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INEQUALITIES FOR THE DERIVATIVE AND POLAR
DERIVATIVE OF LACUNARY POLYNOMIALS

NUTTAPONG ARUNRAT AND KEAITSUDA MANEERUK NAKPRASIT*

(Communicated by T. Buri¢)

Abstract. In this paper, we study lacunary polynomials of degree n having s-fold zeros at the
origin and the remaining zeros lying on or outside the boundary of a prescribed disk. This study
in turns gives generalizations and improvements of some well-known results. Besides, we also
generalize as well as improves upon a result due to Aziz and Shah by extending it to the polar
derivative.

1. Introduction and statement of results

If p(z) is a polynomial of degree n and p’(z) is its derivative, then

max |p'(z)| < nmax|p(z)], (1)
|z[=1 |z[=1
and
max [p(z)| < R"max|[p(z)|. (2)
|z|=R>1 lz]=1

Inequality (1) is a well-known result of S. Bernstein [60], whereas inequality (2) is
a simple deduction from maximum modulus principle [14]. In both (1) and (2), equality
holds only when p(z) is a constant multiple of z".

If we restrict ourselves to the class of polynomials of degree n having no zeros in

|z <1, then
n

max|p’(z)| < 5 max|p(z)], 3)
|z]=1 2 |z=1
and _—
max 7)| < max |p(z)|. 4
nax [p(@)| < —5—max|p(2)] )

Inequality (3) was conjectured by Erdds and latter verified by Lax [11], whereas
Ankeny and Rivlin [1] used (3) to prove (4).

As an extension of (3), Malik [12] verified that if p(z) does not vanish in |z] < k,
k> 1, then

, n
max |p'(z)| < —— max|p(z)|. 5
<=1 P @) 14k |z=1 () ®)
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Inequality (5) was further improved by Govil [9] under the same hypothesis to

max |p'(z)] < " |ma — min . 6
max|p'(3)] < 7 |max|p(2)] — min |p(2)] 6)

Inequalities (5) and (6) are sharp for a polynomial p(z) = (z+k)".
Chan and Malik [8] considered the lacunary type of polynomials and proved that,
n
if p(z) =ao+ 2 ayz”, 1 < pu <n, ay #0, is a polynomial of degree n which does

v=U
not vanish in |z] < k, k > 1, then

max [p'(z)| <

n
< max . 7
|z]=1 1+kH z=1 P )

Inequality (7) was improved by Pukhta [13] under the same hypothesis to

max /Z ngaX 2)| = min . g
max |p' ()] < g | max ()] —min|p(c)| (8)

Inequalities (7) and (8) are sharp for a polynomial p(z) = (z* 4 k*)"/*, where n is a
multiple of .

As a generalization of inequality (5), Bidkham and Dewan [7] proved that if p(z)
is a polynomial of degree n having no zeros in |z| < k, k> 1, then for 0 < r < R <k,

R+k)"!
max|p’(z Sn(imax 2)|. 9
max /(2] < " max () ©
As a generalization of inequalities (8) and (9), Aziz and Shah [5] proved that, if
n
p(z)=ao+ Y, ayz", 1 <p<n, ay #0,is a polynomial of degree n having no zeros

V=u

in |z] <k, k>0, then for 0 <r < R <k,

ARET(RHM iy i~ ,
max |/ (2)] < "B p@)l -~ minlpl|. (10)
ok (ki LR =

The result is best possible for a polynomial p(z) = (* +k*)"/# , where n is a multiple
of .

The polar derivative of a polynomial p(z) of degree n with respect to a complex
number o, denoted by Dy p(z), is defined by

Dap(z) =np(z) + (e —2)p'(2).
Note that Dy p(z) generalizes the derivative of a polynomial in the sense that

. Dap(Z) o
OICIELT =p'(2).
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The bounds of |Dgp(z)| have been studied by many researchers. For example,
Aziz and Shah [3, 4] studied upper bounds of max|,_; [Dep(z)| where p(z) is a poly-
nomial of degree n having no zeros in |z| <k, k> 1 and o € C with |a| > 1. Arunrat
and Nakprasit [2] studied an upper bound of max|,_; |[Dg p(z)| where p(z) is a polyno-
mial of degree n which has some zeros in |z| < | and the remaining zeros are outside
lz] <k,k>1,and @ € C with |ot] > 1.

