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Abstract. In this paper, we first introduce several new classes of weighted amalgam spaces. Then
we discuss both strong type and weak type estimates for certain multilinear 0 -type Calderén—
Zygmund operators Ty recently introduced in the literature on products of these spaces with
multiple weights. Furthermore, the strong type and weak end-point estimates for both multilinear
commutators and iterated commutators of 7y and pointwise multiplication with BMO functions
are established as well.

1. Introduction

In this paper, the symbols R and N stand for the sets of all real numbers and
natural numbers, respectively. Let R” be the n-dimensional Euclidean space of points

———
x= (x1,%2,...,%,) withnorm |x| = (X7, x})"/2. Let m€ N and (R")” =R" x --- x R"
be the m-fold product space. We use the standard notation S(R") for the Schwartz
space of test functions on R" and &’(R") its dual, the space of tempered distributions
on R”. Calderén—Zygmund singular integral operators and their generalizations on the
Euclidean space R" have been extensively studied in the literature, see for example
[5, 13, 30, 31, 39] for the standard theory. In particular, Yabuta [39] introduced certain
0 -type Calderén—Zygmund operators to facilitate his study of certain classes of pseudo-
differential operators. Following the terminology of Yabuta [39], we introduce the so-
called 0 -type Calderén—Zygmund operators as follows.

DEFINITION 1.1. Let 0 be a nonnegative, nondecreasing function on RT :=
(0,4e0) with 0 < 6(1) < o and

/l%dt<°°
0o t '
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A measurable function K(x,y) on R” x R"\ {(x,y) : x =y} is said to be a 60 -type
Calderén—Zygmund kernel, if there exists a constant A > 0 such that

¢ |K(X7)’)’ < |x£v\" s for any x;éy;

o |KCoy) =Kz + [Knx) = K9] < (-0 (£5), for fr—z] < 252

[x—y[" [x—]

DEFINITION 1.2. Let 7y be a linear operator from S(R") into its dual S’'(R").
We say that 7y is a 0 -type Calder6n—Zygmund operator with associated kernel K, if

e Tj can be extended to be a bounded linear operator on L?(RR");

o forany f € C;(R") and for all x ¢ supp f, there is a 6 -type Calderén—Zygmund
kernel K(x,y) such that

Tof () = [ K(xey)f ()

where Cj'(IR") is the space consisting of all infinitely differentiable functions on
R"™ with compact support.

Note that the classical Calderén—Zygmund operator with standard kernel (see [5,
30]) is a special case of 6-type operator Ty when 0(r) =% with 0 < § < 1.

In 2009, Maldonado and Naibo [23] considered the bilinear 6 -type Calderén—
Zygmund operators which are natural generalizations of the linear case, and established
weighted norm inequalities for bilinear 0 -type Calderén—Zygmund operators on prod-
ucts of weighted Lebesgue spaces with Muckenhoupt weights. Moreover, they applied
these operators to the study of certain paraproducts and bilinear pseudo-differential
operators with mild regularity. Later, in 2014, Lu and Zhang [22] introduced the gen-
eral m-linear 0 -type Calderén—Zygmund operators and their commutators for m > 2,
and established boundedness properties of these multilinear operators and multilinear
commutators on products of weighted Lebesgue spaces with multiple weights. In addi-
tion, as applications, Lu and Zhang [22] obtained multiple-weighted norm inequalities
for the paraproducts and bilinear pseudo-differential operators with mild regularity and
their commutators as well. Following [22], we now give the definition of the multilinear
0 -type Calder6n—Zygmund operators.

DEFINITION 1.3. Let 0 be a nonnegative, nondecreasing function on R™ with
0<0(1) <eo and
Lot
/ Q dt < oo, (1.1)
0 t

A measurable function K(x,y1,...,ym), defined away from the diagonal x =y =--- =
Y in (R?)™+1 s called an m-linear 6 -type Calder6n—Zygmund kernel, if there exists
a constant A > 0 such that
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e forall (x,y1,...,ym) € (R")™*! with x # y; for some k € {1,2,...,m},

A
(be=yal -4 be=ym|)™

|K(x,y1,---ym)| < (1.2)

and

e forall x,x € R",

|K(x7yl7"‘7ym)_K(x/7y17'”7ym)|

. A 6( |x — x| ) (1.3)
I R e N TR DR
whenever |x —x'| < 1 max<;<n [x—yi|, and
e for each fixed k with 1 <k <m,

|K(x7y1a"'ayka"'7ym)_K('x’yla"'ay;{?"'aym)’
A 6( e ) (1.4)

e —y1] 4+ = ym|)™ e —yi|+- -+ [x =yl

ST
whenever [y, — ;| < 3 max i< [x — il

DEFINITION 1.4. Let m € N and Ty be an m-linear operator initially defined on
the m-fold product of Schwartz spaces and taking values into the space of tempered

distributions, i.e.,
m

Ty : S(R") x --- x S(R") — S'(R").

We say that Ty is an m-linear O -type Calderén—Zygmund operator, if
e Ty can be extended to be a bounded multilinear operator from L9 (R") x --- X
L (R™) into L1(R") for some q1i,...,qm € [1,%0) and g € [1/m, o) with 1/q=
i Vs
e for any given m-tuples f =(f1,---,fm), there is an m-linear 6 -type Calderén—

Zygmund kernel K(x,y1,...,ym) (the conditions (1.2), (1.3) and (1.4) are satis-
fied) such that

To(f)(x) = To(fis-- -+ fon)(x)

= (Rn),,,K(x’yl""’ym)fl(yl)"'fm(ym)dyl"'dym

whenever x ¢ (L, supp fx and each fi € C5(R") for k=1,2,...,m.

We note that, if we simply take 0(¢) = ¢* for some 0 < € < 1, then the multilin-
ear O -type operator Tp is exactly the multilinear Calder6n—Zygmund singular integral
operator, which was systematically studied by many authors. There is a vast literature
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of results of this nature, originated from the work of Grafakos and Torres [15]. The the-
ory of multilinear Calderén—Zygmund singular integral operators plays an important
role in harmonic analysis and other fields, this direction of research has been attract-
ing a lot of attention in the last two decades, we refer the reader to [15, 20, 25] and
the references therein for the standard theory of multilinear Calderén—Zygmund sin-
gular integrals. In 2014, Lu and Zhang [22] investigated weighted norm inequalities
of multilinear 0 -type Calder6n—Zygmund operators and their commutators with BMO
functions. The following weighted strong-type and weak-type estimates of multilinear
0 -type Calder6n—Zygmund operators on products of weighted Lebesgue spaces were
given by Lu and Zhang in [22, Theorem 1.2].

THEOREM 1.1. ([22]) Let m € N and Ty be an m-linear 0-type Calderon—
Zygmund operator with 0 satisfying the condition (1.1). If p1,...,pm € (1,) and
p € (1/mye0) with 1/p=30" | 1/px, and W = (wy,...,wn) satisfies the multilinear
Ap condition, then there exists a constant C > 0 independent of f =(f1,...,fm) such
that

L7k (wy)?

1707 usvy < CTT I

where vi =1}, wf/p".

THEOREM 1.2. ([22]) Let m € N and Ty be an m-linear 0 -type Calderon—
Zygmund operator with 0 satisfying the condition (1.1). If pi,...,pm € [1,0),
min{pi,...,pm} =1 and p € [1/m,e) with 1/p=3}" | 1/px, and w = (w1,...,Wp)
satisfies the multilinear Ay condition, then there exists a constant C > 0 independent

of f=(f1,...,fn) such that

||Te(f)’|WLp(vﬁ) <c]] kaHka(wk)’
k=1

where Vi = quzlwf/pk

1) condition, then

. In particular, if w = (wy,...,wy) satisfies the multilinear

1T (Pl < € Tl 21
k=1

1
where v =1}, wk/m

REMARK 1.1. We remark that in the linear case m = 1, the above weighted re-
sults were given by Quek and Yang in [27]. For the bilinear case m = 2, Theorems 1.1
and 1.2 were proved by Maldonado and Naibo in [23] when some additional conditions
imposed on 0. And when 6(r) = ¢* for some 0 < € < 1, Theorems 1.1 and 1.2 were
obtained by Lerner et al. [20].
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Next, we give the definition of the commutators for the multilinear 6-type
Calder6n—Zygmund operator. Given a collection of locally integrable functions
b= (by,...,by), the m-linear commutator of Ty with b is defined by

1

(26, To) (F)(x) = [2B, To] (fi,-- -, fn) (%)

1.5
[bvaB]k(flw”vﬁﬂ)(x)a ( )

M=

k

Il
-

where each term is the commutator of b; and Ty in the k-th entry of Ty ; that is

[bkaTB]k(fl7'”vﬁﬂ)(x)
=bk(xX)-To(f1,- - S5 ) () = To (frs - bacSies - fon) (%)

Then, at a formal level, we can see that
(25, T5] (f)(x) = [ZB, To] (fi,. .., fn)(x)

~ Jaye N [br(x) = be() | K, y1s - ym) 101+ fon () dyy -+ dym.
k=1

Obviously, when m = 1 in the above definition, this operator coincides with the linear
commutator [b,7g] (see [21, 41]), which is defined as

(b, To](f) = bTo(f) — To(bS).

Let us now recall the definition of the space of BMO(RR") (see [5, 17]). A locally
integrable function b(x) on R” is said to be in BMO(RR") if it satisfies

1
sup—/|b(x)—b3\dx<oo7
5 |Bl /B

where the supremum is taken over all balls B in R", and bp stands for the average of
b over B, i.e., bp:= ﬁ Jzb(y)dy. The BMO norm of b(x) is defined by

1
HbH*::sup—/ Ib(x) — by dx.
B |B| /B

In the multilinear setting, we say that b = (by,...,b,,) € BMO™, if by € BMO(R") for
all k=1,2,...,m. For convenience, we will use the following notation

‘= max kuH*, for b= (by,...,by) € BMO™.

Bllpwon = max

In 2014, Lu and Zhang [22, Theorems 1.3 and 1.4] also proved some weighted estimate
and the LlogL-type estimate for multilinear commutators [Eb, Te] defined in (1.5)

under a stronger condition (1.6) assumed on 8, if b € BMO™.
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THEOREM 1.3. ([22]) Let m € N and [257 T@] be the m-linear commutator gen-

erated by 0 -type Calderén—Zygmund operator Ty with b= (b1,...,by) € BMO™; let
0 satisfy
/1 6(z) - (1 +[logr|)
0

p dt < oo, (1.6)

Ifpi,...,pm € (1,00) and p € (1/m,o0) with 1/ p=37" | 1/pr, and w= (wi,...,wp) €
Ap, then there exists a constant C > 0 independent of b and f =(f1,---,fm) such that

1125, 75] (7]

LP(vig) <C HBHBMO’” H kaHka(wk)’
k=1

where vy =TT}, wf{’/p".

