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Abstract. In this paper, we establish some necessary and sufficient conditions for the bounded-
ness of p -adic Hardy-Cesàro operators on central Morrey, Herz, and Morrey-Herz spaces with
variable exponents. Finally, the boundedness of rough p -adic Hardy operators on variable ex-
ponent Morrey-Herz spaces is also discussed.

1. Introduction

Let f be a non-negative measurable function on R+ . The one-dimensional Hardy
operator was presented by Hardy [19]

H( f )(x) =
1
x

x∫
0

f (t)dt, x > 0.

The operator H is bounded on Lq(R+) with 1 < q < . Furthermore, Hardy obtained

‖H( f )‖Lq(R+) � q
q−1

‖ f‖Lq(R+), for all f ∈ Lq(R+),

where q
q−1 is the sharpest constant. In 1995, Christ and Grafakos [6] studied the higher-

dimensional Hardy operator

H ( f )(x) =
1
|x|n

∫
|t|<|x|

f (t)dt, x ∈ Rn \ {0}.

The authors [6] stated as follows.

THEOREM 1. If q ∈ (1,) then we have

‖H ( f )‖Lq(Rn) � q.vn

q−1
‖ f‖Lq(Rn), for all f ∈ Lq(Rn),

where qvn
q−1 is the sharpest constant and vn = n/2/(1+n/2) .
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It is well known that the Hardy operators are concerned with the areas of mathe-
matical inequalities, function theory, and operator theory (see [27, 28, 29, 31, 32]). In
2014, Chuong and Hung [9] researched the Hardy-Cesàro operator

U,s( f )(x) =
∫

[0,1]d

(t) f (s(t)x)dt,

where f is a measurable complex-valued function on Rn and s : [0,1]d → R is a mea-
surable function. It is clear to see that if we choose d = n = 1 and (t) = 1, the
Hardy-Cesàro operator U,s reduces to the Hardy operator H .

On the other hand, Fu et al [14] introduced the rough Hardy operator, which is
generalized of Hardy operator, defined as follows.

DEFINITION 1. Let f be a locally integrable function on Rn and  ∈ R . The
higher-dimensional rough Hardy operator is given by

H, ( f )(x) =
1

|x|n−
∫

|t|<|x|
(x− t) f (t)dt, x ∈ Rn \ {0},

where  satisfies

(tx) = (x), for all t > 0 and x ∈ Rn,

 ∈ L (Sn−1), for some  � 1.

The authors [14] obtained central BMO estimates for commutators of H, .
Recently, the Hardy-Cesàro operator, rough Hardy operator, and their commuta-

tors have been extensively studied on real Euclidean spaces (see [15, 16, 21]). More-
over, the p -adic analysis has an important role in mathematical physics (see [24], [25],
[26], [33]). Hence, more and more researchers are interested in harmonic analysis on
p -adic fields (see [2, 17, 30, 34]). In particular, Hung [20] considered the Hardy-Cesàro
operator in the p -adic case as follows.

DEFINITION 2. Let  : Z∗
p → [0,) and s : Z∗

p → Qp be measurable functions,
and f be a measurable complex-valued function on Qn

p . The p -adic Hardy-Cesàro
operator along curve s(t,x) = s(t)x is defined by

H p
,s( f )(x) =

∫
Z∗

p

(t) f (s(t)x)dt. (1)

From the results of Fu et al [14] and Hussain et al [18], we give the form of the
rough Hardy operator in p -adic analysis.

DEFINITION 3. Let f : Qn
p → C be a measurable function. The rough p -adic

Hardy operator is determined by

H p
 ( f )(x) =

1
|x|np

∫
|t|p<|x|p

(x− t) f (t)dt, x ∈ Qn
p \ {0}. (2)
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Here we are interested in the function  with

(pkx) =(x), for all k ∈ Z and x ∈ S0, (3)

 ∈ L (S0), for some  > 1. (4)

The theory of function spaces with variable exponents is studied in the field of har-
monic analysis, partial differential equations, and applied mathematics (see [4], [10],
[11], [23]). It is well-known that many mathematicians are interested in the classical
operators on some spaces with variable exponents. For example, on variable expo-
nent Lebesgue spaces, the boundedness of the Hardy-type operators is discussed in the
papers of Bandaliev [3], Diening et al [12], and Edmunds et al [13]. Besides, the au-
thors [1] investigated the Herz spaces with two variable exponents and obtained the
boundedness of sublinear operators on these spaces. In 2010, Izuki [22] defined the
Herz-Morrey spaces with one variable exponent. By generalizing the above function
spaces, Wu et al [35] considered the boundedness of the fractional Hardy operators.
In 2020, Chuong et al [8] established the necessary and sufficient conditions for the
boundedness of multilinear Hausdorff operators on the product of weighted Herz and
Morrey-Herz spaces with two variable exponents. Recently, the authors [5] introduced
the p -adic variable exponent Lebesgue spaces and proved many properties of these
spaces.

Motivated by the above results, the main purpose of this paper is to investigate the
necessary and sufficient conditions for the boundedness of the operator H p

,s on p -adic
central Morrey spaces, p -adic Herz spaces, and p -adic Morrey-Herz spaces with vari-
able exponents. Moreover, the boundedness of the operator H p

 with homogeneous
kernel  on p -adic variable exponent Morrey-Herz spaces is also obtained.

Our paper is organized as follows. In Section 2, we present the necessary prelimi-
naries on p -adic Lebesgue spaces, p -adic central Morrey spaces, p -adic Herz spaces,
and p -adic Morrey-Herz spaces with variable exponents. Our main results are given
and proved in Section 3.

2. Some notation and definitions

On the field of rational numbers Q with a prime number p , we define

|x|p =

⎧⎨
⎩

0, if x = 0,

p− , otherwise x = p
m
n

with m,n � ...p, ∈ Z.