In this paper, first we extend inequality (10) to the class of polynomials of degree

n of type p(z) =2° | ap+ Zavz"), I<u<n—s, 0<s<n—1,and obtain the
V=i

following theorem.

n—s
THEOREM 1. (Main) If p(z) =2 <a0+ Yoayz' |, 1<pu<n—s 0<s<
V=K
n—1, is a polynomial of degree n having s-fold zeros at the origin and the remaining
n—s zeros in |z| > k where k > 0, then for 0 <r < R <k,

A A—sR!
max |p'(z)] < =max|p(z)| — ———— min|p(z)], 11
max | (9)] < & max (9] - 22— min (o) an
where .
RN (nRM + skM) (R k4 B

A n—s
(rH 4k =

The result is best possible and equality holds for a polynomial p(z) = z°(z+ k)" *.

If we take u =1 in Theorem 1, we get the following result which is an improve-
ment of a result of Bidkham and Dewan [7].

COROLLARY 1. If p(z) =2 (ao + 2 avzv> , 0<s <n—1, is a polynomial of

degree n having s-fold zeros at the origin and the remaining n—s zeros in |z] > k
where k> 0, then for 0 <r < R <k,

R (nR+ sk)(R+ k)" !

/
g 9
max |p'(2) RN max|p(2)
R (R4 sk)(RAK)" > —sR (r b b
- k-"(r—l—k)”*“‘ \Ig?illl‘p(Z”

The result is best possible and equality holds for a polynomial p(z) = 2°(z+ k)" *.

REMARK 1. (i) If we put s =0 in Theorem 1, inequality (11) reduces to in-
equality (10).

(i) If we put r =R =1 in Theorem 1, then we get a result of Kumar and Lal (see
Theorem 2 in [10]).
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Next, we present theorem which is a generalization as well as an extension of
Theorem 1 to the polar derivative.

n—s
THEOREM 2. (Main) If p(z) =z’ [ao+ Y, avz’ |, 1< pu<n—s, 0<s<

v=u
n—1, is a polynomial of degree n having s-fold zeros at the origin and the remaining
n—s zeros in |z| > k where k > 0, then for every complex number o with |ot| > R and

0<r<R<k,
oA (n—s)RK(RM + k) w !
max|Dap(o)] < | 124 ¢ G IRERITE) T | k()]
|z[=R r (k4 kM) B |z|=r
| edA=(letfs + (n—s)R)R*!
kS
— ORSKM (R 4 kT
L O ORWRIAR) T o). (2)
kS (rk 4 kM) 1 |<|=k
where

R (nRM 4 kM) (RM k) E !

A n—s
(rH k) =

The result is best possible and equality holds for a polynomial p(z) = Z*(z+k)"*
where o is a real number with o« > 1.

REMARK 2. Dividing both sides of inequality (12) by || and letting |ot| — oo,
we get inequality (11) in Theorem 1.

If we put s =0 in Theorem 2, we get the following result which extends inequality
(10) of Aziz and Shah [5] to the polar derivative.

n
COROLLARY 2. If p(z) =ao+ Y, ayz”, 1 < < n, is a polynomial of degree n
v=n
having no zeros in |z| <k, k> 0, then for every complex number o with |ct| > R and
0<r<R<k,

o R 4 k) (RM 4 k) !
max |Dgp(z)] < (n]o] nkf)( - ) max |p(z)]
lz|=R (rk + kH)m [el=r
(n|ot|RH=1 + nkH) (RH + k)L

— - — i ). (13
i ") minlet@l (13

REMARK 3. Dividing both sides of inequality (13) in Corollary 2 by |e| and
letting |ot| — oo, we get inequality (10).
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2. Lemmas