THEOREM 1.4. ([22]) Let m € N and [225, Te] be the m-linear commutator gen-
erated by 0 -type Calderén—Zygmund operator Ty with b= (b1,...,by) € BMO™; let
0 satisfy the condition (1.6). If pr=1, k=1,2,....m and w= (w1,...,wm) €A(1 1),
then for any given A > 0, there exists a constant C > 0 independent off: (fiy--esfm)
and A such that

VW({x eR": |[25,Tp] (F)(x)| > /v"})
m . /m
< (o) T ([, o 22 i)

=1

where Vg = Hkmzlw,i/m, ®(t):=1-(1+log"t) and log™t :== max{logt,0}.

REMARK 1.2. As is well known, (multilinear) commutator has a greater degree
of singularity than the underlying (multilinear) 6 -type Calderén—Zygmund operator,
so more regular condition imposed on O(¢) is reasonable. Obviously, our condition
(1.6) is slightly stronger than the condition (1.1). For such type of commutators, the
condition that 6(r) satisfying (1.6) is needed in the linear case (see [21, 41] for more
details), so does in the multilinear case. Moreover, it is straightforward to check that
when 6(r) = ¢ for some € >0,

e (141 ! 1
/ Mdt:/ t81-<1—|—10g—)dt<°°.
0 1 0 t

Thus, the multilinear Calderén—Zygmund operator is also the multilinear 6 -type oper-
ator Ty with 6(r) satisfying the condition (1.6).

REMARK 1.3. When m = 1, the above weighted endpoint estimate for the linear
commutator [b,7p] was given by Zhang and Xu in [41] (for the unweighted case, see
[21]). Since 7Ty is bounded on L?(w) for 1 < p < e and w € A, as mentioned earlier,
then by the well-known boundedness criterion for commutators of linear operators,
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which was obtained by Alvarez et al. in [2], we know that [b,7y] is also bounded
on LP(w) forall 1 < p < e and w € A,, whenever b € BMO(R"). When m > 2,
wp=---=wy,=1and 0(r) =% for some € > 0, Pérez and Torres [25] proved that if

—

b= (by,...,by) € BMO™, then
[2b,Tp] : L (R") x --- x LP"(R") — LP(R")

for 1 <py<oeoand 1 <p <eowithl/p=1/pi+---+1/pu, where k=1,2,...,m.
And when m > 2 and 0(¢) = t¢ for some € > 0, Theorems 1.3 and 1.4 were obtained
by Lerner et al. in [20] (the range of p is enlarged). Namely, Lerner et al. [20] proved
thatif b= (by,...,b,) € BMO™ and W = (wi,...,wy) € A, then

(2B, Tp] : LP (1) X -+ X LP" (W) — LP (Vi)

for 1 < py <eoand 1/m < p <eo with 1/p=1/p;+---+ 1/p, (the full range of p
is achieved), where k =1,2,...,m.

REMARK 1.4. Note that when m =1 and 0 satisfies the condition (1.1), the linear
commutator [b,7g] is bounded on LP(w) forall 1 < p <o and w € A,. Thus, it is
natural to ask whether the condition on 0(¢) in Theorem 1.3 can be weakened when
m > 2. Below, we will show that the conclusion of Theorem 1.3 still holds provided
that 6(¢) only fulfills (1.1). It should be pointed out that in the multilinear case m > 2,
the method used in this paper is different from the one in [22]. The idea of the proof is
essentially that of [2, 4, 25].

Motivated by [26] and [22], we will consider another type of commutators on R”.
Assume that b = (by,...,by,) is a collection of locally integrable functions, we define
the iterated commutator [I1b, Ty | as

-,

[T16, T ] () (x) = [T16,Tp | (f1, -, fon) (x)

(1.7)
= [b1,[b2, - [Bi1; (b, Tolmlm—1---J2]1 (15 -5 fn) (%),
where
[bkaTB]k(fl7"‘7ﬁﬂ)(x)
:bk(x)'Te(fly"'afka“')fm)(x)_Tﬂ(fl7'"7bkfka"'7fm)('x)'
Then [l'[l;, Ty can be expressed in the following way:
(116, Tp] (f) (x) = [T1B, Ty} (i, -, f) (¥) (1.8)
:/( H)WH [br(x) = b () | K (5 y1, - ym) f1(01) -+ fon () A1 -+ dym.
k=1

Following the arguments used in [26] and [22] with some minor modifications, we
can also establish the corresponding results (strong type and weak endpoint estimates)
for iterated commutators [Hb,Tg] defined in (1.7) under a stronger condition (1.9)

imposed on 0, if b € BMO™.
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THEOREM 1.5. Let me N and [HE, Tg] be the iterated commutator generated by
0 -type Calderén—Zygmund operator Ty and b = (b1,...,bm) € BMO™; let 0 satisfy

1 . m
/0 0(r) (lJtrllogf\ ) dt < oo, (1.9)

Ifpi,....,pm € (1,00) and p € (1/m,o0) with 1/ p=3]" | 1/px, and w= (wy,...,wp) €
Ap, then there exists a constant C > 0 independent of b and f =(f1,---,fm) such that

1002, 0] (Dl gy < € T el TT el

where vy =1} lwf/p".

REMARK 1.5. Below, we will also show that the conclusion of Theorem 1.5 still
holds provided that 0(¢) only fulfills (1.1).

THEOREM 1.6. Let me N and [HE, Tg] be the iterated commutator generated by
0 -type Calderdn—Zygmund operator Ty and b = (b1,...,by) € BMO™; let O satisfy
the condition (1.9). If pr=1, k=1,2,....,m and w = (w1, ...,wm) €Ay 1), then for
any given A > 0, there exists a constant C > 0 independent of f = (fis.-- ,fm) and A
such that

Vi {xeR"-}[anQ })
ccfi( [ o <|fk(>|) )"

—
where vy = [T/ lwi/m, O(t) :=1-(1+log"t) and ") :=Do--- o,

REMARK 1.6. It was proved in [26] that when 6(r) = for some € > 0, the
estimate in Theorem 1.6 is sharp in the sense that ®™) cannot be replaced by ®*) for
any k <m.

The main purpose of this paper is to investigate the behaviour of multilinear 0 -
type Calderén—Zygmund operators and their commutators with BMO functions in the
context of weighted amalgam spaces.

2. Notations and preliminaries

2.1. Multiple weights

We equip the n-dimensional Euclidean space R” with the Euclidean norm | -| and
the Lebesgue measure dx. Forany r >0 and y € R", let B(y, r) {x ER": |x—y| < r}
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denote the open ball centered at y with radius r, B(y,r)° = R"\ B(y,r) denote its
complement and |B(y,r)| be the Lebesgue measure of the ball B(y,r). We also use the
notation xp(y,) to denote the characteristic function of B(y,r). For some A >0, AB
stands for the ball concentric with B and having radius A times as large.

A weight o is a nonnegative locally integrable function on R” that takes values
in (0,+oc0) almost everywhere. First we recall the Muckenhoupt A, weight classes. A
weight @ is said to be in the class A, for 1 < p < e, if there exists a constant C > 0

such that
1 1/p 1 ) 1/p
il - -r'/p <
(B/Bw(x)dx) <|B|/Bw(x) dx) <C

for every ball B in R". Here, and in what follows, p’ is the conjugate exponent of p
such that 1/p+1/p’ = 1. For p =1, we say that @ is in the class Ay, if there exists a
constant C > 0 such that

1
—/w(x)dxgc-essinfa)(x)
‘B‘ B XEB

for every ball B in R". Since the A, classes are increasing with respect to p, the A
class of weights is defined in a natural way by

Aw:= | A

1<p<en

Moreover, for @ € A.., the following characterization is often used in applications:
there are positive constants C and § such that for any ball B and any measurable set E

contained in B, 5

olE) <C <£) ; 2.1
o(B) |B|

where @(E) := [p w(x)dx for any given Lebesgue measurable set £ C R". We say

that a weight @ satisfies the doubling condition, simply denoted by w € A, if there is

an absolute constant C > 0 such that

w(2B) < Co(B) (2.2)

holds for any ball B in R". If w € A, with 1 < p <o (or ® € A), then we know that
weEAN;.

Recently, the theory of multiple weights adapted to multilinear Calderén—Zygmund
singular integral operators was established by Lerner et al. in [20]. New more refined
multilinear maximal function was defined and used in [20] to characterize the class of
multiple Az weights, and to obtain some weighted norm inequalities for multilinear
Calder6n—Zygmund operators and their commutators with BMO functions. Now let us
recall the definition of multiple weights. For given m exponents py,...,pm € [1,0),
we will often write P for the vector P = (pi,...,pm), and p for the number given by
1/p:=3"1/px with p € [1/m,e0). Given w = (wi,...,wp), set

fi /

. P/ Pk

Vi = Wy
k=1
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We say that w satisfies the multilinear A condition if it satisfies

1 J 1/p m 1 P’/pkd 1/p}, )3
v — Pk oo, .
sup (o [va) T (G [t #imas) "< @)

B k=1

When py = 1, we denote p} = oo, and the condition (|1er Iz wk(x)’l’ﬁ'/l’k dx) Yr iy (2.3)

is understood as (infxeB wk(x))fl. In particular, when each py =1, k=1,2,...,m,
we denote A7 = Ay 1). One can easily check that A, ;) is contained in Aj for

each P = (P1,---,pm) with 1 < pg <o, however, the classes Ap are not increas-
ing with the natural partial order. It means that for two vectors P = (p1,.--,pm) and
0= (q1,---,qm) with p < g, k=1,2,...,m, the following relation may not be true
Ap CAg, see [20, Remark 7.3]. The multilinear Riesz transforms are typical exam-
ples of multilinear Calderén—Zygmund singular integral operators. It was shown in
[20, Theorem 3.11] that the classes A are also characterized by the boundedness of all
multilinear Riesz transforms on weighted Lebesgue spaces. Moreover, in general, the
condition w € A does not imply wy € LllOC (R") for any 1 < k < m (see [20, Remark
7.2]), but instead we have the following characterization of the classes A 5

LEMMA 2.1. ([20]) Let py,...,pm € [l,00) and 1/p =3} | 1/py. Then w =
(Wi,...,wm) € Ap if and only if

Ve GAmm

1

L 2.4)
Wy Pre g

k=1,2,...,m,

mpj»

.. 1—pj . .
where vz = [}, wf/p" and the condition w; Pk e Amp;( in the case py =1 is under-

1
stood as wk/m €A

REMARK 2.1. Obviously, when m =1, Ap reduces to the classical A, class of
Muckenhoupt. Observe that in the linear case m = 1 both conditions included in (2.4)
represent the same A, condition. However, in the multilinear case m > 2 neither of the
conditions in (2.4) implies the other, see [20, Remark 7.1] for more details.

