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GENERAL NUMERICAL RADIUS INEQUALITIES
FOR MATRICES OF HILBERT SPACE OPERATORS

MOHAMMED AL-DOLAT* AND KHALDOUN AL-ZOUBI

(Communicated by M. Krni¢)

Abstract. We obtain new bounds for the numerical radius of certain n x n and general 2 x 2
operator matrices. We show that our bounds refines the bounds that are given in [1] and [3].

1. Introduction

Let B(H) be the C*-algebra of all bounded linear operators on complex Hilbert
space H with the inner product (.,.). For T € B(H)), let

w(T) = sup [(Tx,x)|,
[l|=1

m(T) = inf |(Tx,)],
[[x[|=1

IT] = sup +/(Tx,Tx),

[Iell=1
c(T) = Hill\lfl V (Tx,Tx),

denote the numerical radius, the Crawford number of T, the usual operator norm and
the minimum norm of 7 respectively. It is well-known that w(.) and ||.|| are equivalent
norms on B(H) and satisfying the following sharp inequality

1
§||T|| <w(T) < ||T|| forevery T € B(H). (1.1)
The upper bound of the inequality (1.1) has refined by Kittaneh [10] by showing that
2 1 2 |2
w(T) < §H|T| +|T*[?|| forevery T € B(H). (1.2)

Over the years many authors have generalized and improved the above inequality,
(see [0]-[14]).
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In this work, we obtain an improvement for the lower bound of the inequality (1.1),

we prove that
m(T?) A(T)+w(T?)
() > max 7+ 20, SO

for every non-zero operator 7 € B(H).

Let H be Hilbert space. Then the n-copies of H denoted by H W —HoH®

-~ @H. For A;; € B(H), (1 <1i,j<n), the nxn operator matrix T = [A;;] € B(H™)
is defined by

- i
D Ajx;
j=1
n X1
D Az, X2
Tx= | j=1 , where x=| . cHM,
n ' n
D Anjixj
LJj=1 i

In this work, we establish new lower and upper bounds for the numerical radius

of certain n x n and 2 x 2 operator matrix. We show that the bounds obtained here
improve on the existing bounds given in [1] and [3].

2. Numerical radius inequalities
In order to prove our results we need the following lemmas.
LEMMA 2.1. [4] Let T € B(H). Then
1Tl + [T, 2) < 20(T) | Te] ] 2.1
forevery x € H.
LEMMA 2.2. [1] Let a,b,e € H with ||e|| = 1. Then for every p € [0,1],

1+p 1—p
[(a,e)(e,b)* < —=llall?|Ib]]* + ——llall16]][(a.b)] (2.2)

LEMMA 2.3. [11] Let T € B(H) be a positive operator and x € H be any unit
vector. Then for every r > 1,

[(Tx,x)|" < |(T"x,x)]|. (2.3)

LEMMA 2.4. [2] Let f be a non-negative convex function on [0,0) and A,B €
B(H) be positive operators. Then

r )
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The first result in this paper which gives new lower bound for n x n off-diagonal
operator matrix can be stated as follows.

0 0 A
THEOREM 2.5. Let T= | 0 .-~ 0 |, suchthat A; #0 forany i=1,2,3,...,n.
A, 0 0
Then |
w(A) > Emax{a,ﬁ}, (2.4)
where A
o= max{”AnHl + mAAnyi1) 5= 1,2,...,n}
||Anf.\'+l||
and 5
An—s AsAp s
B:max{c( s1) + (A, +1):s:l,Z,...,n}.
1An—st1l
X1
X2
Proof. Letx=| . | €eH ) be any unit vector. Then by Lemma 2.1 we have
Xn
n 2 n n
N Ayt || 1D (Adn—irixi,xi) | <2w(T) || D Aixp—ir1]| - (2.5)
i=1 i=1 i=1

For s € {1,2,...,n},let x; =0 forall j=1,2,....s — 1,5+ 1,...,n. then ||x;|| =1
and so by (2.5), we get

||An7s+1xs||2 + |<A5Anf.\'+1x57xs>‘ < 2W(T) HAnferl ” y

thus
||An—s+1x.\'||2 + m(A.\'An—s+l) < 2W(T) HAn—s+1 ” )
hence 5
W(T) > HAn—S-&-lst +m(AsAn—s+1)
2 ”Anﬂ‘H H
Taking the supremum over all x; € H with ||x,|| = L, we get
1 m(AsAnferl)
w(T) > = |||Ap—sr1Xs|| + ——————=| .
( ) 2 H + SH ||An—s+lx.\'||
Hence |
w(T) > Ea. (2.6)

Similarly from the inequality (2.5) we have

CZ(An—s+l) + ‘<A‘9An—s+1xs;x.\'>‘ < ZW(T) ||An—s+1 H )
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SO
C2 (An—s+ 1 ) + | <A.\'An—s+ 1Xs, xs> ‘

w(T) >
7) pY

Taking the supremum over all x; € H,

C2 (An—s+l ) + W(A.\'An—s+lx.\'axs)
2|An—ss1ll

w(T) =
Thus
w(T) > =B. 2.7)
By (2.6) and (2.7) we get the required result. [J

The next result which improve the lower bound of the inequality (1.1) can be
obtained directly from the above theorem.