In this section, we present Lemmas which are use in the proofs of our theorems.
The first lemma is due to Kumar and Lal [10].

n—s
LEMMA 1. [10] If p(z) =72 <a0+ 2 ay?’ |, 1<u<n—s, 0<s<n—1,
v=u
is a polynomial of degree n having s-fold zeros at the origin and the remaining n—s
zeros in |z| = k where k > 1, then
n+ skt (n—ys)

max |p'(z)] < ———— max|p(z
max /(9] < 0 max (0

e ‘gllgilp(Z)l-

Next, we apply Lemma 1 to prove the following lemma.

n—s
LEMMA 2. If p(z) = 2* | ap+ Zavz" , 1< u<n—s5 0<s<n—1,isa
V=i
polynomial of degree n having s-fold zeros at the origin and the remaining n— s zeros
in |z| >k where k> 0, then for 0 <r < R <k,

NS (R R\ T
max p(2) > (5) (Frar ) maxloG)

|z|=r |z[=R

r\S Mg\ ']
+<§> [l_<Rn+kp> ]Iém}{p(z”' (14)

n—s

The result is best possible and equality holds for a polynomial p(z) = z°(z+k)

Proof of Lemma 2. Since p(z) is a polynomial of degree n having s-fold zeros
at the origin and the remaining n — s zeros in |z| > k where k > 0, for 0 < < k,
F(z) = p(tz) has s-fold zeros at the origin and the remaining n — s zeros in |z| > (k/t)
where (k/t) > 1.

Applying Lemma 1 to a polynomial F(z), we get

K\
() (2-5)
max |F’'(z)| < ———~%—max|F(z)| — — min |F(z)].
|Z‘=1‘ (Z)| (k)u ‘Z|=l‘ (Z>| <k>5< <k>[.1) ‘lek/t‘ (Z>|
Ry =) (14 (=
t t t
Therefore,
1 et +skH (n—s)Hts=b
)< - T ) i . 15
l‘gllg\p @< S l‘gglp(Z)l (L) lrzl‘lirll(\p(Z)l (15)
Let M(p,r) = r‘nlax|p(z)| and m(p,k) = |n‘nr]l(|p(z)| Then (15) is equivalent to
z|=r z|=
1 et + skH (n—s)thts—1
M )<= )= L k). 16
(Po0) < 2 S M) = Ty k) (16)



1392 N. ARUNRAT AND K. M. NAKPRASIT

Now for 0 < r<R<k and 0 < 0 <27, we have
p(RS) —p(re®) = [ 6p!re) .
. . R
Then |p(Re®)| < |p(re®)| + / |p'(t¢®)| i, which implies that

R
M(p,R) < M(p,r)+ / M(p/,1) di.

Combining this inequality with (16), we obtain that

ntt + sk! (n—s)th+s—1
M(p,R) <M(p,r +/ { T (PJ)—WW(I%/C) dt
or
T R (n—s)ph+s—1
M(p,R) <M(p, M mpydi— [ 2, a7
R <M+ | [ - [ O e i a)
Let

A n—s)hts1

R

Then
nR* + skt (n—s)RHF51

¢'(R) = WM(I%R) - W’"(l’ak)~

Therefore, inequality (17) is equivalent to

(n—s)RH1 S(R* 4+ kM) s
RH 1 kK [(H (n—s)R" )‘MR)_F'”

(n-3)
Multiplying both sides of (18) by R™*(R* + k"), we get

¢'(R) — (p,k)] <0. (18)

d

1 1 —(n=s)
o (o - gmto)) 1)~ <o (19)

From (19), we conclude that

)= e 0R) =~ o)) (8105

is a non-increasing function of R in (0,k). Hence for 0 < r < R <k,

g(r) > g(R).
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That is,
1 1 —(n—s) 1 1 —(n—s)
(R0t gmto)) (#4975 > (o)~ ity ) 405
Then

s /P T s T TN
001> (7) (jg) o0+ (7) [l—(;ﬂjk“) ]m<p,k>. 0)

Since ¢(R) > M(p,R) and ¢(r) = M(p,r), it follows from (20) that

r\s [ rt kM % r\S kM nu;A
M(Pﬂ’)?(l—e) <Rﬂ+kﬂ) M(P»R)‘F(%) l1—<m) ]m(nk)

Next, we show that the bound is best possible for a polynomial p(z) =z (z+k)" .