Given a weight @ defined on R”, as usual, the weighted Lebesgue space L”(w)
for 0 < p < o= is defined to be the set of all functions f defined on R” such that

171

1/p
(w) = (/]R" [f ()P o (x) dx) < oo,

We also denote by WLP () (0 < p < o0), the weighted weak Lebesgue space consisting
of all measurable functions f defined on R” such that

1/
1l (@) = 5P %+ [0 ({x € R [ (@) > A})] 7 < o
A>0



MULTILINEAR 0 -TYPE CALDERON—ZYGMUND OPERATORS 1445

2.2. Orlicz spaces and Luxemburg norms

Next we recall some basic definitions and facts from the theory of Orlicz spaces.
For more information about these spaces, we refer the reader to the book [28]. A
function A(7) : [0, +0) — [0, +o0) is called a Young function if it is continuous, convex,
strictly increasing and satisfies \A(0) =0 and A(t) — oo as # — +oo. Given a Young
function A and a ball B in R", we consider the A-average of a function f over a ball
B given by the following Luxemburg norm:

[ ::inf{)L >0: %/BA<f§Lx”>dx< 1}.

When A(r) =17, 1 < p < oo, it is easy to see that

o= (g f o)

that is, the Luxemburg norm coincides with the normalized L? norm. Associated to
each Young function A, one can define its complementary function A by

A(s):== sup [st—A(r)], 0<s<eo.

0<t<oo

It can be proved that such A is also a Young function. A direct computation shows that
forall >0,

r <AV )A (1) <o

Then the following generalized Holder’s inequality in Orlicz spaces holds for any given
ball B in R":

1
o L 1r-el v <20l

A particular case of interest, and especially in this paper, is the Young function ®(r) =
t-(1+log™t), and we know that its complementary Young function is given by ®(z) ~
exp(¢) — 1. The corresponding averages will be denoted by

HfHd),B = HfHLlogL,B’ and HquS,B = HgHexpLJs'

Thus, from the above generalized Holder’s inequality in Orlicz spaces, it follows that

1
T ALGR ISR M @)

To obtain endpoint weak-type estimates for the multilinear commutators and iterated
commutators on the product of weighted amalgam spaces, we need to define the weigh-
ted A-average of a function f over a ball B by means of the mean Luxemburg norm;
that is, given a Young function A and o € A.., we define (see [28, 40])

HfHA(w),B = inf{a >0: ﬁ/}}«‘(fg)') -w(x)dx < 1}.
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When A(t) =t, we denote the mean Luxemburg norm with respect to @ by || - || (w),5>
and when ®(r) =1 - (1+1log™ 1), we denote this norm by || [|ogz(w)5- The comple-
mentary Young function of ®(z) is given by ®(r) ~ exp(r) — 1 with the corresponding
mean Luxemburg norm denoted by || - llexp L(w)B- An analysis of the proof of the in-
equality (2.5) reveals that the same conclusion still holds for the weighted case. For
o € A.. and for every ball B in R", we can also show that the following generalized
Holder’s inequality holds in the weighted setting (see [40] for instance).

1
18 o 170 s W10@dx <l uigrio slElopros @O

This estimate will be used in the proofs of our main results.

2.3. Weighted amalgam spaces

Let 1 < p,q < e=. A measurable function f € LI, (R") is said to be in the Wiener

amalgam space (L”,L9)(R") of LP(R") and L7(R")(in the continuous case), if the
function y +— || f(-) - XB(y,1)llLr belongs to LI(IR"). Define

@) {5 Wl = (L[ 2l ]'a5) <.

It is easy to see that this space (L?,L7)(R") coincides with the usual Lebesgue space
LP(R") whenever p = q. The reader is also referred to the survey papers of Fournier—
Stewart [11] and Holland [16] for more information. In general, let 1 < p,q, o < oo.
We define the amalgam space (LP,L9)*(R") of LP(R") and L?(R") as the set of all
measurable functions f satisfying f € L (R") and H f H( < oo, where

loc
HfH(LP,Lq)“ ::igg{/” [

—sup[|B(r.1)|
r>0

LP L9)e

1/q
B(y,r) | l/oc—l/P—l/qu Ao ||Lp:| qdy}

l/a—l/p—l/qu_%B

() ||Ll’ 14’

with the usual modification when p = o or ¢ = c. This amalgam space (in the continu-
ous case) arises naturally in harmonic analysis and was originally introduced by Fofana
in [10]. It turns out that the space (L”,LY)*(R") is closely related to Lebesgue and
Morrey spaces. Many useful results in harmonic analysis (such as Fourier multipliers
and boundedness properties of maximal operators and integral operators), well-known
in the Lebesgue space L?(R"), have been extended within the framework of this space.
As proved in [10] the space (L”,L7)*(R") is nontrivial if and only if p < a < g; thus
in the remaining of the paper we will always assume that this condition p < o < g is
fulfilled.

Note that

o for 1 < p< a<g<eo,itisreadily to see that (L7, L9)*(R") C (L?,L9)(R") if
we put r =1;
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o if | <p< o and g =-oo, then (L?,L9)*(R") is just the classical Morrey space
LPK(R™), which is deﬁned by (with k =1—p/a, see [1, 24])

£ @)= {1l o <=}

where

| v 1/p
Fll e = su <7/ flx dx) ;
H Hﬁp yER”E>O |B(y7r)|K B(y,r)| ( )

e if p= o and g = oo, then (L?,L9)*(R") reduces to the usual Lebesgue space
LP(R").

In [33] (see also [34, 35]), we considered a weighted version of the amalgam space
(LP,L9)*(w;u), and introduced some new classes of weighted amalgam spaces. Let
us begin with the definitions of the weighted amalgam spaces. Moreover, in order to
deal with the multilinear case m > 2, we shall define these weighted spaces for all
0<p <oo.

DEFINITION 2.1. Let 0 < p < @ < g < oo, and let w,u be two weights on R”.

The weighted amalgam space (L”,L7)*(w;u) is defined to be the set of all locally
integrable functions f such that

o q 1/q
1l o oy —sup{ /R BN F ) ) u<y>dy}

’“’(B(y’ )Y F |

=sup
r>0

< oo,

Lr@)lizau)

with the usual modification when g = e, where w(B(y,r)) = [p(,, @(x)dx is the
weighted measure of B(y,r).

There is a routine procedure to define the weak space.
DEFINITION 2.2. Let 0 < p < @ < g < o0, and let w,u be two weights on R”.

The weighted weak amalgam space (WLP,LY)%(w;u) is defined to be the set of all
measurable functions f for which

q 1/q
||fH WLP.L1)% (o, #_) Sup{/ﬂ { (B(y7 r))l/a_l/p_l/qnf'XB()’J’)HWLI’(Q))} ‘u(y)dy}

‘w(B(y, r))l/a_l/p_l/qnf'XB()’J)HWLI’(w)

=sup
r>0

< oo,
La(u)

with the usual modification when ¢ = eo.
Note that

e for 1 < p < a<g< e, we can see that (LP,L9)*(w;u) becomes a Banach
function space with respect to the norm || - [|(zr z4)o (@) » and (WLP,L9)* (w3 1)
becomes a quasi-Banach space with respect to the quasi-norm || - | (wzr 19)2(w;u) ;
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when u =1, the weighted space (L”,L7)%(w;u) was introduced by Feuto in
[8] (see also [7, 9]), and when u =1 and p = 1, the weighted weak space
(WLP L)% (w; u) was also defined by Feuto in [8];

if |l <p<aandq=ec, then (L?,L)*(w;u) is exactly the weighted Morrey
space LP*(w), which was first defined and studied by Komori and Shirai in [19]
(with k =1—p/a).

LV (w) = {f3 HfHLP~'<(w) < oo}’

where

1 ) 1/p
I7llerrw = JeRT 0 (W /B<y,r) Fx k) dx) ’

and (WLP L9)*(w;u) is exactly the weighted weak Morrey space W .LP ¥ (w)
defined by (with k = 1 — p/a, see [32])

WLPR (w) = {fﬁ ||f’|wzr’~'<(w) < °°}’

where

1l 2wy i= _sup sup St |o({xe Bl 1£(x) >/1})]1/p;

yeRn 040 O (B(y, r))</P

if p=a and g = oo, then (LP,L9)%(w;u) reduces to the weighted Lebesgue
space L?(w), and (WLP L1)%(w;u) reduces to the weighted weak Lebesgue
space WL? (®).

In order to deal with the endpoint case of the commutators, we have to consider the fol-
lowing LlogL-type space. Following [33], we now introduce new weighted amalgam
spaces of LlogL type as follows.

DEFINITION 2.3. Let p=1, 1 < o < g < oo, and let w,u be two weights

on R". We denote by (LlogL,LY)*(w;u) the weighted amalgam space of LlogL

type,

the space of all locally integrable functions f defined on R” with finite norm

HfH(LlogL,L‘l)“(w;M) )

wher

I7

(LlogL,L7)* (w3 ) := {fi ||fH(LlogL.,L‘1)"‘(w;M) < °°}’

c

B q 1/q
H(LlogL,L‘i)a(w;p_) ::Sup{/’l [a)(B(y, r))l/a 1/q’|f||LlogL(w),B(y,r)] u(y)dy}

r>0

Li(u)

- 1/a—1
=sup H o(B(y,r)"/“ 14 1AW L1og ) s
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Observe that + < - (1+1log*t) forall # > 0. Then for any given ball B(y,r) C R”
and o € A.., we have

HfHL(w),B(ym) < HfHLlogL(w),B(ym)

by definition. This means that the following inequality (it can be seen as a generalized
Jensen’s inequality)

1
01500 = S5 Sy 7 00 W iy @D

holds true for any ball B(y,r) C R". Hence, for | < a < g < and o € A, we can
further see the following inclusion relation from (2.7):

(LlogL, L) (0:41) (L', L9)*(@:10).

Recently, many works in classical harmonic analysis have been devoted to
norm inequalities involving several integral operators in the setting of weighted amal-
gam spaces, see, for example [6, 7, 8, 9, 38]. These results obtained are extensions
of well-known analogues in the weighted Lebesgue spaces. Inspired by the works
mentioned above, it is therefore interesting to know the behavior of multilinear O -
type Calderén—Zygmund operators and the corresponding commutators on products of
weighted amalgam spaces, the aim of this paper is to give a positive answer to this
problem. We are going to prove that multilinear 0 -type Calderén—Zygmund operators
Ty which are known to be bounded on products of weighted Lebesgue spaces with mul-
tiple weights, are also bounded from (LP1, L9)% (wy;u) x (LP2,L92)%2 (wy; ) X - -+ X
(LPm L)% (s i) into (LP, L)% (vig; ) when 1 < pp < eo for k=1,2,...,m, and
bounded from (LP1,L91)* (wysu) x (LP2,L92)%2 (wps i) X « -+ x (LPm L)% (w,,; 1)
into (WLP L9)*(vg; 1) when 1 < pp < oo for k=1,2,...,m and at least one of the
pr = 1. Moreover, the weighted strong-type and weak-type endpoint estimates for both
types of multilinear commutators and iterated commutators in the context of weighted
amalgam spaces are also obtained.

3. Main results

We will extend the results obtained in [22] for the m-linear 0-type Calderén—
Zygmund operators to the product of weighted amalgam spaces with multiple weights.
Our first two results on the boundedness properties of multilinear 0 -type Calderén—
Zygmund operators are presented as follows.