The field Qp arises as a result of the completion of the field Q with the norm | · |p .
Then

(i) |x|p � 0, for allx ∈ Qp ;
(ii) |x|p = 0 ⇔ x = 0;
(iii) |xy|p = |x|p|y|p, for all x,y ∈ Qp;
(iv) |x + y|p � max(|x|p, |y|p), for all x,y ∈ Qp , and |x + y|p = max(|x|p, |y|p)

with |x|p �= |y|p .
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For n ∈ N∗ , the space Qn
p is defined as {x = (x1, . . . ,xn) : xi ∈ Qp, i = 1, . . . ,n}

and equipped with the norm defined by

|x|p = max
1�i�n

|xi|p. (5)

Let
Bk(a) =

{
x ∈ Qn

p : |x−a|p � pk
}

be a ball of radius pk with center at a ∈ Qn
p . Similarly, denote by

Sk(a) =
{

x ∈ Qn
p : |x−a|p = pk

}
the sphere with center at a ∈ Qn

p and radius pk . Denote Bk = Bk(0) , Sk = Sk(0) ,
Z∗

p = B0 \ {0} , and k be the characteristic function of the sphere Sk .
There exists a Haar measure dx on Qn

p , which is unique up to a positive constant
multiple and is translation invariant. This measure is unique by normalizing dx such
that ∫

B0

dx = |B0| = 1,

where |B| denotes the Haar measure of a measurable subset B of Qn
p . It is easy to

obtain that
|Bk(a)| = pnk and |Sk(a)| = pnk(1− p−n),

for any a ∈ Qn
p .

The Lebesgue space Lq(Qn
p) (0 < q <) is defined to be the space of all measur-

able functions f on Qn
p such that

‖ f‖Lq(Qn
p) =

(∫
Qn

p

| f (x)|qdx
)1/q

< .

The space Lq
loc(U) is defined as the set of all measurable functions f on U satisfying∫

K | f (x)|qdx <  , for any compact subset K of U . A function f ∈ L1
loc(Q

n
p) is called

improperly integrable on Qn
p if the exists

lim
→

∫
B

f (x)dx = lim
→ 

−<�

∫
S

f (x)dx.

The above limit is denoted by
∫
Qn

p
f (x)dx . In particular, if f ∈ L1(Qn

p) , we have

∫
Qn

p

f (x)dx =



=−

∫
S

f (x)dx.

For a more complete introduction to the p -adic analysis, we refer the readers to [24, 33].
Let us write ‖H ‖X→Y , the norm of H between two normed vector spaces X and

Y . We also denote u � v to mean that there is a positive constant C such that u � Cv .
The symbol u � v means that C−1u � v � Cu .
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DEFINITION 4. [4, 5] Let P(Qn
p) be the set of all measurable functions q(·)

from Qn
p to (1,) such that

1 < q− � q(x) � q+ < , for all x ∈ Qn
p,

where q− = ess infx∈Qn
p
q(x) and q+ = ess supx∈Qn

p
q(x) .

For q(·) ∈ P(Qn
p) , the p -adic variable exponent Lebesgue space Lq(·)(Qn

p) is the
set of all complex-valued measurable functions f defined on Qn

p such that there exists
a constant  > 0 satisfying

Fq(·)( f/) =
∫

Qn
p

( | f (x)|


)q(x)

dx < .

The p -adic variable exponent Lebesgue space Lq(·)(Qn
p) then becomes a normed

space equipped with a norm given by

‖ f‖Lq(·) = inf

{
 > 0 : Fq(·)

(
f


)
� 1

}
.

For q(·) ∈ P(Qn
p) , for all f ∈ Lq(·)(Qn

p) we have⎧⎨
⎩
‖ f
∥∥

Lq(·)(Qn
p)

� max
{
C

1
q− ,C

1
q+
}
, if Fq(·)( f ) � C,

‖ f
∥∥

Lq(·)(Qn
p)

� min
{
C

1
q− ,C

1
q+
}
, otherwise.

(6)

For q(·) ∈ P(Qn
p) , we set q′(·) such that

1
q(x)

+
1

q′(x)
= 1, for all x ∈ Qn

p.

Let Clog
0 (Qn

p) be the set of all log-Hölder continuous functions (·) : Qn
p → R

satisfying at the origin,

|(x)−(0)| � C
0

log
(
e+ |x|−1

p
) , for all x ∈ Qn

p.

Let Clog
 (Qn

p) be the set of all log-Hölder continuous functions (·) : Qn
p → R

satisfying at infinity,

|(x)−| � C


log(e+ |x|p) , for all x ∈ Qn
p,

where lim
|x|p→

(x) =  ∈ R.

We present the definitions of the p -adic variable exponent Herz space K̇(·)
�,q(·)(Q

n
p) ,

the p -adic variable exponent Morrey-Herz space MK̇(·),
�,q(·) (Qn

p) , and p -adic variable

exponent central Morrey space Ṁr,q(·)(Qn
p) .
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DEFINITION 5. [1] Let q(·) ∈P(Qn
p) , (·) : Qn

p → R with (·) ∈ L(Qn
p) , and

� ∈ (0,) . The p -adic variable exponent Herz space is defined as

K̇(·)
�,q(·)(Q

n
p) =

{
f ∈ Lq(·)

loc (Qn
p \ {0}) : ‖ f‖

K̇(·)
�,q(·)(Qn

p)
< 

}
,

where

‖ f‖
K̇(·)

�,q(·)(Q
n
p)

=
( 


k=−

‖pk(·) f k‖�
Lq(·)(Qn

p)

)1/�
.

DEFINITION 6. [35] Let  ∈ [0,), �∈ (0,),q(·)∈P(Qn
p) , and (·) : Qn

p →R

with (·) ∈ L(Qn
p) . The p -adic variable exponent Morrey-Herz space is defined as

MK̇(·),
�,q(·) (Qn

p) =
{

f ∈ Lq(·)
loc (Qn \ {0}) : ‖ f‖

MK̇
(·),
�,q(·) (Qn

p)
< 

}
,

where

‖ f‖
MK̇

(·),
�,q(·) (Qn

p)
= sup

k0∈Z

p−k0
( k0


k=−

‖pk(·) f k‖�
Lq(·)(Qn

p)

)1/�
.

REMARK 1. If  = 0, then M
.
K
(·),
�,q(·) (Qn

p) =
.
K
(·)
�,q(·)(Qn

p) . When both (·) and

q(·) are constant, M
.
K
(·),
�,q(·) (Qn

p) is just M
.
K
 ,
�,q (Qn

p) , which is introduced in [7].

