||, < -

which is a reverse Young-type inequality for Hilbert-Schmidt norms.

A generalized reverse of the Heinz inequality for Hilbert-Schmidt norms is as
follows.

COROLLARY 2.7. Under the same conditions as in Theorem 2.5, we have

mI’V,lMI’

||APX +XBp’|2 < W

| |AP(1*V)XBPV 4+ APV BP(1-V) | |2.

Proof. Replace a with b and b with a in (2.10) respectively, then

mpVAMp

.17 aP pP(1=), 2.11)
megy

val 4+ (1 —v)bP <

Combination (2.10) and (2.11), we have

mI’V;LMI’

Ppl <
a’” + s, MP

(ap(lfV)bpv + apvbP(I*V)) )
Using the same technique as in Theorem 2.5, we complete the proof. [l
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