THEOREM 3.1. Let m > 2 and Ty be an m-linear 0 -type Calderén—Zygmund
operator with 0 satisfying the condition (1.1). Suppose that 1 < p; < oy < qp < oo, k=
1,2,....mand p € (1/m,o) with 1/p=37" | 1/pk, g € [1,00) with 1/q=3}",1/qx
and 1/ =37 1/og; W= (Wi,...,Wwn) € Ap with wi,..., Wy € Aw and u € Ay. In
addition, suppose that

1 1 1 1 1 1
— | = — = =py| ——— . 3.1
pl(“l 6]1) p2<a2 612) b <am 6]m)
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Then there exists a constant C > 0 such that forall f = (f1,..., fn) € (LP1,L9)% (wy; 1)
X oee X (me7Lqm)OCm(Wm;‘u)’

HT9 H LPL4)% (V) CHkaH (LPk LK) % (wy;p0)

with vz = Hlewf/pk.

THEOREM 3.2. Let m > 2 and Ty be an m-linear 0 -type Calderon—Zygmund
operator with 0 satisfying the condition (1.1). Suppose that 1 < pp < oy < q <
oo, k=12,...,m, min{py,...,pu} =1 and p € [1/m,o) with 1/p =3} 1/px,
g€ [l,00) with 1/q=37"1/qr and 1ot = 3" 1/0g; W= (wi,...,wn) € Ap with
Wiy yWm € A and UL € Ay. In addition, suppose that

@ a)rlaa) )

n o q1 P2 (2%) q2 P O dm '

Then there exists a constant C > 0 such that forall = (fi,..., fn) € (LP1,L9)% (wy; 1)
X oo X (LPm’LLIW)O‘m(Wm;‘u),

HTG ” (WLP L9)* (vig:pt CH kaH (LPk L)% (wys 1)

with vy =11, wf/pk.

Our next theorem concerns norm inequalities for the multilinear commutator
[2b,Ty| with b € BMO™.

THEOREM 3.3. Let m > 2 and [ZE,Tg] be the m-linear commutator of 0 -type
Calderon—Zygmund operator Ty with 0 satisfying the condition (1.1) and b€ BMO™.
Assume that 1 < pp < o < qx <o, k=1,2,....m and p € (1/m,o) with 1/p =

Yol pr, g€ 1,00) with 1/g=3" | 1/qx and 1/aa=3]" | 1 /oy, w= (wi,...,wn) €
Ap with wy,...,wy € Aw and U € Ny. Assume further that (3.1) holds. Then there ex-
ists a constant C > 0 such that for all = (fi,...,f) € (LP',L1)% (w3 11) X --- X
(LPm, L) (s ),

H [ZB’Tf’] H (LP L9)% (vt CH kaH (LPk L)% (wy;pt)

with vz =TT1-, wf/pk.

For the endpoint case py = --- = p, = 1, we will also prove the following weak-
type LlogL estimate for the multilinear commutator (b, Ty| on the weighted amalgam
spaces with multiple weights.
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THEOREM 3.4. Let m > 2 and [ZE, Tg] be the m-linear commutator of 0 -type
Calderon—Zygmund operator Ty with 0 satisfying the condition (1.6) and b€ BMO".
Assume that pp =1, 1 <oy < qp<oo, k=1,2,....mand p=1/m, q € [1,o0) with
1/g=311/qrand 1o =37 1/04; W= (wi,...,wm) EA(1, 1) With wi,..., Wy €
A and U € Ay. Assume further that (3.1) holds. Then for any given A > 0 and any
ball B(y,r) C R" with (y,r) € R" x (0,+4-00), there exists a constant C > 0 independent
of f= (fis---sfm), Bly,r) and A such that

Vi (B, oV [ ({xe B | 25,75 ()| > 27 })]”
cefil(4)

where Vi =[T}L 1W1< " and ®(t) :=1-(1+log* ). Here the norm ||-||1q(y) is taken
with respect to the variable v, i.e.,

LA (u)

)

(Llog L,L% ) % (w; )

v (B, )YV v ({x e B+ [[35,T) ()] > 27 )|

= {/Rn [VW(B()@ r))l/OC—m—l/q

1/
[va({re B 1 |[25, 7] (H()] >x'"})}'"] qu(y)dy} )

La(u)

REMARK 3.1. From the above definitions and Theorem 3.4, we can roughly say
that the multilinear commutator [2b,Ty| is bounded from (LlogL, L)% (wy;pu) x
X (Llog L, L4m)%n (w,,; u) into (WLP L9)*(vgz;u) with p=1/m.

REMARK 3.2. Itis worth pointing out that the results mentioned above were ob-
tained by the second author in [33] when m = 1. Moreover, in the discrete case, the
boundedness of linear 0 -type Calderén—Zygmund operators on weighted Wiener amal-
gam spaces (LP, (1) (R") for 1 < p,q < o was proved by Nakai et al. in [18]. When
0(r) =t for some € > 0, the conclusions of Theorems 3.1, 3.2 and 3.3 (in some special
cases) have been obtained by Wang and Liu in [36] and [37].

In what follows, the letter C always stands for a positive constant independent of
the main parameters and not necessarily the same at each occurrence. When a constant
depends on some important parameters ¥;,7a, ..., we denote it by C(y,72,...). The
symbol X <Y means that there is a constant C > 0 such that X < CY. We use the
symbol X ~ Y to denote the equivalence of X and Y ; that is, there exist two positive
constants Cy, C; independent of X, Y such that C;Y < X< (Y.
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4. Proofs of Theorems 3.1 and 3.2

This section is concerned with the proofs of Theorems 3.1 and 3.2. Before prov-
ing the main theorems of this section, we first present the following important results
without proof (see [13] and [5]).

LEMMA 4.1. ([13]) Let {fk}i\;l be a sequence of LP (V) functions with 0 < p <
oo and V € Aw. Then we have

|54
k=1

N
LI’(V) < C(va)kZ:l H‘kaLP(V)’

1-p
where C(p,N) = max{LNT’}. More specifically, C(p,N) =1 for 1 < p < oo, and
1-p
C(p.N)=NTF for0<p<1l.

LEMMA 4.2. ([13]) Let {fk}szl be a sequence of WLP(Vv) functions with 0 <
p <o and vV € Aw. Then we have

I3l <€ 3 Uil

k=1
where C'(p,N) = max {N7N% }. More specifically, C'(p,N) = N for 1 < p <o, and
1
C'(p,N)=N7? for0<p<1.

LEMMA 4.3. ([5]) Let w € Aws. Then for any ball B in R", the following reverse
Jensen’s formula holds.

/Bw(x)dx<CB|~exp<%|/Blogw(x)dx>.

We are now in a position to prove Theorems 3.1 and 3.2.

Proof of Theorem 3.1. Let 1 < py < 0 < gy < o and f = (fi,---,fm) be in
(LPE L) * (s ) X oo (LPm L)% (wyyy i) with (wy,...,wy,) € Ap and U € Ay
We fix y € R” and r > 0, and set B = B(y,r) for the ball centered at y and of radius r,
2B = B(y,2r). Forany 1 < k < m, we decompose f; as

Ji = fi- 2o+ S X gy = R+

then we write

[Tt =TT (#60+ 76)
= 2 lﬁ1 (Zl)"'-f;gm(zm)

Zﬁﬁ?(zk)-l- D Fl(zl)---ﬁg’"(zm),

k=1 (Bis-Pm)eL



MULTILINEAR 0 -TYPE CALDERON—ZYGMUND OPERATORS 1453

where

L= {(Bl,...,Bm) : Br € {0,0}, there is at least one B #0,1 <k < m};

that is, each term of Y, contains at least one f3; # 0. Since Ty is an m-linear operator,

-,

then Typ(f) can be written as

To(F)=To(f), .. SO0+ Y To(fPr,. ) (),
(B Bm)eL

for an arbitrary fixed x € B(y,r). By using Lemma 4.1(N = 2™), we have

Vs (B )M PN To (F) - 230 | o

1/
— vy (BO. r>>1/°‘—1/1’—1/q( L |Te(f1,..~,fm)(X)|pr(X)dX) ’

1/
<cVW<B<y,r>>1/a-1/P—1/Q( A );Temo,...,f,9,><x>;”vw(x>dx) ’

»r
1/p

X ot | gy F‘,---,fﬁ"’)(x)|pr(X)dX)

(ﬁlv-"vﬁnl)eg B(y.,r)

=100+ X PPy, “.1)

By the weighted strong-type estimate of 7y (see Theorem 1.1), we have

m 1/pk
19-0(y,r) < C-vg By, r) e PV T | ( /B( @)l wi(x) dX>
k=1

»2r

= C- (B )PV T Ty (B, 2) it/
k=1

X H Wk(B(y72r))1/05k—1/Pk—1/lIk ka : XB(y,2r) Hka(Wk):| ' (4.2)
k=1

Let pi,...,pm € [1,00) and p € [1/m,o) with 1/p =3¥}",1/p;. We first claim that
under the assumptions of Theorem 3.1 (or Theorem 3.2), the following result holds for
any ball B = B(y,r) with y e R" and r > 0:

11 ( [ dx) e [ 3)

k=1
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provided that wy,...,w, € A and vy = Hk’":lwf/p". In fact, since wi,..., Wy € Ao,
by using Lemma 4.3, then we have

m p/pk m 1 p/pk
wi(x) dx <C B ~exp<—/10gw X dx)]

T ([ wax) " <cTT|181-exp (g [ ogmto

:CH [B|p/pk.exp (L/ logwk(x)p/pkdxﬂ

k=1 1Bl /s
m moq
=C. (|B)Zk—1p/l7k.exp<2 _/ logwk(x)P/Pkdx).
& 1Bl s

Note that

ZP/Pk =p: 2 l/prk=1 and vgz(x)= Hwk(x)I’/Pk'
k=1 k=1 =1

Thus, by Jensen’s inequality, we obtain

H(LW@MYM<CW6WG%LMWWW)
<C/B Vi (x) dx.

This gives (4.3). Based on (4.3), we can further show that under the assumption (3.1),
the following result

m U/prt1/ar—1/ oy 1/p+1/g—1/a
H (/ w(x) dx) < (/ v (x) dx) 4.4)
=1 B(y,r) B(y.r)

holds for any ball B(y,r) in R". In fact, since

(l l)_ (l 1)_ _ (1 l)
P1 o a P2 o o* Pm o G y

then the following equality certainly holds.
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or equivalently,

11 1 1 1 1
_+___:£.<_+___) >0, k=1.2,....m
Ptk 49 O Pk \P ¢q &

This fact together with (4.3) implies that

m U/ pr+1/qr—1/ oy
H (/ dx)
k=1 \/B.r )
m p/pi-(1/p+1/q—1/ )
-11 ( / we (x) dx>
B(y.r)

m p/piyl/p+1/q-1/a
— [H (/ wk(x)dx) }
k=1 \’/B.r)

1/p+1/g—1/a
hS (/ Vi (x) dx) .
B(y.r)

Thus (4.4) is proved. Substituting the inequality (4.4) into (4.2), we thus obtain

vi(B(y,2r)) /Pt
ﬂ(B(y r))l/erl/qfl/oc

><H [wk (y,2r))V/ =1/ P 1/’“ka XBy,2r)HLPk(Wk) .

