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INEQUALITIES INVOLVING BEREZIN NORM AND
BEREZIN NUMBER OF HILBERT SPACE OPERATORS

ELHAM NIKZAT AND MOHSEN ERFANIAN OMIDVAR *

(Communicated by M. Sababheh)

Abstract. This paper presents several Berezin number and norm inequalities for Hilbert space
operators. These inequalities improve some earlier related inequalities. Among other inequali-
ties, it is shown that if A is a bounded linear operator on a Hilbert space, then
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ber’ (4) < HM _ L ((1 A AA (1) (A°A)F +i(an")
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where R =max{z,1 —¢} and 0 <7 <1.

1. Introduction

Let (H;(-,-)) be a complex Hilbert space. The numerical range of an operator A
is the subset of the complex numbers C given by:

W (A)={(Ax,x) : xeH, x| =1}.
The numerical radius of an operator A on H is shown by:
o (A) =sup{|[{Ax,x)| : x e H,||x|| = 1}.

It is well-known that @ (-) is a norm on the Banach algebra B (H) of all bounded linear
operators A : H — H. This norm is equivalent to the operator norm. The following
more precise result holds:

1
S 4]l < o (4) <Al (.

Kittaneh has established in [20] that if A € B(H),

1
w0 (4) < 5 |[IaP+ 1" (12)

Mathematics subject classification (2020): Primary 47A12; Secondary 47A30, 47A63.

Keywords and phrases: Berezin norm, Berezin number, bounded linear operators, numerical radius,
operator norm, inequality.

* Corresponding author.

© deav., Zagreb 1289

Paper IMI-18-74


http://dx.doi.org/10.7153/jmi-2024-18-74

1290 E. NIKZAT AND M. E. OMIDVAR

where |A] = (A*A)l/ 2 The inequality (1.2) is stronger than the second inequality in
(1.1). This can be noticed by using the fact that

L2 2l L2l ] 2 2

g [ < g a3 flae] =nar

> [1ar + 1P| < 5 [1aP]| + 5 1472 = ai
Interestingly, inequality (1.2) has been refined in [21] and [26] by using the operator
Hermite-Hadamard inequality. Moreover, In [8], El-Haddad and Kittaneh generalize

(1.2) in the following form

w”m)guu—4ﬂﬂh+¢mﬂ” L 0<r<1, r>1.

For recent and interesting results regarding inequalities for the numerical radius, see
[17, 22,23, 27, 28].

A functional Hilbert space H = H(Q) is a Hilbert space of complex-valued func-
tions on a (nonempty) set Q, which has the property that point evaluations are con-
tinuous, i.e., for each A € Q the map f — f(A) is a continuous linear functional on
H. The Riesz representation theorem ensure that for each A € Q there is a unique
element k; € H such that f(A) = (f,k,) forall f € H. The collection {k; : A € Q}
is called the reproducing kernel of H. If {e,} is an orthonormal basis for a functional
Hilbert space H, then the reproducing kernel of H is given by k; (z) = 3, en(A)en(z);

(see [14, problem 37]). For A € Q, let kA,\ = Wiﬁ be the normalized reproducing ker-

nel of H. For a bounded linear operator 7' on H, the function T defined on Q by
T(A) = (Tky,,k; ) is the Berezin symbol of T, which firstly have been introduced by
Berezin [3, 4]. Berezin set and Berezin number of the operator, T, are defined by

Ber(T):={T(A):A€Q} and  ber(T):=sup{|T(A)|: A € Q},

respectively, (see [16]). Of course, the Berezin norm of 7 can also be defined as
follows:

1T |lper = sup{‘<T§A,§M>| AU E Q}

‘We understand that
ber(T) < o(T).

Moreover, the Berezin number and the Berezing norm of an operator 7 satisfies the
following properties:

(i) ber(aT) = |o|ber(T) forall oo € C.
(ii) ber(S+T) < ber(S)+ber(T).
(iii) HS+ THber < ”SHber + HT”ber'
(iv) [6, Proposition 2.11] ||T'||;,er = ber (7'), whenever T is positive.

The Berezin symbol has been thoroughly examined for the Toeplitz and Hankel
operators on the Hardy and Bergman spaces; it is extensively employed in various ana-
lytical inquiries and exclusively characterizes the operator (i.e., forall A € Q T(A) =
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S(2) implies T = §). For some recent articles, including Berezin number inequalities

we refer the interested reader to [10, 11, 12, 13, 29].
This article aims to present further generalizations of Berezin number inequalities

We will employ certain approaches to achieve this objective, as suggested in [21, 26]
In order to achieve the goal of this section, we need the following lemmas.