COROLLARY 2.6. Let T € B(H). Then

lm . m(T?) A(T)+w(T?)
wim) > g { i+ S S 29

Also, if n =2 in Theorem 2.5, then we get ([5], Theorem 2).

THEOREM 2.7. Let A,B,C,D € B(H) andlet 0 < p < 1. Then

o ([ep]) < smaxtot @) O} + @2+ 2ppmax(lCF+ 15 L1 B+ 1)

+(2—2p)max{||[C]*+ |B*[*[|, || B> +C*[* I}
x max{w(BC),w(CB)}. (2.9)

AB A0 0B .
Proof. Let T = [ C D] , 1 = [0 D] and T = [ c O] . Then for any unit vector

X € H(z), we get

{Tx,x)[* = [(Tix,x) + (Tx,x)|*

< (T, + [(Tox,x) )

= 8(|(Tyx,x)|* + [(Tox, x)|*) (by convixity of f(¢) =t*)

= 8|(T1x,x)[* + 8| (Tox, x) (x, T5'x) |

< 8(T1x,x)[* + (44 4p) || Tox||*| T3 x> + (4 — 4p) || Tox ||| T5°x[| [ Toe, T3 %) |

(by Lemma 2.2 )
= 8|(Tix,x)|* + (4 +4p) (| %, 0) (| T3, %)

(4= 4\ TP 1T o) (T )
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< 8(Tix,x)[* + (24 2p) (| Tox,0)* + (|5 Px, %))
+2 = 2p)((|Tax, +|T5[*)x, x) [ (T5x, x) |
< 8(Tix,x)[*+ 2+ 2p) (| B * + |5 [*)x, %)
+2 = 2p)((|Ta %, +|T5 P)x,x)| (T5x,x)|  (by Lemma2.3)

4 4 |4

A0 IC|* + |B*| 0

<

<s| (oo} + @2 ([T e L]

B IC)? + |B*|? 0 BC 0
+(2 2p)<[ 0 B+ |C*2 X, X 0 cBl¥*)

Now, by taking the supremum over all unit vectors x € H @) we get the required
bound. [J

REMARK 2.8. The upper bound in Theorem 2.7 is less than the upper bound in

1
the inequality [[3], Theorem 3.1] for p = 3 That is,

A B 8 ) *

(€3] ) < smaxtonst o2y Smaxtiicr 8 i+ iy
i C2 B*Z 32 C*2 BC CB

g max{[[[CI7+ B[], || B[+ [C"|" |} max{w(BC), w(CB)}

< 8max{w*(A),w* (D)} + 3max{|||C[* + |B*[*|[,[l|B* +|C"|*|I}
+max{[[[C* +[B"[*[|, || B> +C"[* ||} max{w(BC),w(CB)}.
(2.10)

‘Which is clear since

max { || [C[* +[B*[*[|, || B* + |C*[* ||} max{w(BC), w(CB)}
< max{[|[CI*+ B[l | [BI* + C*[* ]I}

The next result is obtained by letting A = D and B = C in Theorem 2.7.
COROLLARY 2.9. Let A,B€ B(H) and p € [0,1]. Then
AB * *
o ([ a] ) <84+ 2B+ 15+ = 200 1B+ B (8,
@2.11)

The next result which was obtained in [ 1] by Aldolat and Jaradat is a direct conse-
quence of corollary 2.9 by letting A = B.

COROLLARY 2.10. Let A € B(H) and p € [0,1]. Then

1+p " l-p ;
w(A) < — AP+ AT+ — AP+ AP [w(A?). 212)
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1
REMARK 2.11. Let p = 3 in Corollary 2.10 . Then we get a refinement for the
upper bound [[3], Remark 3.2]

1 * 1 *
whA) < 31 A+ 1A |4||+5H AP+ A% lw(A?)

3 1
< SHAF AT+ S AP + AP [w(a?). (2.13)

To explain this, note that

//\

//\

//\

N

1 . 1
§|||A|4+|A MEE>:

1 . 1 .

SlI1A1*+]a |4||+—|| AP + (A" w(A?)