IO""’O(y7 r)<C-

In view of Lemma 2.1, we have that vy € A, with 1 /m < p < . Moreover, since
1/p+1/g— 1/ > 0, then by inequality (2.2), we get

Vi (B0, 20)) V1
Ve (B T S

4.5)
from which we conclude that

10- P <C- H we(B(y,2r)) I/OCA 1/ pk— l/qAka XBer)HLPk(wk) . (4.6)

To estimate the remaining terms in (4.1), let us first consider the case when ; =--- =
B = o=. We use a routine geometric observation (see Figure 1 below for the bilinear
case m=2):

(R"\ B(y,2r)) x -+ x (R"\ B(y,2r)) C (R*)™\ B(y,2r)",
and

B\ By, 2r)" = || Bw 271"\ By, 277",
=1
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n

2BX2H R™

2| 25l
2=B>< B,

|

|

|

|

|

|

|

|

Figure 1: m=2

——
where we have used the notation E™ = E x --- X E for a measurable set E and a posi-
tive integer m.
By the size condition (1.2) of the 0-type Calderén—Zygmund kernel K, for any
x € B(y,r), we obtain

\To(f77,- -, f) ()]

</ ‘fl(Zl) fm(zm)‘ dzy---dz

~ (R7)™\ B(y,2r)™ |x_zl‘+ _|_|x_zm|)mn m

— i/ |f1(Zl) fm(Zm)| dZ]"'dZ
J=1/B(27T )m\B(y27r)m (e =zaf[ 4+ [x = z[ )™ "

: z1 <|B (v, 27%1r) /(\’2./+lrm\3(v2.fr)m fil@)- fnzm)|dz ..-dzm>
j= Y, Y,
Zl (|B (v,2771r) ™ H/ B(y,2/*1r) fk * |d2k)

-z (H B y,zf“ 5o aroin @) |de> 4.7

where we have used the fact that |[x — z;| 4 -+ + [x — 2| & 2771 r & |B(y,2/+1r) |1/
when x € B(y,r) and (z1,...,2m) € B(y,271r)™\ B(y,2/r)™. Furthermore, by using
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Holder’s inequality, the multiple Az condition on #, we can deduce that

}Te(ﬁr'"ﬁ)(x)}
o 1/pk
=~ {H B0, ,+1 (/ 2y | fi(z)|” Wk(zk)dzk>

J=1

, I/Pk
(/ . Wk(Zk)_pk/pdek)
B(y,2./+lr)
E{Byw v ezl

2‘ { B(y, 2;+1 /e H ka XB(y2it1r )} L”k(wk)}

where in the last step we have used the fact that 1/p+¥" (1 —1/p;) = m. Hence,
from this pointwise estimate, we obtain

X

2/\

- | )
2 { v (B(y, 277 17))1/p g ka'XB(ny“r)HLPk(wk)}

j=1
= vis(B(y r))l/a—l/q % i I Wk(B()GZjﬂr))l/pkﬂ/qkil/ak
Wl & Vi (B(y, 27 7)) 1/7

% H [Wk (y, 2]+1 ))l/akl/pk1/[1k||fk'XB(y.Qf“r)HLf’k(wk)] }

k=1

2 {H |: y 2,+1 ))l/akil/pkil/qufk'%B(y72j+1r)}

j=1 L k=1

v (B(y,r))"/*~1/a }

L’)k(Wk):l

.
=~

Vi B(y 2/+1y ))l/afl/q

where in the last step we have used the estimate (4.4). We now consider the case where
exactly ¢ of the P are o for some 1 < ¢ < m. We only give the arguments for one of
these cases. The rest are similar and can be easily obtained from the arguments below
by permuting the indices. In this situation, by the same reason as above, we also have

4

(R"\ B(y.2r)) x - x (R"\ B(y,2r)) C (B")\ B(y,2r),

and
RDN\B(.2r)" = [ BG:2 ')\ B2, 1< L<m.
j=1
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Using the size condition (1.2) again, we deduce that for any x € B(y,r),

’TB foo foo f0+17 afm )|
5/ / |f1(z1) - fanlzm)| dey-d
<R">f\B(y 210t JB(y2rym=t (Jx — 21|+ - 4 [x — ] )™

/ |fk (z) | dz
™ k=1 /B2
- 1

ZW/ s G el e

< H/ |fk Zk’deX2|B 2,+1 |mH/ | i) | A

k=041 B(y,27t1r)

\2<H|By21+1 |/ 2y |f]< zk’dzk) (4.8)

where in the last inequality we have used the inclusion relation B(y,2r) C B(y,2/*1r)
for any j € N, and then we arrive at the same expression considered in the previous
case. Hence, we can now argue exactly as we did in the estimation of I**(y,r) to
get that for all m-tuples (Bi,...,Bn) € £,

BB (y,r) <C 2 {H [wk(B(y, 2j+1r))l/arl/prl/qkka.XB(y’2j+1r) HW(W)

(4.9)

k
vig(B(y,r)) /14
Vi (B(y, 27 p))Ve=1/a [

Furthermore, for given vz € Ay C Aee With 1 <mp < oo, it then follows directly from
the inequality (2.1) with exponent 0 > O that

- 1/a—1/q 6(1/a—1/q)
va(BG 2+ s <\ BG,2m )

Therefore, by taking the L7(u)-norm of both sides of (4.1) (with respect to the variable
v), and then using Minkowski’s inequality (note that ¢ > 1), (4.6), (4.9) and (4.10), we
have

v

<[

(Bl )PV Ty () - 20| L9(u)

+ 2 H[ﬁlvmﬁm (y,r)
B gy Bu)es

L2 (vy)
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H[ B(y,2r)) l/ock 1/pr— 1/q"ka ?CBy2r)||LPk(Wk)]H (
La

Z I!_[l [ B(y, 9J+1 ))I/OCk—l/Pk_l/qufk .XB(y72j+lr)||ka(wk):| H

B(y,r)| S(1/a—1/q)
X(|B< 271 >|> '

Notice that

La(u)

1 1 1 1
= e —,
q qi q2 dm

A further application of Holder’s inequality leads to that

Jvo

< CH Hwk(B(y72r))l/0€k*1/17k*1/‘1kka 'XB(er) HL”k(Wk)

BOy NP Ty (F) - 20 | 1o

MiLa(u)

LIk ()

L1/ o—1/pe—1
+CJ§:11<1_[HWI‘ (0,27 )t | XB(y.271r) HL"" o) 1] L9k (1)

8(1/a—1/q)
o (1BG:7)]
|B(y,27%17r)|

m m
< Cklj[l kaH(LPk,qu)ak(wk;M) +C1£[1 ||fk||(LPk,L‘1k)ak(wk;y) X

I

L 180/a-1/g)
|:2(j+l)n:|

1

J

< Cklj[l kaH(ka,qu)ak(wk;u)’

where the last series is convergent since the exponent §(1/c — 1/¢q) is positive. Thus,
by taking the supremum over all » > 0, we complete the proof of Theorem 3.1. [l

Proof of Theorem 3.2. Let 1 < pp < o < gy < o and f = (fi,-..,fm) bein
(LPE LA™ (Wi ) X oo x (LPm L9) % (wyy i) with (wy,...,wy) € Ap and u € Ay.
For an arbitrary ball B = B(y,r) C R" with y € R"” and r > 0, we decompose f; as

Je= i X2+ S X opye =4[, fork=1,2,....m
then by Lemma 4.2(N = 2"), one can write

vie (B )P4 Ty (F) - (o) [P
= v (B(y,r) /44| Ty (1, i) '%B(y,r)HWLP(VW)
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<C- VVV(B(y7 r))l/a_l/p_l/qHTB (f?, cee 7f;?1) 'XB()’J)HWLI’(VW)

+C 2 VW‘(B(yar))l/ail/pil/qHTQ(lel7'--afﬁm)'%B(y,r)HWLp(VW)
(Blwwﬁm)eg

=100+ Y P, (4.11)

where
L={(Bi....,Bm) : Br € {0,°0}, there is at least one B # 0,1 <k <m}.

By the weighted weak-type estimate of 7y (see Theorem 1.2) and (4.4), we have

m 1/pk
120y, r) < C-vg(By,r)) Ve V/r= V4] ( /B ( [fie () [P (x) dX>
k=1

¥,2r)

= C- (B )PV T Ty (B3, 2)) /e

n

" [Wk (3, 27)) VPR i -0 | Wk]
1

~
Il

Va(Bly.20)) V1
v (B(y,r))V/ptl/a—1/c
« [ B(y,2r)) I/OCA 1/pi— l/tIkak XB(y,2r) ||ka )] (4.12)
k=1

Moreover, in view of Lemma 2.1 again, we also have vy € A, with 1 /m< p<oo.
Since 1/p+1/q— 1/ > 0, then we apply inequality (2.2) to obtain that

va(B(y,20) /71
V(B 20)) VP11

<C, (4.13)
from which we conclude that
1,9""' <C- H [wk (y,2r)) 1/0"‘ /P l/q"ka XBer)Hka(wk):|~ (4.14)

In the proof of Theorem 3.1, we have already established the following pointwise esti-
mate for all m-tuples (B,...,Bn) € £ (see (4.7) and (4.8)).

ITo (/P ) ()] S Z<H|By21“ |/ S | fi( Zkldzk> (4.15)

Without loss of generality, we may assume that

plz"':p«”,:min{Pl;---aPm}:l and P€+17---aPm>1
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with 1 < ¢ < m. The case that py = --- = p,, = 1 can be dealt with similarly and

more easily. All the estimates given below continue to hold for p; =--- = p,, = 1.
Using Holder’s inequality and the multiple Az condition on #, we obtain that for any

XEB(y7r)’

|To (1" fﬁ'")( )|
e 14
S (;g |B(y, 2/+1 |/y21+1 |fk(Zk)|dzk>

j=1
( 11 7|B(y 2] szt | fi (2 }de)

X
k=41
o -1
< _ k) | Wi (zx) dz inf  wi(z
N;]HB(y721+lr)|~/IS(y,2f+lr) | ficCza) [wa(zx) k(zkeB(y,szr) K k))
m 1 1/pk
I 5527757 (g 101 )

, 1/I7k
X (/ wk(zk)_pk/pk dzk)
B(y.2/11r)

oo 1 m
- { vig (B(y, 27+1r))1/p kl:[l i 2o 2510 7t }

<Y
j=1

Observe that vi; € Ay with 1 <mp < oo. Thus, it follows directly from Chebyshev’s
inequality and the above pointwise estimate that

5 I/p
<c-vW<B<y7r>>‘/“”P”‘f( fo TP )0 i) )

y.r

< C-v(B(y, l/a l/a Z{ y2/+1 r) 1/p Hka XB(y2it1r) HLf’k wk}

CZ{H |:Wk y2/+1 ))1/ak 1/pr— 1/‘1Aka X(2i+17) Hm }

=1 \ k=1

vy (B(y,r)) "/ 1/
vis(B(y, 271 r))V/e=1/a [’ (4.16)

~.