By using Theorem 3.8 [1], we prove the following norm equivalence:

THEOREM 2. If q(·)∈P(Qn
p) , (·)∈L(Qn

p)∩Clog
0 (Qn

p)∩Clog
 (Qn

p) , �∈ (0,) ,
and  ∈ [0,) , then we obtain

‖ f‖
MK̇(·),

�,q(·) (Qn
p)
�max

{
sup

L∈Z−∪{0}
F1,L, sup

L∈Z+

(
F2,L+F3,L

)}
, for all f ∈MK̇(·),

�,q(·) (Qn
p).

Here

F1,L = p−L
( L


k=−

pk(0)�‖ f k‖�
Lq(·)(Qn

p)

)1/�
,

F2,L = p−L
( −1


k=−

pk(0)�‖ f k‖�
Lq(·)(Qn

p)

)1/�
,

F3,L = p−L
( L


k=0

pk�‖ f k‖�
Lq(·)(Qn

p)

)1/�
.
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Proof. For any f ∈ MK̇
(·),
�,q(·) (Qn

p) , by the definition of the space MK̇
(·),
�,q(·) (Qn

p) ,
we have

‖ f‖
MK̇(·),

�,q(·) (Qn
p)

= sup
L∈Z

p−L
( L


k=−

‖pk(·) f k‖�
Lq(·)(Qn

p)

)1/�

� sup
L∈Z−∪{0}

p−L
( L


k=−

‖pk(·) f k‖�
Lq(·)(Qn

p)

)1/�

+ sup
L∈Z+

p−L
( −1


k=−

‖pk(·) f k‖�
Lq(·)(Qn

p)
+

L


k=0

‖pk(·) f k‖�
Lq(·)(Qn

p)

)1/�
.

By (|a|+ |b|)1/� � |a|1/� + |b|1/� , we get

‖ f‖
MK̇

(·),
�,q(·) (Qn

p)
� sup

L∈Z−∪{0}
p−L

( L


k=−

‖pk(·) f k‖�
Lq(·)(Qn

p)

)1/�

+ sup
L∈Z+

{
p−L

( −1


k=−

‖pk(·) f k‖�
Lq(·)(Qn

p)

)1/�

+ p−L
( L


k=0

‖pk(·) f k‖�
Lq(·)(Qn

p)

)1/�}
. (7)

On the other hand, since  ∈ Clog
0 (Qn

p) , for any k ∈ Z− ∪{0} and x ∈ Sk ,

−k|(x)−(0)| � −k
log(e+1/|x|p) =

logp(1/|x|p)
log(e+1/|x|p) � 1.

Hence
−C0 � k((x)−(0)) � C0,

where the positive constant C0 is independent of k ∈ Z− ∪{0} and x ∈ Sk . This leads
to that

pk(x) � pk(0), for all k ∈ Z− ∪{0} and x ∈ Sk.

Consequently, by the definition of the norm of p -adic variable exponent Lebesgue
space,

‖pk(·) f k‖Lq(·)(Qn
p)
� pk(0)‖ f k‖Lq(·)(Qn

p)
, for all k ∈ Z− ∪{0}. (8)

Then

p−L
( L


k=−

‖pk(·) f k‖�
Lq(·)(Qn

p)

)1/� � F1,L, for all L ∈ Z− ∪{0},

and

p−L
( −1


k=−

‖pk(·) f k‖�
Lq(·)(Qn

p)

)1/� � F2,L, for all L ∈ Z+.
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Besides, by  ∈ Clog
 (Qn

p) , for any k ∈ Z+ and x ∈ Sk ,

k|(x)−| � k
log(e+ |x|p) =

logp(|x|p)
log(e+ |x|p) � 1.

This gives
−C � k((x)−) � C,

where the positive constant C is independent of k ∈ Z+ and x ∈ Sk . Clearly,

pk(x) � pk , for all k ∈ Z+ and x ∈ Sk.

Thus, by the definition of the norm of p -adic variable exponent Lebesgue space,

‖pk(·) f k‖Lq(·)(Qn
p)
� pk‖ f k‖Lq(·)(Qn

p)
, for all k ∈ Z+. (9)

Hence

p−L
( L


k=0

‖pk(·) f k‖�
Lq(·)(Qn

p)

)1/� � F3,L, for all L ∈ Z+.

By combining these with (7), we see that

‖ f‖
MK̇

(·),
�,q(·) (Qn

p)
� sup

L∈Z−∪{0}
F1,L + sup

L∈Z+
{F2,L +F3,L}

� max
{

sup
L∈Z−∪{0}

F1,L, sup
L∈Z+

(
F2,L +F3,L

)}
.

Thus, we finish the proof of this theorem. �

THEOREM 3. If q(·)∈P(Qn
p) , (·)∈L(Qn

p)∩Clog
0 (Qn

p)∩Clog
 (Qn

p) , �∈ (0,) ,
then we have

‖ f‖
K̇
(·)
�,q(·)(Q

n
p)
�
( −1


k=−

pk(0)�‖ f k‖�
Lq(·)(Qn

p)

)1/�
+
( 


k=0

pk�‖ f k‖�
Lq(·)(Qn

p)

)1/�
.

Proof. In view of
.
K
(·)
�,q(·)(Qn

p) = M
.
K
(·),0
�,q(·) (Qn

p) , max
{|a|, |b|} � |a|+ |b| , and

Theorem 2, we deduce

‖ f‖
K̇(·)

�,q(·)(Q
n
p)
� max

{
sup

L∈Z−∪{0}
F1,L, sup

L∈Z+

(
F2,L +F3,L

)}

� sup
L∈Z−∪{0}

F1,L + sup
L∈Z+

(
F2,L +F3,L

)

=
( 0


k=−

pk(0)�‖ f k‖�
Lq(·)(Qn

p)

)1/�
+
( −1


k=−

pk(0)�‖ f k‖�
Lq(·)(Qn

p)

)1/�

+
( 


k=0

pk�‖ f k‖�
Lq(·)(Qn

p)

)1/�
.
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Next, by simple calculations, we get

‖ f‖
K̇(·)

�,q(·)(Q
n
p)

�
( −1


k=−

pk(0)�‖ f k‖�
Lq(·)(Qn

p)

)1/�
+‖ f 0‖Lq(·)(Qn) +

( 


k=1

pk�‖ f k‖�
Lq(·)(Qn

p)

)1/�

�
( −1


k=−

pk(0)�‖ f k‖�
Lq(·)(Qn

p)

)1/�
+
( 


k=0

pk�‖ f k‖�
Lq(·)(Qn

p)

)1/�
.