One can see that Tn‘ax Ip(2)| =7 (z+k)" 7, ‘nllin |p(z)] =0, and ‘nllax |p(z)] = R*(R+k)"*.
zl=r z|=k z|=R

The right side of (14) becomes

(o) (2t womemr () 1 (522 | =t

which equals 1|nax lp(z)]. O
z

=

The next lemma is due to Arunrat and Nakprasit [2].

LEMMA 3. [2] Let p(z) be a polynomial of degree n in the form

n—s
p(z)=7 (ao—f— Zavzv>7 l<pu<n—s, 0<s<n—1L
V=i

Let k> 1 and o € C with |ot| = 1. If all n— s zeros (except a zero at the origin) are
outside |z| < k, then

Pmm+ww+@—QW}

max |p(z)| —

max [Dgp(z)| < max
z|l=

|z]=1

{(Ial—l)(n—
1+ kH

)| .
ko (14 k) ]f?“i'p(z)"

3. Proofs of the main theorems

Proof of Theorem 1. Let p(z) be a polynomial of degree n having s-fold zeros at
the origin and the remaining n — s zeros in |z| > k where k& > 0. Then the polynomial
F(z) = p(Rz) has s-fold zeros at the origin and the remaining n — s zeros in |z| = (k/R)
where (k/R) > 1. Applying Lemma 1 to a polynomial F(z), we get

k u
nts(5) (=)
max |F'(z)] < ———%5-max |F(z)| — - min |F(z)|.

lz|=1 KM =1
1 _
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Hence,

nRM 4 skt (n—s)REFS—1
S RIRE T k) R ATI . 21
|r;r‘laRlp( IS gga oy MIP@ = sy min PG @21)

For 0 < r <R < k, Lemma 2 implies that

max|p(2)| < (5) (M) ' max| )|

|lz|=R r rH 4kt
RE KM\ E
( ) 1]mm|p< L@

~(BY
k rH + Kkt |e|=k

Substituting (22) into (21), we obtain that

max|p<>|<M[(5)S(”“‘“)nT max p(z)
lz|=R R(RHA4-KH) | \ 7 rH 4kt lz|=r
_<§)‘ (R“+k“>“ }mlnl?(ﬂ]
k rH 4+ kM |z|=k
_ H4s—1
RN (nRM 4 kM) (R 4 k) E

= max |p(z)|
r\'(rﬂ -|-kl~l) u |z|=r
R [ (nRM 4 sk (R +k#) T !
B ks ( )( n—s ) - mln‘p( )|
(Pt 4 ki) R lal=k
Therefore,
A A—sR!
max < —max —————— min
maxp/(2)] < 5 max|p(2)| ~ = min|p(2)

R (nR* + sk ) (R 4 1) 1!
(rk k)T
Next, we show that the upper bound is best possible for a polynomial

p(z) =2 (z+k)"™*. One can see that ‘nllax\nz + skz*~!| and ‘rrllax|(z+k)” =1 are
z|=R

where A =

attained at z = R.