X

where the last inequality follows from (4.4). Therefore, by taking the L9(u)-norm
of both sides of (4.11) (with respect to the variable y), and then using Minkowski’s
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inequality(g > 1), (4.14) and (4.16), we have

vis (B(y.r))! P14 7 ()

00y, r) + Y
LW gy, SBues

H [ B(y,2r)) 1/oy—1/pr— l/tIkak As y2r)||LPk(wk)] H (
k=1 L4
Z ]!_[1 [ B(y, 9J+1 ))I/OCk—l/Pk_l/qufk 'XB(y,2-f+lr)|‘ka(wk):| H

IB(y, )| S(1/a—1/q)
X(w<WH»> ’

where in the last step we have used inequality (4.10). A further application of Holder’s
inequality leads to that

Jvo

'%B(y,r)HWL”(Vm) Ld(p)

La(u)

(B(y, ) /P19 7y (f)

) XB(yr) ||WLI’ Vi)

La(u)
S CH "Wk(B(y’Zr»l/akil/prl/qk ka ' %B(yﬁr)} LPE(we) || pan ()
2:: l:[l H B(y, ZJ+1 ))l/akfl/Pkfl/Qkak “ XB(y2it1r) ||ka(Wk) L9k ()

o(1/a—1/q)
B(y, 2’“ |>

U kaH (LPK LK) % (wy:pt) +CH kaH (LPKk LK) % (w0
s (1801 oo
XZ(wyWHM>
< CH ell e ot oy

where the last inequality holds since 6 > 0 and (1/0c—1/g) > 0. Thus, by taking the
supremum over all » > 0, we finish the proof of Theorem 3.2. [

Let 1 < pi,...,pm < 4oo. We say that w = (wy,...,wy) € [T/ Ap, . if each wy
isin Ay, , k=1, 2 ..,m. By using Holder’s inequality, it is easy to check that

T4 cAp. 4.17)
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Moreover, it was shown in [20, Remark 7.2] that this inclusion (4.17) is strict. It is clear
that [T;L, A, C [TjL; Aw. So we have

T4y c AN ]]A-- (4.18)
k=1 k=1

This leads to a natural conjecture that whether the above inclusion is also strict. Cur-
rently, it is not clear whether one may also prove the converse of this inclusion relation.
Thus, as a direct consequence of Theorems 3.1 and 3.2, we immediately obtain the
following results.

COROLLARY 4.1. Let m > 2 and Ty be an m-linear 0 -type Calderén—Zygmund
operator with 0 satisfying the condition (1.1). Suppose that 1 < p; < o < g < oo, k=

1,2,...,mand p € (1/m,) with 1/p=3}"1/px, g € [L,00) with 1/q=3}"1/qx
and 1/oo=37" | 1/og; W= (wi,...,wn) €I}, Ap, and u € Ay. In addition, suppose

that
Ga)r(a ) m(aa)
P o q1 P2 (2%} q2 P O dm '
Then there exists a constant C > 0 such that forall = (fi,..., fn) € (LP1,L9)% (wy; 1)
X oo X (LPm’Lqm)am(wm;‘u),

HT9 H LPL9)% (vg3u) CHkaH (LPk LK) % (wy;p0)
with VWV:HZq:lwf/pk.

COROLLARY 4.2. Let m > 2 and Ty be an m-linear 0 -type Calderén—Zygmund
operator with 0 satisfying the condition (1.1). Suppose that 1 < p; < o < qi < °°,
k=1,2,....m, min{pi,...,pm} =1 and p € [1/m,e) with 1/p=37" | 1/pr, q €
[1,00) with 1/q =" 1/qr and 1/oe =37" 1/ o4 W= (wi,...,wm) € [T Ap, and
u € Ay. In addition, suppose that

(l l)_ (l l)_ _ (l l)
P, q1 P2\ 17 P\ o qm)’

Then there exists a constant C > 0 such that forall f = (fi,..., fn) € (LP1,L9)% (wy; 1)
X oo X (LPm’Lqm)am(wm;‘u),

HT9 H WLP L9)%(vg:p) CH kaH (LPk LK) % (wys 1)

with vz =TI w f/p".
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5. Proofs of Theorems 3.3 and 3.4

As pointed out in Section 1, the conclusions of Theorem 1.3 and Theorem 1.5 still
hold with (1.6) replaced by the weaker growth condition (1.1). In this section, let us
begin by proving the following estimates.

THEOREM 5.1. Let m€ N and b = (by,...,by) € BMO™; let O satisfy the con-
dition (1.1). If pi,...,pm € (1,02) and p € (1/m,e) with 1/p = ¥}' | 1/pk, and
W= (W1,...,Wn) € Ap, then there exists a constant C > 0 independent of f such that

L7k ()’

=551, <€ Bllavor [T 15

and

i), < LIl FT 1
where vy =TT, wfz/p" and f=(fi,-. . fm) €LP1(W1) X - X LPn (wy,).

Proof. We only need to establish strong-type estimates for iterated commutators
of multilinear O-type Calder6n—Zygmund operators. The corresponding estimates for
multilinear commutators can be obtained in a similar way. Some ideas of the proof of
Theorem 5.1 come from [2, 4] and [25, Proposition 3.1]. For given by € BMO(R")
with 1 <k < m, we denote Fi(&) = efx)=be0)l & € C. Then by the analyticity of
F(&) on C and the Cauchy integral formula, we get

1 Fi(&)
b —b =F/(0 :—/ d
)= = RO = 5 [ P
1 2T g B i
— E/o kb0 =D ()] ., P d gy

= TT [2x(x) = br(y) | K (591, ym) [1 (1) <+ fon(m) A1 - - dym

:/ ﬁ(L/Meeimk[bk(x)—bk(yk)].e_i‘Pkd(pk)
®nym 1 \ 27 Jo

XK,V Ym) L) fon ) dyy -+~ dym
1 / ( m 0 () i )
= ef Fok\x) | oIk d<P1"~d(pm
(R [(M)’“ [0,2] kl:[l

X K(X,¥1,-,Ym) H e o) SeOr)dyr -+ - dym
k=1
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1 U —elPmp,
=— T, Y, " fon
/[o,zn]m e(e fi,-..0e Ji )(x)

(2m)"
o (ﬁeei(ﬂkbk(x) -e_i(P")dq)l e d @y
k=1
So we have
||:HB7T6:| (fla"'?fm)(x)|
1 _eiP1p —elPmp 7 b
<— T(e SR I T )x‘ S Y gy - dg,,.

For any (@i,...,@n) € [0,27]", define m-tuples

5 _ iy .

§p= (gql,,l,...,g’(gm), where g’fpk =e ' f k=1,2,...,m,
and define

Wo = (Wp, ..,y ), where wi, =wyg-ePMk k=12 m.
Set "
. _ k \P/P
Vis = H (W(Pk) ‘.
k=1
Then we have
m m
V:%, _ (Wk _epkcosq)kbk)P/Pk =vy- HepCOS(pkbk.
k=1 k=1

Using Minkowski’s inequality for integrals, we thus obtain

. o l m }
W.7) 7|, < | TG [T doi---aq
|08, 21 P, < s fomn | o E LT '
1
= Ty (g doy---doy,.
Since W = (wi,...,w,) € Ap, we have vz € Ay, and w,ifp" EAmpi, k=1,2,...,m,
by using Lemma 2.1. Hence, by the self-improvement property of A, weights (see
[5, 12]), there exist some positive numbers &, €, ..., &, > 0 (sufficiently small) such
that L
Vi e A, & (w )T eA,, k=12,.m.
Now choose
e:=min{e &, ...,&n}.
Then we have
VIR e Am & (w )T = (i) e, k=12,m,
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which implies (w)!*€ := (w]™*

..., WhT€) € Ap by using Lemma 2.1 again. Note that

lm_[ ( 1+8)P/Pk (ﬁwi?/m> e = (vg)Te.
k=1

k=1
Thus by Theorem 1.1,
Ty : LPY(wiT8) x oo x LPm (wi,T8) — LP((vig) ). (5.1)

On the other hand, for any fixed n > 0, it is known that when b € BMO(R") with
16|« < min{C>/n,Ca(p—1)/n}, where C, is the constant in the John—Nirenberg in-
equality mentioned above, we have Nt ¢ A, for 1 < p <o (see [4, Lemma 1]). For
by € BMO(R") (1 < k< m), we now choose

Pk(1+£).

Nk = c

For such 1 > 0, we may assume that ||bg||. < min{Cs/ny,C2(pr —1)/nk}. The gen-
eral case can be proved using the linearity of Ty as well. Then for any ¢ € [0,27], we
have cos @ - b (x) € BMO(RR"), and

| cos @ - byl < [|bells < min{Ca/nk,Ca(p — 1)/},

which implies that each vi(x) 1= kS %bk(x) ¢ Ay for 1 < pp<eo, k=1,2,....m
Notice that

1t+e
€

rm[( l+€pACOS$kbk)p/pk ﬁ( 1+€PC05(P/\b/\) — (H@pCOS(p/‘b/‘)

k=1 k=1

This fact along with (4.18) and Theorem 1.1 gives us that

Ty - P (eHTSPICOS(Plhl) X eee X LPm (eHTercos(Pm m) _}LP((HePCOthk) T )

(5.2)
Interpolating between (5.1) and (5.2) (see [3, 29]) we obtain that
Ty : LP! (wlePICOS(Plbl) S een X [Pm (wmemeOS(Pmbm) N (VwﬁePCOS(Pkbk>;
k=1
that is
To : LV (wy,) X - X LP" (Wl ) — LP (V). (5.3)

By (5.3) we have

||T9(§<P)||Lv(v;,) S C}E ||gl(;k||L”k(w’(j,k)' 5.4)
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Since fi € LPk(wy), it is easy to check that for any ¢y € [0,27],

HngHLPk(w’(;k) = (/)1

1/pk
= (/ ’fk(x)’pke—PkCOS(Pkbk(X) -wk(x) .ePkC()S(Okbk(x)dx) P

:(R

1/pk
g](‘{ak (x) }pkwk (x) . ePkcos (Dkbk(x)dx>

) " =

LPk(wy)"
Therefore
- - 1
M5, T, H <C KN dord
H[ 9](f) LP(v) (2n [0,27]m i) '}L"(Wﬁ’k) e P
o dQr - dQp
[O,27r]mk:1 LPk (wy) (] O,

< Cg il 2k )

which is our desired estimate. This gives the proof in the special case. We now proceed
to the general case. To do this, we set

Ty = b
bi(x) := M el

Here 1) is chosen so that 0 < 1 < min{Cy /N, Co(pr — 1)/}, k=1,2,...,m. Then

& Bﬂ = (517...,b,n).

1Bi]]« = M < min {Ca/Mi, Ca(px — 1) /M0 }-
From the previous proof, it actually follows that

=,

|bk”* - [11B4, To] (f)

| M, 75)

k=1 LP(vy)

< T T 15
k=1 k=1

This completes the proof of Theorem 5.1. [

To prove our main theorems for multilinear commutators in this section, let us first
set up two auxiliary lemmas about BMO functions, which play an important role in our
proofs of main theorems.