Hence, we complete the proof of Theorem 3. �
From the definition of p -adic Morrey-Herz spaces with variable exponent, we

estimate the following result.

LEMMA 1. If q(·) ∈ P(Qn
p) , (·) ∈ L(Qn

p)∩Clog
0 (Qn

p)∩Clog
 (Qn

p) , � ∈ (0,) ,
and  ∈ [0,) , then∥∥ f  j

∥∥
Lq(·)(Qn

p)
� p j(−(0))∥∥ f

∥∥
MK̇(·),

�,q(·) (Qn
p)

, for all j ∈ Z− ∪{0},∥∥ f  j
∥∥

Lq(·)(Qn
p)

� p j(−)∥∥ f
∥∥

MK̇
(·),
�,q(·) (Qn

p)
, for all j ∈ Z+.

Proof. By using (8), for any j ∈ Z− ∪{0} , we get

∥∥ f  j
∥∥

Lq(·)(Qn
p)

= p− j(0)
(

p j(0)�∥∥ f  j
∥∥�

Lq(·)(Qn
p)

)1/�

� p− j(0)
( j


i=−

pi(0)�∥∥ f i
∥∥�

Lq(·)(Qn
p)

)1/�

� p j(−(0))
(

p− j
( j


i=−

∥∥pi(·) f i
∥∥�

Lq(·)(Qn
p)

)1/�)
� p j(−(0))‖ f‖

MK̇
(·),
�,q(·) (Qn

p)
.

By estimating as above and using (9), for any j ∈ Z+ ,∥∥ f  j
∥∥

Lq(·)(Qn
p)

� p j(−)‖ f‖
MK̇

(·),
�,q(·) (Qn

p)
.

Therefore, the proof of Lemma 1 is complete. �

DEFINITION 7. Assume that r > 0, q(·)∈P(Qn
p) . The p -adic variable exponent

central Morrey space Ṁr,q(·)(Qn
p) is defined by

Ṁr,q(·)(Qn
p) =

{
f ∈ Lq(·)

loc (Qn
p) : ‖ f‖Ṁr,q(·)(Qn

p)
< 

}
,

where

‖ f‖Ṁr,q(·)(Qn
p)

= sup
k∈Z

1
|Bk|r ‖ f‖Lq(·)(Bk)

.
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REMARK 2. If q(·) is constant and r = 1/q+ , then Ṁr,q(·)(Qn
p) = Ḃq, (Qn

p) is

defined in [36]. Moreover, it is not hard to see that Ḃq,−1/q(Qn
p) = Lq(Qn

p).

DEFINITION 8. Let f ∈ L1
loc(Q

n
p) . Then the Hardy-Littlewood maximal operator

M is defined by

M ( f )(x) = sup
∈Z

1
pn

∫
B (x)

| f (y)|dy.

The set B(Qn
p) consists of all measurable functions q(·)∈P(Qn

p) satisfying that

the operator M is bounded on Lq(·)(Qn
p) .

By using Lemma 1 and Lemma 2 in the paper [22], we have the following result.

LEMMA 2. Let q(·) ∈ B(Qn
p) .

(i) Then we have a positive constant  ∈ (0,1) and

‖S‖Lq(·)(Qn
p)

‖B‖Lq(·)(Qn
p)

�
( |S|
|B|
)

,

for all balls B in Qn
p and all measurable subsets S ⊂ B.

(ii) Then we obtain
‖Bk‖Lq(·)(Qn

p)
‖Bk‖Lq(·)(Qn

p)
� pkn,

for all k ∈ Z .

3. The main results

Now, we state the first main result in this paper.

LEMMA 3. Let  ∈ (0,) , q(·)∈P(Qn
p) , (·)∈L(Qn

p)∩Clog
0 (Qn

p)∩Clog
 (Qn

p) ,
� ∈ (1,) , and either  = (0) or q+ = q− . Then,

∥∥ f0
∥∥

MK̇(·),
�,q(·) (Qn

p)
∈ (0,) .

Here

f0(x) = |x|−(0)− n
q(x) +

p .

Proof. It is clear to see that
∥∥ f0
∥∥

MK̇(·),
�,q(·) (Qn

p)
> 0. Now, we prove that

∥∥ f0
∥∥

MK̇
(·),
�,q(·) (Qn

p)
< .

Indeed, we calculate

Fq(·)( f0k) =
∫
Sk

|x|(−(0))q(x)−ndx � pmax{k(−(0))q+, k(−(0))q−}.
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Thus, by the inequality (6),

‖ f0k‖Lq(·)(Qn
p)

� pmax{k(−(0))q−/q+,k(−(0))q+/q−}. (10)

Besides, by Theorem 2,∥∥ f0
∥∥

MK̇
(·),
�,q(·) (Qn

p)
� max

{
sup

k0∈Z−∪{0}
G1, sup

k0∈Z+
(G2 +G3)

}
, (11)

with

G1 = p−k0
( k0


k=−

pk(0)�∥∥ f0k

∥∥�

Lq(·)(Qn
p)

)1/�
,

G2 = p−k0
( −1


k=−

pk(0)�∥∥ f0k
∥∥�

Lq(·)(Qn
p)

)1/�
,

G3 = p−k0
( k0


k=0

pk�
∥∥ f0k

∥∥�

Lq(·)(Qn
p)

)1/�
.

To present the next section, we set

 :=  +max{( −(0))q−/q+, ( −(0))q+/q−}.
Notice that, by the conditions (0) =  > 0 or q+ = q− ,

(0)+min{( −(0))q−/q+, ( −(0))q+/q−}− = 0.