Then max|p'(z)| = max |(nz’ 5k (2 4+ k)" = RN R+ sk) (R+ k)"
zZl=
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and |n‘11r]1< |p(z)] = 0. The right side of (11) becomes
zl=

R~V (nR+ sk)(R+k)"—5~!

a1
R™Y [(nR +sk)(R+ k)"~ ! .
- k.\' (r+k)n7.\' - ﬁirli|p(z)|
RS (nR+ sk)(R+ k)"t s
= P (r k) (P lr+0"7)

=R (nR+ sk)(R+ k)" !

which equals ln‘lax P (z). O
z|=R

Proof of Theorem 2. Let p(z) be a polynomial of degree n having s-fold zeros at
the origin and the remaining n — s zeros in |z| > k where k > 0. Then the polynomial
F(z) = p(Rz) has s-fold zeros at the origin and the remaining n — s zeros in |z| = (k/R)
where (k/R) > 1. Applying Lemma 3 to a polynomial F(z) with |o|/R > 1, we get

o] n+s K ! n—s K !
I@i’f\D%F(Z)K Z ( . <R) >k+’i )<R> ﬁi’ﬂF(ZN
+(z)
o]
<%_1) v n |F(z)].

)™

|ot| (nR* 4 sk*) + (n — s)RKH max |p(2)|
R(RH +kH) |z\:RpZ

(la| =R)(n—s)R* 51
- [ kS (RE + kM) }

Hence,

max |Dyp(z)| < [
|z[=R

E?izli P[] (23)

For 0 < r < R < k, Lemma 2 implies that

max |p(z)| < <E>\ <M> - max |p(z)|

l<|=R r rH kM J2|=r

_ (%) (Rﬂ +ku> . 1] min |p(z)]. (24)

rH 4kt lz|=k
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Substituting (24) into (23), we obtain that

max |Dgp(z)] < [

lot| (nRE —+ k) + (n —s)Rk“]
|z|=R

R(RH + k)

R\ (RE 4K\ T
7 i Iéllglp(Z)l

. (5)-" (Beky 7 1] min|,,(z)|]
k rH 4 kH |z|=k
3 [(Ia—R)(n—S)R“*”]
ks (RH + k)
||RS L (nRM + sk ) (RM + kk) i !
P(rH 4 k)
L ()RR (R +k“)"#S1]
P (rt 4kt
- [OcR"'l(nR“ 4 sk (RE 4 k) i !
S (rt 4 k) T
L ()RR RE 4R T
kS(rH kM) v

min |p(z
min ()

max |p(z)]

|z|=r

(s|a|+(n—s)R)RS_1} .
— min .
Iz min |p(2)]
Therefore,
oA (n—s)RKM(RE k)T !
max|Dop(o)| < |24 4 CZIRERIIH) T | o)
|z[=R rt r\'(rli —|—kﬂ)7 |z|=r
| elA=(Jofs+ (n—s)R)R*!
k.\'
SRS (RM 1y
o IREEREEE) T | i | (2),
ks (rtt 4 kM) B |z|=k

where .
RN (nRM 4 kM) (R k)T
(rH + kM) "
Next, we show that the upper bound is best possible for a polynomial
p(z) =2 (z+ k)" where o is a real number with o > 1.

One can see that [Dop(z)| = [(2°((n — )k + on) + ouskz ™) (z 4+ k)" 1.
Note that (n — s)k+ an > 0 because n,k,s € Z* and o € R with o > 1.

A
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Then In‘lax IDap(z)| =R [ot(nR + sk) + (n— s)Rk] (R+ k)" "
z|=R
The right side of (12) becomes
AR (nR + sk)(R+ k)"~ + (n — s)Rk(R+ k)"~ !
rs(r+k)m—s
=Rr! [Oc(nR +sk)+ (n— S)Rk] (R+k)"1,

(F(r+k)")

which equals T‘naylé |Dop(z)|. O
HE

4. Conclusion

This paper investigates an upper bound of the maximum modulus of the derivative
of p(z) =7 ap+ 2 ay?’ |, 1< u<n—s,0<s<n—1, having s-fold zeros at

the origin and the remaining zeros lie in |z| > k where k > 0. We generalize our upper
bound to the polar derivative. In particular, if P(z) has all zeros in |z| > k, then our
theorems generalize results by Aziz and Shah [5]. Furthermore, if y = 1, then we
obtain a result which improves an upper bound due to Bidkham and Dewan [7].
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