LEMMA 5.1. Let b be a function in BMO(R"). Then the following statements
hold.
(i) For every ball B in R" and for all j €N,

|byisig—bg| < C-(j+1)[b]s.
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(ii) Let 1 < p <eo. For every ball B in R" and for all o € A,
1/p
(/ 1b(x) — bs| "o dx) < C|[b|l. - 0(B)/?.
B

Proof. For the proofs of (i) and (i), we refer the reader to [31]. O

Based on Lemma 5.1, we now assert that for any j € N and any w € A, the
following inequality

1/p '
(/szV’(x)—bB}”w(x)dx) <CU+D)bl.- 0@T'B)P(55)

holds whenever b € BMO(R") and | < p < 0. Indeed, by using Lemma 5.1 (i) and
(ii), we can deduce that

(o0 settoas)
< (/WB }b(x)—bz_,-“B}pw(x)dx)l/p—i— (/ by — bs| dx)l/p

<C|p|l- (27" B)P+ C(j+ 1) bl (277 B) /P
<C(j+ DIpll- (2778,

as desired.

LEMMA 5.2. Let b be a function in BMO(R"). Then for any ball B in R" and
any o € Aw, we have

|6~ bs|| 5 <Clb].. (5.6)

expL(®

Proof. By the well-known John—Nirenberg’s inequality (see [5, 17]), we know that
there exist two positive constants C; and C,, depending only on the dimension 7, such
that for any A >0,

[{xeB:|b(x)—bs| >A}| < C1|B|6XP{_CI%}'

This result shows that in some sense logarithmic growth is the maximum possible for
BMO functions (more precisely, we can take C; = V2, C, =log2/ 2142 see [3, p-
123-125]). Applying the comparison property (2.1) of A, weights, there is a positive
number & > 0 such that

o({xeB: |b(x)—bs| > 1)) SClw(B)exp{ - @}.

16]]«



MULTILINEAR 0 -TYPE CALDERON—ZYGMUND OPERATORS 1469

From this, it follows that (cp and C are two positive constants which are independent

of the choice of B)
1/ (Ib(y)—b3>
—— [exp| ——— |w(y)dy <C,
o® S\ el )

which is equivalent to (5.6). [J

Furthermore, by (5.6) and Lemma 5.1 (i), it is easy to check that for any @ € A
and any given ball B in R",

16~ 08| yp ) 2515 < CG+DIB],  jEN. 5.7)

expL(w
We are now in a position to give the proofs of Theorems 3.3 and 3.4.
Proof of Theorem 3.3. Let 1 < py < 0 < gy < o and f = (fi,---,fm) be in

(LPE LA™ (Wi ) X oo x (LPm L9) % (wy,y i) with (wy,...,wy,) € Ap and U € Ay.

As was pointed out in [20], by linearity it is enough to consider the multilinear commu-

tator [2b, Tp] with only one symbol. Without loss of generality, we fix 5 € BMO(R")
and then consider the commutator operator [b,Ty|; given by

[, To) ,(F)(x) = b(x) - To(f1, for- s fin) () = To(Bf 1, for- s fin) (%)

For any fixed ball B = B(y,r) C R" with y € R"” and r € (0,+o0), as before, we split
each f; as

fi=r0410, k=12,....m,

where f,? =fi-xms fi =fc X Bt and 2B = B(y,2r) C R". Let £ be the same as
before. By using Lemma 4.1(N = 2’") we can write

Vw(B(y, r))l/ail/pil/qH [ba T@]l(f) ! %B(y,r) HLP(VW)
— ()i
B(

1/p
<c-vw<B<y,r>>1/“1/P1/q( L. |[b,Teh(f1°,..,,f,?q)(x)|p\/w(x)dx)

HCR By el

1/p
|[b7Te]1(f1,---,fm)(x)lpvw(x)dx>

y,r)

(B1ye-sBm)EL
1/p
B x)dx
(L ot o)
— JO""’O(y,r)-l- 2 JBI’”':Bm(y7r). (5.8)

(ﬁlv-"vﬁnl)eg
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To estimate the first term in (5.8), applying Theorem 5.1 along with (4.4) and (4.5), we
get

m 1/pi
0. 5 ) /e1/p=1/ X)|Pewy (x) dx
P0) < vl ()

v,2r)

=C-vy(B(y,r))/ % 1/r=1/a [Tw(B0, 2r)) Y/ Prtt/ai=1/ o

[Wk (y,2r)) 1/ 41/ i V‘”ka xByg,)Hka(Wk)]

(B 2r)) Va1V
(B, ))I/PH/LI l/a

=

X

w-
Il

1

:§<<

X |:Wk(B(Ya2"))1/%_1/”—1/% | fie - 25520 | e (Wk)] (5.9)

k

<C-

:1 T

{ k(B 2r) APV fe s | (wk)] :

To estimate the remaining terms in (5.8), let us first deal with the case when f; =--- =
B = o=. It is easily seen that for any x € B(y,r),

[5,To], (F)(x) = [b(x) = bB] - To(fis far s fin) (X) = To (b= bB) fi, fos - fon) (%)

From it, the term J*>*(y, ) will be divided into two parts.

I (3,r)

1/p
< CovaB0) V[0 = ] T )0 o)

")
1/p
+c.vw(3(y,r))l/aVNM(/BW) ]Tg((b—bB)ff",f;’,...,f;j’)(x)lpvw(x)dx)

=L ) IS )

We analyze each term separately. In the proof of Theorem 3.1, we have already estab-
lished the following estimate for Tp(f7°, ..., fin) (see (4.7)).

|T6(f1007f2007"'7f |NZ<HBy2,+1 |/y2/+1 |fk Zk |dZ]<>

Note that vz € Ay, C Aee. Consequently, from (i) of Lemma 5.1, it follows that

T2 () < Covi(Blyr)) e ”qz(HByw T e i |dzz<)

» 1/p
x ( / 16(x) — by v;v(x)dx>
B(yr)

< Clbll. vi(Bly,r)) /14 2 (H B(y, 2;+1 / |fk(Zk)}de>~

B(y2i*1r)
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We now proceed in the same way as in the estimation of I**(y,r), and obtain
T2 () S 1Bl - vig(B(yr)) o
1
X 2 y,20+15))1/p Hka XB(y2i+1r) HLI’k (wg)

J /pit1/qr—1/ oy
B 1a-1/q 17 wi(B(y,27'r))!
- ”b”* Vi ( ( )) X Z { (B(y,ZjJrlr))l/p

j=1

m

~ H [wk(B(y,Zj“ ))l/m 1/ pk— l/qAka XB(y2i+1r) ||ka Wk)]}

k=1

< ||b||* z {kl_ll |: y 2j+1 ))Uak_l/pk_l/qufk'%B(y,2./+lr)’|LPk(Wk):|
j —

V(B )/ s }

X

Vo, (B(y 2/+1y ))l/a—l/q

Following the same arguments as in the proof of Theorem 3.1, we can also deduce that
for any x € B(y,r),

’TB((b_bB)fT?f;r"’f;:)(x)’
|(b(z1) = bg) fi(z)] - |f2(22) -+ fon(zm)|

< dzi---d

™~ J®nym\B(y,2r)m (|x—z1]+ -+ |x— zm])™ iz
- b(z1) —b . e Fnlzm

:2/ [(b(z1) — bB) fi(z1)] -1 f2(22) n{’: (z )‘dzl---dzm
j=1 B(y,2/t1r)m\B(y,2/r)m (‘X_Zl|+"'+|x_Zm|)

<

~ g’l (B (»,27%1r)

~

X
m\

25+ B(y,2r)m |(b(z1) — bs) f1(z1)|- |f2(z2)"'ﬁn(zm)’d21"'dzm)
) i <m/f3(y-2f*lr)}( @) = bp)fila }dzll_[/y j+1y |fk(Zk)|de>
W/ymﬂ (b(Zl)_bB)fl(Zl)’dzl)

L 1
) (H |B(y,27+17)]| /B(ygm,) |fk(zk>|dzk>' (5.10)

I
™M
-
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Then we have

Tz () S vis(B( ‘WIMZ(WyyH|/;w1<“m**wﬁ@”ﬁ0

(HB 27T |/yzm |fk(zk>|d1k>~ (5.11)

For each 2 < k < m, by using Holder’s inequality with exponent p;, we obtain that

)| dz
/19(y,21'+1r) | fic(zx) | dzx

1/ pi " 1/p,
—Pi/ Pk
< </By2f+1 |fk Tk ’ Wk(Zk)de> </B(y,21'+1r) wi(zx) Pk de) .

According to Lemma 2.1, we have w,ifp" = w,;pk/pk € Aml’i CAw, k=1,2,...,m. By
using Holder’s inequality again with exponent p; and (5.5), we deduce that

Lo le) = ba)fien)ldz
B(y,2/t1r)

1/p1
s </ 2ty | fi(a)]” Wl(Zl)dzl>
/ / 1/py
- </B(y,2/+1r) [b(z1) _bB(y7r)|p1W1(Zl)_p1/P1 dzl)

1/p1
S(f o a0 mda) G0l
B y21+1

, 1/py
x (/ wi(z1) /P dm) ,
B(y,2/*1r)

where the last inequality follows from the fact that w, € A.. Hence, from the
above two estimates and the A5 condition on w, it follows that (5.11) is bounded by

-pi/p1

1Bl vis(B(y,r)) /14

N7 o 1 1/px
<00 i (o, 160 )

, 1/I7k
X (/ Wk(Zk)_pk/pdek)
B(y,2j+1r)

S 1Bl - v (By,r)) /e

o 1
Z‘ s { S(B(y, 27+ 1))/ Hka 131520 W"}
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Therefore, in view of the estimate (4.4), we conclude that

T )
<ol Y G+ 1){ 1T [wk(B(y,zj+1r))1/ak—1/pk—1/qkka.XB(y72jHr)||ka(Wk)
j=1 k=1

Vi (B(y, )"/ }

Vo (B(y 2j+1, ))l/a—l/q

Summarizing the estimates for J; " (y,r) and Jo3 " (y,r) derived above, we get

I (0,r)

Sl G+ 1){ 11 {wk(B(y, 21+1r))1/ak—1/pk—1/qkka.XBMM) ||ka(Wk)
j=1 k=1

Vi (B(y,r) /e }

Vo (B(y 2j+1, ))l/a—l/q

(5.12)

We now consider the case where exactly £ of the B, are o for some 1 < /¢ <m. We
only give the arguments for one of these cases. The rest are similar and can be easily
obtained from the arguments below by permuting the indices. Meanwhile, we only

consider the case f; = o here since the other case can be proved in the same way. We
now estimate the term J?1-Bn (y, r) when

Bi=r=Pi=w & Prii=r=Pu=0.
In the present situation, we first divide the term JP1Pn (y, r) into two parts as follows.

JPrBn (y, )
< C-vg(B(y,r)) /e r=1/a

1/p
X </B(y.,i’) Hb(x)_bB} -Te(f1 5. foo f0+1; ,fm )| w(x)dx)

+Cvia(Bly ) e

1/p
x ( /B ’Te((b—bB)ﬁw--’ff’f?+1a~~~,fg)(x)’pvw(x)dx>

We estimate each term respectively. Recall that the following result has been proved in
Theorem 3.1 (see (4.8)).