From this, by (10) and max{k.a,k.b} = k.min{a,b} with k ∈ Z− ∪{0} , we infer

G1 � p−k0
( k0


k=−

pk(0)�+max{k(−(0))q−/q+,k(−(0))q+/q−}�
)1/�

� p−k0
( k0


k=−

pk�
(
(0)+min{(−(0))q−/q+,(−(0))q+/q−}

))1/�

� pk0((0)+min{(−(0))q−/q+,(−(0))q+/q−}− )

= 1. (12)

Similarly, we also have

G2 � p−k0−((0)+min{(−(0))q−/q+,(−(0))q+/q−})

� p−k0 . (13)

By using the inequality (10) and the definition of  above,

G3 � p−k0
( k0


k=1

pk�
)1/�

�
{

p−k0 (k1/�
0 +1), if  = 0,

p−k0 + p−k0(−), otherwise,

� p−k (k1/�
0 +1)+ p−k0(−). (14)
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In view of the conditions  = (0) > 0 or q+ = q− , we see that  =  − � 0. As a
consequence, by (11)–(14),

∥∥ f0
∥∥

MK̇(·),
�,q(·) (Qn

p)
� max

{
sup

k0∈Z−∪{0}
1, sup

k0∈Z+

(
p−k0 (k1/�

0 +2)+ p−k0
)}

< .

This finishes our proof. �

THEOREM 4. Let  ∈ (0,) , q(·) ∈ P(Qn
p) such that q(s−1(t)·) = q(·) for al-

most everywhere t ∈ supp() , � ∈ (1,) , and (·) ∈ L(Qn
p)∩Clog

0 (Qn
p)∩Clog

 (Qn
p)

with (0)− � 0 .
(i) If

L1,max =
∫
Z∗

p

(t)×max
{
|s(t)|

−n
q+
p , |s(t)|

−n
q−
p

}
×max{|s(t)|−(0)

p , |s(t)|−p }dt <,

then H p
,s is bounded from MK̇(·),

�,q(·) (Qn
p) to MK̇(·),

�,q(·) (Qn
p) .

(ii) Suppose that H p
,s is bounded from MK̇(·),

�,q(·) (Qn
p) to MK̇(·),

�,q(·) (Qn
p) , and

either  = (0) or q+ = q− . We have

L1,min =
∫
Z∗

p

(t)×min
{
|s(t)|

−n
q+
p , |s(t)|

−n
q−
p

}
|s(t)|−(0)

p dt < .

Moreover,
L1,min �

∥∥H p
,s

∥∥
MK̇(·),

�,q(·) (Qn
p)→MK̇

(·),
�,q(·) (Qn

p)
.

Proof. First, we will prove (i) . By the Minkowski inequality, we give

∥∥H p
,s( f )k

∥∥
Lq(·)(Qn

p)
�
∫
Z∗

p

(t)
∥∥ f (s(t)·)k

∥∥
Lq(·)(Qn

p)
dt. (15)

Next, for  > 0 and t ∈ Z∗
p such that |s(t)|p �= 0, we have

∫
Qn

p

(∣∣ f (s(t)x)∣∣k(x)


)q(x)

dx (16)

where �0 = �0(t) ∈ Z such that |s(t)|p = p�0 . This leads to

∥∥ f (s(t)·)k
∥∥

Lq(·)(Qn
p)

� max
{
|s(t)|

−n
q+
p , |s(t)|

−n
q−
p

}
‖ f k+�0

∥∥
Lq(·)(Qn

p)
.
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Hence, by (15), we estimate

∥∥H p
,s( f )k

∥∥
Lq(·)(Qn

p)
�
∫
Z∗

p

(t)×max
{
|s(t)|

−n
q+
p , |s(t)|

−n
q−
p

}
‖ f k+�0

∥∥
Lq(·)(Qn

p)
dt. (17)

On the other hand, by using Lemma 1 and |s(t)|p = p�0 , we infer∥∥ f k+�

∥∥
Lq(·)(Qn

p)

� pmax{(k+�0)(−(0)),(k+�0)(−)}∥∥ f
∥∥

MK̇
(·),
�,q(·) (Qn

p)

= max
{
|s(t)|−(0)

p , |s(t)|−p

}
pmax{k(−(0)),k(−)}∥∥ f

∥∥
MK̇(·),

�,q(·) (Qn
p)

.

Then ∥∥H p
,s( f )k

∥∥
Lq(·)(Qn

p)
� pmax{k(−(0)),k(−)}L1,max

∥∥ f
∥∥

MK̇
(·),
�,q(·) (Qn

p)
. (18)

By using Theorem 2, we compose∥∥H p
,s( f )

∥∥
MK̇

(·),
�,q(·) (Qn

p)
� max

{
sup

k0∈Z−∪{0}
T1, sup

k0∈Z+
(T2 +T3)

}
. (19)

Here

T1 = p−k0
( k0


k=−

pk(0)�∥∥H p
,s( f )k

∥∥�

Lq(·)(Qn
p)

)1/�
,

T2 = p−k0
( −1


k=−

pk(0)�∥∥H p
,s( f )k

∥∥�

Lq(·)(Qn
p)

)1/�
,

T3 = p−k0
( k0


k=0

pk�
∥∥H p

,s( f )k
∥∥�

Lq(·)(Qn
p)

)1/�
.

Now, by applying the inequality (18), we have

T1 � L1,max× p−k0
( k0


k=−

pk�min{ ,−+(0)}
)1/�∥∥ f

∥∥
MK̇(·),

�,q(·) (Qn
p)

.

Thus, by min{ , −+(0)} > 0, (0)− � 0, and k0 ∈ Z− ∪{0} , we have

T1 � L1,max× pk0(min{ ,−+(0)}− )∥∥ f
∥∥

MK̇(·),
�,q(·) (Qn

p)

� L1,max×
∥∥ f
∥∥

MK̇
(·),
�,q(·) (Qn

p)
. (20)

By estimating as T1 , we also obtain

T2 � L1,max× p−k0
∥∥ f
∥∥

MK̇
(·),
�,q(·) (Qn

p)
. (21)
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From (0)− � 0, we see that max
{
−(0)+,

}
=  . Then, T3 is controlled

as follows:

T3 � L1,max× p−k0
( k0


k=0

pk�+max{k(−(0))�,k(−)�}
)1/�∥∥ f

∥∥
MK̇(·),

�,q(·) (Qn
p)

= L1,max× p−k0
( k0


k=0

pmax{k�(−(0)+),k�}
)1/�∥∥ f

∥∥
MK̇(·),

�,q(·) (Qn
p)

= L1,max× p−k0
( k0


k=0

pk�
)1/�∥∥ f

∥∥
MK̇

(·),
�,q(·) (Qn

p)

� L1,max× p−k0
(

pk0 +1
)∥∥ f

∥∥
MK̇(·),

�,q(·) (Qn
p)

. (22)

Hence, from (19)–(22), we obtain

‖H p
,s( f )‖

MK̇
(·),
�,q(·) (Qn

p)
� L1,max‖ f‖

MK̇
(·),
�,q(·) (Qn

p)
,

which concludes the proof of case (i) of Theorem 4. We will consider the proof for

case (ii) . Assume that H p
,s is a bounded operator on MK̇(·),

�,q(·) (Qn
p) . Let us choose

the function f0 as in Lemma 3. Then

H p
,s( f0)(x) =

(∫
Z∗

p

(t)×|s(t)|−(0)− n
q(x) +

p dt
)

f0(x) � L1,min× f0(x).