LEMMA 1.1. [18] If A,B € B(H) are positive operators, then

12)'

1 2 1ol
la+Bl< 3 (nA + 18] M (Il =181 +4[ 4252

LEMMA 1.2. (Buzano’s inequality [7]) If a, b, x are vectors in an inner product

space, then
[al HbH+|<a b)|
[(a,x)||{x,b)| < ]I

LEMMA 1.3. [19] Let A € B(H) and let x,y € H be any vectors. If 0 <t < 1,

[Ax )P < (JAP" e ) (JA"Pryy).

LEMMA 1.4. Let A € B(H) be a self-adjoint operator, and let x € H be a unit

vector. Then,
(Ax,x)* < (A%x,x).

Proof. Utilizing the Cauchy-Schwarz inequality, we have
(Ax,x)? < [|Ax|]* = (Ax,Ax) = (A%x,x). O
2. Results

Now, we can prove our general Berezin number inequality, which includes several
inequalities as special cases.

THEOREM 2.1. If A,B € B(H(Q)), then

3141+ 1B"?) + 14"+ |BP
ber

1
ber” (A+B) < -
er’ (A + 4
1
+5 (ber (A%) +ber (B%)) + ber (BA).
Proof. Let EL be a normalized reproducing kernel. Replacing a = SEA ,b=Tk,,
in Lemma 1.2, then
2| (88 )| | 78 )| = 2| (58 || (7 )|
< 5 i + (575
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- HSEL Tk,

i)
= | ($Rs8 ) (TR0 TR ) + [ (77551

= PR R ) (IR )+ (58 s )

< (PRl )+ (17 ) + (7758 s )|

(by the arithmetic-geometric mean inequality)

1 P P
=S (ISP 41T Rk ) +| (775K B ).
Observe that

(st & )| (7% B)| < §<(\s|2+ TP Rk ) + % (rskk). @

In particular,

[ezy ‘2 < i (1P +15"P) R )+ % (5% %) 2.2)
So. we have
)< A+ B)k;, k,1>‘
<)<Ak,1 k,1>‘ ‘<BA,1,E1>D2 (by the triangle inequality)
(k) (82 8 ) 2B ) (8 )
< (AP )Rk >H@hhﬂ
+ | k

|

((1BP +1B) K. K ‘<szx k,1>|
)

2

)+
<<|A| LB )%, E> ‘<BAk;L k;t>‘ (by (2.1) and (2.2))
i

1

4

1
T3

(3 (1P +1B°P) + 4 +B|)
(L)
1
T3

l

Z

th@ﬂ\@%%ﬂ)K%ﬁ%ﬂ
H (1P +1B°7) + 14" + 18] H 42 (ber( 2) + ber (B?)) + ber (BA).
Thus,
’<(A+B)?A,EA>‘2

< % 3 (141 +18°P) + 4P + 18P+ % (ber (42) + ber (B2)) + ber (BA),
er
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and so

1
ber? (A+B) < Hs (\A\z + \B*|2) +|A* P +|BP

ber
+ % (ber (A%) +ber (B*)) +ber (BA),

as required. [

As an immediate consequence of the preceding theorem, we improve the second
inequality in (1.1).

COROLLARY 2.1. If A € B(H(Q)), then
1 1
ber? (4) < o [[[AP + 4P|+ Sber (42).
er” (A) 2 |A|" 4 |A¥] ber+2er( )
Proof. Letting A =B in Theorem 2.1. [J
Also, the following result is of attraction in itself.
COROLLARY 2.2. If A,B € B(H(Q)) are two positive operators, then
1
2 2 2
A+ Bliper < [[42+ B e + 5 (14 1per + 1Bl ) + ber (BA).
We derive the following new bound employing Lemmas 1.3 and 1.4.

THEOREM 2.2. Let A € B(H (Q)) andlet 0 <t < 1. Then

, s o (1A (AP
ber* (A) < |[(1 — 1) |A[* +1]A%]* — 27 - -

ber

where r=min{t,1 —r}.
Proof. If 0 <t < 1/2, then we have

(1P +aP)’

2
= ((1 —21)|A[* 42 (#))

2
|A|2+|A*|2>

<(1—2t)A4+2z< 5

(since f (t) = 1? is operator convex; see Theorem 1.5.8 in [5])

2
Al + At <|A|2+|A*|2>

= (1=D)|A*+e]A*[* =2
(1 =1)|A[" +2|A*[" —=2r 7 5
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A similar discussion holds for 1/2 <# < 1. So we obtain

2
Al 1At <|A|2+|A*|2>

2
(A=n)AP o4 ) < (L= lAf i —2r | 5= .