—|| |A|4+|A*|4||+ S AP+ A7 [[w(A?) + H\A\2+\A*\2HW(A2)
—|| AL+ (A" |4||+ Z AP+ 1A% [l (4) + gH\A\er\A*\zHW(Az)

—|| A+ 1A" |4||+ AP+ 12+ H\A\2+\A*I2IIW(A2)

(by inequality (1.2))

1
—|| Al + 1471 + o5 ||(|A|2+|A )71+ gIHAP + 147 [w(a?)

(by Lemma (2.4))

1
A4 A*4 - A2 A*2 A2
g A+ 1A+ 2 AP + A7 [[w(A%)

3 . 1 *
SlHAI +1AT T+ S AP + A" [[w(A?). (2.14)

THEOREM 2.12. Let A, B,C,D € B(H) and let p € [0,1]. Then

J([AB
W ([CD

J) < mango ) @)+ max(l €1+ 1 81+ €1

l_p *« ok
+ == max{[[|CP + B[, [[|BP +|C"[* |} max{w(BC), w(CB)}
1
+3max{w?(A),w*(D)} [EmaX{H C2+ B I, 1B +C*[* 11}

+ max{w(BC),W(CB)}]

1 2 12 2 12 0 BD
+2[5max{A B P PP+ P +w (| o

« {max{wz(A),wz(D)}—Fw([g ’gm .
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A B AO 0B .
Proof. Let T = [ C D] , T = [0 D] and T, = [ C 0] . Then for any unit vector

X € H(z), we have
[(Tx,x)|* < (|(Tix,x) | + |(Tox, x) |)*
= |<Tlx7x>|4 + ‘<T2x7x> <x7 TZ*x>|2 + 6‘ <T1x7x>|2|<T2x7x> <x7 TZ*XH
+4(Tox,x) P [(Tix, x) (x, Ty'x) |+ 4|(Tox, x) [P [ (Tix, x) (x, T x) |
< [(Tix,x)|* + TIIszH2HT2xH2+ 5 1A T (T, Ty %)
+ 31T, ) [P (| Tox || | 55| + [(Tox, T5°x) )
+ 2 | Tux|[[| T x| + |{Tax, T x) ] [|{Thx, x) | + [ {Tox, x) ]
1+ .
< (T + B (B + T x)

+1—<<\T2\2+|T2\ ) (T,

+3|(Tyx,x))? << wx,x> + (T22x,x))

2 * |2
. [<(T142_7T2)x»x> + |<T2T1x7x>|} [[(Tix,2) * + [ (Tox, x) ]

L+p /T|Cc/*+|B*|* 0
<|<Tlxvx>|4+ 4 <[| | 0| | ‘B|4+‘C*‘4 X, X

LLep/ficPaB 0 ) N|/[BC O]
4 0 B>+ |C*|*] ™ 0 CB|™
5 IC* + |B*|? 0 BC 0
L T P B R (e

2 o Do) Kl W)

X U(Tpc,x)\z + |<T2x,x>\2] .

)

Now, the proof is complete by taking the supremum over all unit vectors x € H @, g
COROLLARY 2.13. Let A,B € B(H) and p € [0,1]. Then

Wwh ([g ﬁ]) — max{w*(A + B),w*(A— B)}

1+
pH \B\4+\B*\4H+ Lii[B2 -+ B2 w(B?)

<wHA) +
Fana) (5 B+ 1B +w<32>)

+ (I[HAP +1B"[? [ +2w(BA)) (w(A?) +w(B?)) .
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COROLLARY 2.14. Let A € B(H) and p € [0,1]. Then

1+p

wh(A) < —= | 1A]* + A" |4||+ || AP + A" [ w(A%)

T 4 Lop 2 2
+BW(M<ZIM<+AIH+WM)

1
< SlAF+ (AT

Proof.
1+p .
wh (A) < —||[A]*+ A |4||+—H\A\2+\A 1 lw(A%)

—|—lw2( )<—|| |A|2+|A*|2||+w(A2)) (take A = B in Corollary 2.13 )
15 - ¥
1+p

= —L|||A[*+ A" \4||+ H\A\2+\A 1 lw(A%)

i ()HMF+MIH++7 2(A)w(A2)

30" 15"
1+p .

—|[1AI*+ A |4||+ H\A\2+\A 1 lw*(A)

7 2 2 *12 4 . .
+%w (A)||1A]7+1]A™] ||+—w (A) (by the power inequality)
I+p, 4 14 2 2, 2 £12 112

< EAf At = AR 4 |at AP+ 1A

%0 [l A"+ | |||+ 120 PP+ 1a PP+ OH\IH Ml
1+P 4 14 2

Al* 4|4 A+ |A*
— A" +| \||+ 120 Ligap+1a P2
1+p . 29 p .
— AP+ A+ = A+ AT
=§H|AI4+\A*I4II~ O
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