By Lemma 3, we have
∥∥ f0
∥∥

MK̇(·),
�,q(·) (Qn

p)
∈ (0,) . Hence,

L1,min �
∥∥H p

,s

∥∥
MK̇

(·),
�,q(·) (Qn

p)→MK̇
(·),
�,q(·) (Qn

p)
< .

This completes our proof. �
Let us next give the necessary and sufficient conditions for the boundedness of

Hardy-Cesàro operators on variable exponent Herz spaces and central Morrey spaces.

THEOREM 5. Let the assumptions of Theorem 4 be fulfilled, and (0) =  .
(i) If

L2,max =
∫
Z∗

p

(t)×max
{
|s(t)|

−n
q+
p , |s(t)|

−n
q−
p

}
|s(t)|p−(0)dt < ,

then H p
,s is a bounded operator from K̇(·)

�,q(·)(Q
n
p) to itself.

(ii) Suppose that H p
,s is bounded from K̇(·)

p,q(·)(Q
n
p) to itself, and either  = 0

or q+ = q− . Then we obtain

L2,min =
∫
Z∗

p

(t)×min
{
|s(t)|

−n
q+
p , |s(t)|

−n
q−
p

}
|s(t)|−(0)

p dt <.
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Moreover,
L2,min � ‖H p

,s‖K̇(·)
�,q(·)(Qn

p)→K̇(·)
�,q(·)(Qn

p)
.

Proof. Now, we will present the proof of the case (i) . Let us give the function f

in the Herz space K̇(·)
p,q(·)(Q

n
p) . From Theorem 3 and the condition (0) =  , we get

∥∥H p
,s
(
f
)∥∥

K̇(·)
�,q(·)(Q

n
p)

�
( 


k=−

pk(0)�∥∥H p
,s
(
f
)
k
∥∥�

Lq(·)(Qn
p)

)1/�

:= U . (23)

By (17) and the Minkowski inequality, one has

U �
∫
Z∗

p

(t)×max
{
|s(t)|

−n
q+
p , |s(t)|

−n
q−
p

}{ 


k=−

pk(0)�∥∥ f k+�0

∥∥�

Lq(·)(Qn
p)

}1/�
dt. (24)

On the other hand, by |s(t)|p = p�0(t) , we estimate

( 


k=−

pk(0)�∥∥ f k+�0

∥∥�

Lq(·)(Qn
p)

)1/�
=
( 


m=−

p(m−�0)(0)�‖ f m‖�
Lq(·)(Qn

p)

)1/�

= p−�0(0)‖ f‖
K̇
(·)
�,q(·)(Q

n
p)

= |s(t)|−(0)
p ‖ f‖

K̇
(·)
�,q(·)(Q

n
p)

.

Thus, by (23) and (24), we obtain∥∥H p
,s
(
f
)∥∥

K̇(·)
�,q(·)(Q

n
p)

� L2,max‖ f‖
K̇(·)

�,q(·)(Q
n
p)

.

Hence, the proof of case (i) is finished.
Next step, we will prove the case (ii) . For each r ∈ Z+ , let us determine the

function fr as follows

fr(x) =

{
0, if |x|p � 1,

|x|−−
n

q(x)−p−r

p , otherwise.

It is clear to see that ‖ fr‖K̇
(·)
�,q(·)(Q

n
p)

> 0. Moreover,

Fq(·)( frk) =
∫
Sk

|x|(−−p−r)q(x)−n
p dx =

∫
S0

pk{(−−p−r)q(p−kz)−n}pkndz.

Thus

pmin{ar,br} � Fq(·)( frk) � pmax{ar,br}, for all k ∈ Z+,
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where ar := −k( + p−r)q− and br := −k( + p−r)q+ . Combining this with (6),
we get

pmin{ar/q+,br/q−} �
∥∥ frk

∥∥
Lq(·)(Qn

p)
� pmax{ar/q+,br/q−}, for all k ∈ Z+.

Let us set

r = −min{( + p−r)q−/q+, ( + p−r)q+/q−},
r = −max{( + p−r)q−/q+, ( + p−r)q+/q−}.

By using either  = 0 or q+ = q− , we see that r, r < 0, and

lim
r→

r = 0, lim
r→

r = 0, lim
r→

rr = 0 and lim
r→

r

r
=

{
1, if q+ = q−,

q2
+/q2−, if  = 0.

(25)

From these, by Theorem 3, we estimate

∥∥ fr
∥∥

K̇
(·)
�,q(·)(Q

n
p)

�
( 


k=1

pk� ‖ frk‖�
Lq(·)(Qn

p)

)1/�

�
( 


k=1

pk�r
)1/�

� pr(
1− pr�

)1/�
, (26)

which leads that the function fr belongs to the Herz space K̇(·)
p,q(·)(Q

n
p) . On the other

hand, for any d ∈ Z+ , we have

( 


k=d

pk� ‖ frk‖�
Lq(·)(Qn

p)

)1/�
�
( 


k=d

pk�r
)1/�

=
pdr(

1− pr�
)1/�

. (27)

Let us denote Vs,x = {t ∈ Z∗
p : |s(t)x|p � p} and Us,r = {t ∈ Z∗

p : |s(t)|p � p−r}. This
leads to

Us,r ⊂Vs,x, for all x ∈ Qn
p \Br.