Now, let %;L be a normalized reproducing kernel. We can write

(k&) < (AP % %) (14 PR %)) by Lemma 1.3)
< <<A2§A7@>1[<A*2Z;L,E1>[)2 (by [8, Lemma 3])

< (0 -0{APRE ) +1 (I PR R ))

(by the weighted arithmetic-geometric mean inequality)
~ a2
= (1 =0)AP +14"P) & K )
2
< <<(l —1)]AP +t\A*|2) k;L7k;L> (by Lemma 1.4)

Hence,

~ o~ 4
(k8 )
2
Al*+1a7" (AP 14 =~
< 1—0) A +1]A" | = 2r | - k. k
<()| 5 5 2k ) o

2
Al 1At <|A|2+|A*2>

< || o) |A[ +e[ar[t —2r 5 5
ber

Therefore, from (2.3) it follows that

ber* (A) < ||(1 =) |A* +1]A*[* —2r

2
AP 1A 1t (AP + AT
2 2

ber

REMARK 2.1. Since f(¢) = is an operator convex on (0,c), we have

4 x4 2 *2 2
A +]4° _<|A| +|A|> -

2 2

therefore, we have

(1—0)]A[* +1|A*[* —2r

2
A A (AP (A
2 2

ber

4 x4
S H(l_t)|A| +t‘A ‘ Hber.
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We conclude this section with the following result. The reader may compare it to
[28, Theorem 2.3].

THEOREM 2.3. Let A € B(H(Q)) andlet 0 <t < 1. Then

AP AP 1 ((

ber? (A) <
er”(4) 2 2R

L= 1) JAP 14" = (1 =1)|A] +t|A*\)2>

)

ber

where R =max {r,1 —1}.

Proof. By Lemma 3.12 in [24], we have

AP+ A A+ AN
U—QAQAMFSW—0A+HVﬂHRC|+||_C|+ >>’

2 2

where 0 <7< 1 and R = max {z,1 —r}. This inequality gives

<A+|A*|

%2
) B (0P + P - (=) Al TR)

2 2R
~ 2.4)
Now, let k; be a normalized reproducing kernel. We obtain

’<A§A,?A>’ |A|k,1,k,1> <|A |k,1,kl> (by Lemma 1.3)

(1A% %) Qmmm>

(by the arithmetic-geometric mean inequality)

()

A A* ~
< ‘ ‘—H k;L> (by Lemma 1.4).
Utilizing (2.4) we get
~ 2
(4 )|

|A|2+|A*‘2 1 2 *|2 *\2 T 7
< L S e B _ _ _
\<< = (=0 AP AP = (L =0 A +147)) | oK

AP+A 1 ((
2 2R

~

L=0)JAP +eJA" = (1 1) |A| +1147])°)

ber

(2.5)
We deduce the desired result by taking the supremum in (2.5) over A € Q. [
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REMARK 2.2. Since
(L=0)JAP + A" = (1=1)[A|+1]A"])* > 0,

we have

AP +a 1 2 %2 2
S o (=0 AP+ 1A = (1 =) Al +1]4%)?)

ber

< - A2 A*2H
2H| |+| | ber

It is well-known that for any A, B € B (H

OA
ber([ D 2 (1A er + 1Bler)- 2.6)

(Q)) (see [2, Lemma 2.1 (b)])

B O

To obtain the following result, which contains a refinement of (2.6), we mimic some

ideas from [25, Corollary 2.1].

THEOREM 2.4. Let A,B € B(H(Q)). Then for any t € R,
(1-1)A

e ([50]) <3 (e 20 ) orer ([0 20 ™))

Proof. 1t has been established in [9, Corollary 2.4] that

A+B A+B
||A+B||ber\ tA+(1_t) + tB+(1_t) < HA||ber+HB||ber
ber ber
for any 7 € R. If we substitute B by ¢!?B, we get
=
ber
A iOB ) A iOB
< |[tA+(1—1) te +||te®B+(1—1) te
ber ber
1 ) )
—_ <H(1+t)A+(1—t)e‘9B +H(1—t)A+(1+t)e‘BB ).
2 ber ber
Consequently,
1 ) 1 . .
- HA+6163 <- (H(l+t)A+(l—t)e —|—H(l—t)A+(l+t)e )
2 ber 4 er ber
1 0 (I+1)A 0 (I-1)A
§<ber<[(l—t)B* 0 DJ“ber([(Ht)B* ) '
Namely,

%HA-{-@‘@B . % (ber([(l_at)B* (1+0z)AD +ber<[(l+0t)B* (1 —Ot)AD>




INEQUALITIES INVOLVING BEREZIN NORM AND BEREZIN NUMBER 1297

for any ¢ € R. If we take supremum over 0 € R, we have

(28] <o " e )