In addition, for t ∈Ur,s , we have |s(t)|−
n

q(·)
p � min

{
|s(t)|

−n
q+
p , |s(t)|

−n
q−
p

}
. Therefore, by

assuming (0) =  ,

H p
,s( f )(x) �

∫
Vs,x

(t)×|s(t)x|−−
n

q(x)−p−r

p dt

�
( ∫
Us,r

(t)×|s(t)|−−
n

q(x)−p−r

p dt
)

fr(x)Qn
p\Br(x)

�
( ∫
Us,r

(t)×min
{
|s(t)|

−n
q+
p , |s(t)|

−n
q−
p

}
|s(t)|−(0)−p−r

p dt
)

fr(x)Qn
p\Br(x).
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For all r ∈ Z+ and t ∈ Z∗
p , we set

gr(t) = (t)×min
{
|s(t)|

−n
q+
p , |s(t)|

−n
q−
p

}
|s(t)|−(0)

p

(
|s(t)|−1

p p−r
)p−r

Us,r(t)

and

g(t) = (t)×min
{
|s(t)|

−n
q+
p , |s(t)|

−n
q−
p

}
|s(t)|−(0)

p .

Consequently, by Theorem 3 and (26)–(27) with r ∈ Z+ , we get

∥∥H p
,s( f )

∥∥
K̇
(·)
�,q(·)(Q

n
p)

�
( ∫
Us,r

(t)×min
{
|s(t)|

−n
q+
p , |s(t)|

−n
q−
p

}
|s(t)|−(0)−p−r

p dt
)

×
( 


k=r

pk�
∥∥ frk

∥∥�

Lq(·)(Qn
p)

)1/�

� (1− pr�)1/�prr

(1− pr�)1/�pr
prp−r ×

(∫
Z∗

p

gr(t)dt
)
‖ f‖

K̇(·)
�,q(·)(Q

n
p)

. (28)

Besides, by (25), it’s not hard to show that

lim
r→

(1− pr�)1/�prr

(1− pr�)1/�pr
prp−r

=

{
1, if q+ = q−,

(q2
+/q2−)1/�, if  = 0.

.

Thus, by (28) and the boundedness of H p
,s from K̇(·)

p,q(·)(Q
n
p) to itself,

supr∈Z+

∫
Z∗

p

gr(t)dt < C.‖H p
,s‖K̇(·)

�,q(·)(Q
n
p)→K̇(·)

�,q(·)(Q
n
p)

< ,

where the positive constant C depends on ,q+,q− .
Combining this with gr(·) � 0, for all r ∈ Z+ , lim

r→
gr(·) = g(·) , and Fatou’s

lemma, we infer∫
Z∗

p

g(t)dt � liminf
r→

∫
Z∗

p

gr(t)dt � C.‖H p
,s‖K̇(·)

�,q(·)(Q
n
p)→K̇

(·)
�,q(·)(Q

n
p)

.

Hence
L2,min � ‖H p

,s‖K̇(·)
�,q(·)(Q

n
p)→K̇(·)

�,q(·)(Q
n
p)

< .

This gives the proof of this theorem. �
If q(·) is constant, we obtain the following result.

LEMMA 4. If r ∈ (0,) and q ∈ (1,) , then ‖h0‖Ṁr,q(Qn
p)
� 1 .

Here

h0(x) = |x|nr− n
q

p .
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Proof. By simple calculation,

‖h0‖Lq(Bk) =
(∫

Bk

|x|nrq−n
p dx

)1/q � pknr.

Then

‖h0‖Ṁr,q(Qn
p)

= sup
k∈Z

1
|Bk|r ‖h0‖Lq(Bk) � 1.

This completes our proof. �

THEOREM 6. Let r ∈ (0,) , q(·) ∈ P(Qn
p) such that q(s−1(t)·) = q(·) for al-

most everywhere t ∈ supp() .
(i) If

L3,max =
∫

Z∗
p

(t)×|s(t)|nr
p ×max

{
|s(t)|

−n
q+
p , |s(t)|

−n
q−
p

}
dt < ,

then the operator H p
,s is bounded from Ṁr,q(·)(Qn

p) to itself.

(ii) If H p
,s is bounded from Ṁr,q(·)(Qn

p) to itself and q+ = q− , we then have

L3 =
∫

Z∗
p

(t)×|s(t)|nr− n
q

p dt < ,

and

‖H p
,s‖Ṁr,q(Qn

p)→Ṁr,q(Qn
p)
� L3.

Proof. (i) By estimating as (17) above, we have

∥∥H p
,s( f )

∥∥
Lq(·)(Bk)

�
∫
Z∗

p

(t)×max
{
|s(t)|

−n
q+
p , |s(t)|

−n
q−
p

}
‖ f
∥∥

Lq(·)(Bk+�0
)dt, (29)

where �0 = �0(t) ∈ Z such that |s(t)|p = p�0 . Hence, we get

‖H p
,s( f )‖Ṁr,q(·)(Qn

p)
= sup

k∈Z

1
|Bk|r ‖H

p
,s( f )‖Lq(·)(Bk)

� sup
k∈Z

(∫
Z∗

p

(t)×max
{
|s(t)|

−n
q+
p , |s(t)|

−n
q−
p

} |Bk+�0 |r
|Bk|r dt

)
‖ f‖Ṁr,q(·)(Qn

p)

= L3,max‖ f‖Ṁr,q(·)(Qn
p)

. (30)

Thus the case (i) is proved.
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(ii) Suppose that H p
,s is a bounded operator from Ṁr,q(·)(Qn

p) to itself and the
relation q+ = q− . We choose the function h0 as in Lemma 4. Then,

H p
,s(h0)(x) =

(∫
Z∗

p

(t)×|s(t)|nr− n
q

p dt
)
|x|nr− n

q
p = L3×h0(x).

By Lemma 4,
‖H p

,s(h0)‖Ṁr,q(Qn
p)

= L3‖h0‖Ṁr,q(Qn
p)
� L3.

As a consequence, we get

L3 � ‖H p
,s‖Ṁr,q(Qn

p)→Ṁr,q(Qn
p)

< .

Therefore, the proof of the theorem is ended. �

Finally, by using Theorem 2 again, we also establish the following useful result.

THEOREM 7. Let  , � ∈ (1,) ,  ∈ (0,) , q(·) ∈ P(Qn
p) , and s(·) ∈ B(Qn

p) .
Also, let (·) ∈ L(Qn

p)∩Clog
0 (Qn

p)∩Clog
 (Qn

p) with  −(0) � 0 and  − � 0 .

Assume that  ∈ L (S0) satisfies (4) and the following condition holds:

1


+
1

q(·) =
1

s(·) . (31)

Then we have

‖H p
 ( f )×| · |−n/

p ‖
MK̇

(·),
�,s(·) (Qn

p)
� ‖‖L (S0)

‖ f‖
MK̇

(·),
�,q(·) (Qn

p)
, for all f ∈ MK̇(·),

�,q(·) (Qn
p).

Proof. For any f ∈ MK̇(·),
�,q(·) (Qn

p) , we compose

f (x) =



j=−

f (x) j(x) :=



j=−

f j(x).

From (31) and the Hölder inequality, we have

|H p
 ( f )(x)k(x)| � 1

|x|np
(∫

Bk

|(x− t)|× | f (t)|dt
)
k(x)

� p−kn
k


j=−

‖(x−·)‖L (S j)
‖ f j‖Lq(·)(Qn

p)
‖ j‖Ls′(·)(Qn

p)
k(x). (32)

On the other hand, having j � k , x ∈ Sk , and t ∈ S j , we learn from the ultra triangle
inequality that

|x− t|p � max{|x|p, |t|p} = pk.
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Note that  is homogenous of degree zero and  ∈ L (S0) . Hence we have

‖(x−·)‖L (S j)
=
(∫

S j

|(x− t)|dt
)1/

�
(∫

Bk

|(u)|du
)1/

=
( k


=−

∫
S

|(u)|du
)1/

=
( k


=−

∫
S0

|(p−v)| pndv
)1/

= ‖‖L (S0)

( k


=−

pn
)1/

� pnk/‖‖L (S0)
.

On the other hand, by s(·) ∈ B(Qn
p) , we infer s′(·) ∈ B(Qn

p) . By combining this with
Lemma 2, one has

p−kn‖Bk‖Ls(·)(Qn
p)

� ‖Bk‖Ls′(·)(Qn
p)

and
‖ j‖Ls′(·)(Qn

p)

‖Bk‖Ls′(·)(Qn
p)

� p( j−k)n ,

for some  ∈ (0,1) .
From these, by (32), we immediately have

‖H p
 ( f )×| · |−n/

p ‖Ls(·)(Sk)

� p−kn‖‖L (S0)

( k


j=−

‖ f j‖Lq(·)(Qn
p)
‖ j‖

Ls
′ (·)(Qn

p)

)
‖Bk‖Ls(·)(Qn

p)

� ‖‖L (S0)

( k


j=−

p( j−k)n‖ f j‖Lq(·)(Qn
p)

)
.

By Theorem 2, we deduce

‖H p
 ( f )×| · |−n/

p ‖
MK̇(·),

�,s(·) (Qn
p)

� max
{

sup
k0∈Z−∪{0}

E1, sup
k0∈Z+

(E2 +E3)
}

. (33)

Here

E1 = p−k0
( k0


k=−

pk(0)�‖H p
 ( f )×| · |−n/

p ‖�
Ls(·)(Qn

p)

)1/�
,

E2 = p−k0
( −1


k=−

pk(0)�‖H p
 ( f )×| · |−n/

p ‖�
Ls(·)(Qn

p)

)1/�
,

E3 = p−k0
( k0


k=0

pk�‖H p
 ( f )×| · |−n/

p ‖�
Ls(·)(Qn

p)

)1/�
.
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By using Lemma 1 with both  −(0) � 0 and  > 0, we infer

E1 � p−k0
{ k0


k=−

pk(0)�
(
‖‖L (S0)

k


j=−

p( j−k)n‖ f j‖Lq(·)(Qn
p)

)�}1/�

� ‖‖L (S0)
p−k0

{ k0


k=−

pk(0)�
( k


j=−

p( j−k)n+ j(−(0))
)�}1/�‖ f‖

MK̇
(·),
�,q(·) (Qn

p)

� ‖‖L (S0)
‖ f‖

MK̇(·),
�,q(·) (Qn

p)
p−k0

{ k0


k=−

pk �
( k


j=−

p( j−k)(n+−(0))
)�}1/�

� ‖‖L (S0)
‖ f‖

MK̇(·),
�,q(·) (Qn

p)
p−k0

( k0


k=−

pk �
)1/�

.

This gives
E1 � ‖‖L (S0)

‖ f‖
MK̇(·),

�,q(·) (Qn
p)

. (34)

If we argue similarly as above, then

E2 � ‖‖L (S0)
‖ f‖

MK̇(·),
�,q(·) (Qn

p)
p−k0

( −1


k=−

pk �
)1/�

� p−k0‖‖L (S0)
‖ f‖

MK̇(·),
�,q(·) (Qn

p)
. (35)

Next, by applying Lemma 1 with both  − � 0 and  > 0, we get

E3 � ‖‖L (S0)
p−k0

{ k0


k=0

pk�
( k


j=−

p( j−k)n‖ f j‖Lq(·)(Qn
p)

)�}1/�

� ‖‖L (S0)
‖ f‖

MK̇(·),
�,q(·) (Qn

p)
p−k0

{ k0


k=0

pk �
( k


j=−

p( j−k)(n2+−)
)�}1/�

� ‖‖L (S0)
‖ f‖

MK̇
(·),
�,q(·) (Qn

p)
p−k0

( k0


k=0

pk �
)1/�

� p−k0
{

p(k0+1) +1
}‖‖L (S0)

‖ f‖
MK̇(·),

�,q(·) (Qn
p)

.

Thus
E3 �

(
p + p−k0

)‖‖L (S0)
‖ f‖

MK̇(·),
�,q(·) (Qn

p)
.

As a consequence, by (33)–(35), we obtain

‖H p
 ( f )×| · |−n/

p ‖
MK̇

(·),
�,s(·) (Qn

p)

� max
{

sup
k0∈Z−∪{0}

1, sup
k0∈Z+

(2p−k0 + p )
}
‖‖L (S0)

‖ f‖
MK̇(·),

�,q(·) (Qn
p)

� ‖‖L (S0)
‖ f‖

MK̇(·),
�,q(·) (Qn

p)
.
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Therefore, the proof of the theorem is completed. �
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