We conclude the desired result by substituting B by B*. [

COROLLARY 2.3. Let A,B € B(H(Q)). Then

ber([ggD < %(/Olberd(l_ot)B (IJFOI)ADdt
+/lbe"<{(1+0t)3 (l_otMDdf)

(HAHber+ ”B”ber)

l\)l'—‘

Proof. Assume that 0 <7 < 1. We can write by (2.6) that

ber([(1 —Ot)B (1 +0t)AD +ber<[(1 +0t)B (1 _OI)AD

< (l+t)HAHber+(1 _Z)HBHber + (1 _t)||A||ber+(l+t)HB”ber
h 2 2
= HA||ber+||B||ber'

After taking the integral over 0 < ¢ < 1, we reach the desired result, thanks to Theorem
24. 0O

We conclude this section with the following two theorems.

THEOREM 2.5. Let A€ B(H(Q)) andlet 0 < v < 1. Then
1
ber’ (A) < §<ber<A (1=v |A|2V>

1 L1 41—V | 414V 1” 8V | [458(1-V)
+\/2ber<|A A1) + 5 ||lAl + 14

ber) '

1 1
(ber(A [A]) + \/Eber<A*|2|A|2> + 4 H‘A‘“_ A*4Hber> '

In particular,

NI'—‘

ber? (A) <
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Proof. We prove the first inequality. Let k,l be a normalized reproducing kernel.
Let x = |A]>k;, y = |A**" ™k, , and z =k, in Lemma 1.2, we get

<|A|2ka’kx> <|A* PV ,Ex>

1 ~ ~ ~ ~
< 3 ([P TPk |+ [l | la PR )

ie.,

‘<A7€\7L77€7L>‘2 < % <‘<|A*|2(1V) |A|2V%A7%A>‘+\/<A4V%A»%A> <A*|4(1_V)ZA7ZA>> :

In the same manner, we can show that

\/<|A|4V§A}A> <|A*\4(17V)2A,2A>
< 3 ({5 a8 ) |+ B 0% ).

Therefore,

()
< 1 (K'A*2(1_V)|A|2VE’1’BL>‘+\/<A4V2A,Ex><A*|4(l">§)L})L>>

< %(\(m““—” AP )|
+ %(KA*“V>|A|“%,a>|+¢<|A|%,%A><|A*8“%@))
< %(\(m““—” AP k)|

)i )

1 1 1
E(ber<|A* (1-v |A|2"> \/Eber(A*|4(1—V)A4V>+ZH|A|8V+A*|8(1—V)

Hence,

NS}

ber) '

ber’ (A) < %(ber(A A=y |A|2V>

1 1
oer (P01 4 L laps s aepy

ber) ’
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as desired.
Letting v = % in the first inequality, we obtain the second inequality. [

THEOREM 2.6. Let A € B(H(Q)) andlet 0 < v < 1. Then

1
1
ber? (4) < 5 | ber (Ja* a1 ) + /\/H(l—t)|A|4v+t|A*4(l_v) di
2 5 ber

Proof. Let 0 < v <1 and let %;L be a normalized reproducing kernel. By taking
x= AP, , y=1A"*""Y%, , and z=k; , in Lemma 1.2, we get

(AP T ) (147 K )
1 ~ ~ ~ ~
< 3 (PR PO Pl B )
On the other hand, it observes from the mixed Schwarz inequality that
~ ~\12 1 ~ ~ ~ ~
(A 8 )" < 5 (|(PEe PO | AP | =)
Thus, by the logarithmic-geometric mean inequality, we can write
o a2
(4. )|

1 B P N e
<3 ([( PP B ) |+ [laP R | [l =% )

1
1 ~ o~ —~ (|1t —~ ||
gz <‘A*|2(1_V)‘A‘2vk)t,k/l> + /H‘A‘ka)LH H|A*‘2(1—V)k/l dt
0
1 2
1 _ ~ o~ ~ o~ o\ LIt o~ ~ A\ !
=5 [[(a PP % B )|+ [ \/<|A|4vkz,k/x> (a1 k) an
0
1 2
1 o~ ~
<5 | |(ar PP )|+ [ M(l—t) AR ear ) Ry e
0

(by the weighted arithmetic-geometric mean inequality)

1
1
<= ber(\A*|2(1_’)|A|2">+ /\/H(l—z)|A|4V+zA*|4<”> dt
2 ) ber
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This implies that

()

2
1 _ _
<= ber<|A*|2(1 V)|A|2" /\/H 1A +r]ax [0 >’ dt
2 ber
We reach the desired result by taking the supremum over A € Q. [
REMARK 2.3. Putting v = % in Theorem 2.6, we obtain
2
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