}Te(ﬁ,..-,ﬁ7f?+l7 afm | 2 (H |B y,21+1 ‘/V2’+l |fk 2k }de)
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Then it follows directly from (i7) of Lemma 5.1 that

<Covatbtnn) 05 (T ey .

X (/B(W) }b(X) — bp(y) }pr ) dx) 1/p

<Cllls - vis(B(y, )/~ lMZ(H 2/+1 /B(yzmr) ’fk(Zk)|de>.

|fk(Zk)}de)

B(y2/t1r)

We can now argue exactly as we did in the estimation of I (y, r) to get that

fl,.... < ||b||* 2 { H |: y 2]+1 ))I/Otkfl/Pkfl/f{kak '%B(y.,QjH”)HL”k(Wk)]

j=1 k=1

Va(B(,r)) % Va
Vel B( 2 1) Ve |

X

On the other hand, we will adopt the same method as in Theorem 3.1 and obtain

To((b=bB)f7 o [T s fi) ()]

</ / |(b(z1) —bg) fi(z1)| - [ f2(z2) -~ fnlzm)|
™ J®n)\B(y.2r) JB(y2r) (Ix—m\+---+|x—zm\>’""

dzy---dzy

< )|d
Nkl}rl/B(% 2r) etz Zkz 2’“ r)m

. /B(y,zjﬂr)f\B(y,zjr)f |(b(z1) = bp) fi(zr)]- |f2(zz) " 'ff(z€)|dzl edzy

< k)| dz
T idlda

=) 1 Y4
Xj—lm/mﬂf“r) \(b(Zl)—bB)fl(ZlﬂleU/B 2+ | fi(ze) | dzx

<Y (W/B(y,zjﬂr)( (z1) — bg) f1(z1 |d21H/y . |fk(Zk)|de>7

j=1
(5.13)



MULTILINEAR 0 -TYPE CALDERON—ZYGMUND OPERATORS 1475

where in the last inequality we have used the inclusion relation 2B C 2/*!B with j € N.
Repeating arguments as above show that

72y
Sl G+ 1){ 11 [wk(B(y,zmr))l/ak1/pk1/qufk.XB(y’wr)||m(Wk)
j=1 k=1

Vi (B(y.r)) /- 1/
v (B, 27 ) Va1 |

Summarizing the estimates derived above, we get

IPb )

Sl G+ 1){ 11 {wk(B(y, 2 ) VP ]| g iy [
j=1 k=1

vis (B(y.r))M/ e
v (B(y, 27+ 1r ))1/a—1/q}' (5.14)

Therefore, by taking the L9(u)-norm of both sides of (5.8) (with respect to the variable
v), and then using Minkowski’s inequality (¢ > 1), (5.9), (5.12) and (5.14), we have

|8 V8 0, T s ) - i

Miza(u)
o m<u>+(ﬁh”%ﬂ1)eg”JB"""ﬁm(y,r) "
<C k:[ (B, 2r) VAPV fi Hm " ] H
i 1 [ (3,27 ) PV Hmw)} H
S L (u)

)

. B(y,r)| \°W 9
X“*”(wmmﬂm

where in the last step we have used the estimate (4.10). Another application of Holder’s
inequality gives us that

i (B DY 10, T4 () ) 1

Miza(u)
< CH Hwk(B(y,Zr))l/akil/pkil/qkka . %B()’vz")HL”k(wk) "
Pl Lk ()
S T |l (B, 27+ ) Vo VoV gy
Py x(B r) |fi XB(y27*1r) HL"k(Wk) LIk ()

. B(y,r)| \°W V9
X“*”(Bmﬁhm
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< CU 1 fiell e oyt ey

> 1 5(1/a—1/q)
+CHHf/<H (LPk L)% (w10 Z j+1) [ )n}

< Cklj[l kaH(Ll’k,qu)“k (wi)?

where the last series is convergent since 0 >0 and 1/ —1/g > 0. We end the proof
by taking the supremum over all » > 0. [J

Proof of Theorem 3.4. Given f: (fi,/2,---,fm), for any fixed ball B = B(y,r)
in R", as before, we split each f; as

fi=f+f, k=1.2,....m

where fO - xeBs S =1k X b and 2B = B(y,2r) C R". Again, we only need to
consider here the multilinear commutator with only one symbol by linearity; that is, fix
b € BMO(R") and consider the commutator operator

[, To) ,(F)(x) = b(x) - To(f1, for- -+ fin) () = To(Bf 1, for- s fin) (2)-

Let £ be the same as before. Then for any given A > 0, by using Lemma 4.2 (N =2"),
one can write

valBur) 0 [y ({x € B ¢ [ [b.75], () )] > A7)
<C-vVv(B(y,r))1/a""‘1/q-[VW({xeB(% )1 | [b,To] (£, fﬁ)(X)}>/1’"/2’”})]m
+C X va(BOu) et

(Bts-sBm)€L
X |:VW/({X € B(yvr) : | [baTQjIl(flﬁlrn 7fr§m)(x)’ > )‘m/zm})}
= JS""’O(y,r) + 2 JEI""’ﬁ'"(y,r). (5.15)
(B1ye-sBm)EL

Observe that the Young function ®(¢) =¢- (1 +log™¢) satisfies the doubling condition,
that is, there is a constant Cg > 0 such that for every ¢ > 0,

D(21) < Cop®(2).
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This fact together with Theorem 1.4 and inequality (2.7) implies

J90(y, 1) < C- vig(B(y, 1)) /@ WH(/,I <2f;i(X)> ~wk(x)dx>

k

< C-vg(B(y.r) /1 g ( /B(y,z,)q’wﬁﬂ) ) d’“)

— C v (B )% A T T (B(3,2)
k=1

) [m /B(y,m ¢< ‘fky‘ ) ) dx]

<ot s an) o )

Llog L(wy),B(y2r)

Since W = (w1,...,wm) € A(1,...1), by definition, we know that
1 " "
— | Vgx)dx ) <C||infwi(x 5.16
<B|/l; W( ) ) kr:‘EXEB k( ) ( )

holds for any ball B = B(y,r) in R" with y € R" and r > 0, where vy =[]} 1W,16/ "

We can rewrite this inequality as

1 m 1/m m .
e . < ; _ ; /m
<|B/va(x)dx) \C<k1:[1;££wk(x)> C(lg;ggwk(x) )

< T Um) _ . inf v
<c(ng T ) =gt

which means that v € A|. Moreover, for each wy, k=1,2,...,m, itis easy to see that

m 1 m
l/m 1/m
(gt ™) (g fymtor =)

J#k
< ( / l/m HW l/mdx)
‘B| Jj#k
<
JIE

Also observe that
xeB

<H1nfw Um) H;glfgwj

From this, it follows that

1 1/m :
_ X dx)| <C-in X



1478 X. HAN AND H. WANG

which implies that w,i/m €A (k=1,2,...,m). Recall that for any ball B = B(y,r) in
R", the following result holds (taking py = -+ = p,, = 1 and p = 1/m in (4.4)):

HWk (y, PV a Ve <y (B(y, )yt /e 1e, (5.17)

Hence,

72-0(3,1) < Cvig (B ) l/quk B(y,2r)) /a1

fo(%)
()

Moreover, since vy isin A and m+1/g—1/a > 0, then by inequality (2.2), we have
| /]
(I) i
(4

To estimate the other terms J&~Pn (y,r) for (Bi,...,Bm) € £, we remark that for any
x€B(y,r),

LlogL(wk),B(y,2r):|

<11 [wk<B<y,2r>>1/°‘k—“qk
(

Vi (B 20" a1/
' y,r))mtt/a=1/a

<
)
oo
—~

LlogL(wk),B(y,2r):|

m

P00 < cH[wk<B<y,2r>>1/““/‘fk
k=1

LlogL(wk),B(y,Zr)] .

[6,To) | (F)(x) = [b(x) = bs] - To(f1, fos -, i) (¥) = To (b= bp) fi, fos - fin) (%)

So we can further decompose JBr b (y,r) as

< Cvi(B(y, )oY

x [vie({re BOw £ ) — bl To (P 22 ) )] > 272 1))
OV (B(y,r)) VeV

[ ({xeBy, | To (b be) P A (x )|>/1m/2m+1}>}m
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By using the previous pointwise estimates (4.7) and (4.8) together with Chebyshev’s
inequality, we can deduce that

TPy 1y < Cvig(B(y, r)) /a1
2m+l

X Am (/B(yr)’[b(x)_bB(yr} Te(f R 2 ,- me)( ) %Vw(x)dx)
< C-vy(B(y,n)"/* " 1MZ(“B V. 217 / . m{;i)'dzk)

B(y2/+1r)
1 m
b(x) — byun | vis(x)dx ) .
([ i

Now we claim that for 2<m &€ N and vy € Ay,

(/B(y ) 60— b | Vi) dX> S bl v (B(y,r))™. (5.18)

Taking this claim momentarily for granted, then we have

I /i (z)|
J*l (y»r)f, ||b||*vﬂ( l/a W 2 (H ‘B Vs 27+1 ‘/v2/+l A dzi |-

Furthermore, note that 1 < ®(r) =¢- (1 +log*¢) for any # > 0. It then follows from
the multiple A(; ;) condition (5.16) and the previous estimate (2.7) that

XZH(|B B )

Jj=1lk=1

—1
X inf wi(z
<Zk€B(y2f“r) K k))

S 1Bl - v (By,r)) /e

Xiwn/w“ ( gfk)>'wk(zk)d1k

S b va(B(y,r)) e
| fie|
’q’(T)

- | . |
— j+l
) ,:21 vis(B(y, 2/ 1r))m kI:II wi (B(y,277'r))

LlogL(wy).B(.2/*17)
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- Ve l/a Vg =~
HbH* Vw( 2 y,21+1 ))

XHWk( y21+1 )1+1/4k—1/06k
1Al
cp( f

Therefore, in view of (5.17) and (2.1), we conclude that

% H |:Wk (B(y, 2j+lr)) 1/og—1/qx
k=1

LlogL(w,c).,B(»zf“rJ

T
Sl {H [ ¢ (B(y, 2! ))I/Olkfl/’ik ¢<|J;_k|> | ]
SR LlogL(wy).B(y2/+1r)

vir (B, ))1/"‘ Ve
* Va(BO.2 ) e l/q}

< bl { [ (B2 *p)) o q’('ﬁ*") ]
LlogL(wg),B(y,2/+1r)

B )Pt
- <|B<y,zf+1r>| | o

Let us return to the proof of (5.18). Since vy € A;, we know that v belongs to the
reverse Holder class RH; for some 1 < s < o (see [5] and [14]). Here the reverse
Holder class is defined in the following way: @ € RH,, if there is a constant C > 0

such that
<|%|/Bw(x)sdx>l/s<C<ﬁ/Bw(x)dx>~

This fact together with Holder’s inequality implies that

1

b(x) — by | " Vi (x)d
1200 =t [F v

1 s 1/s 1 l/s
< - m — +(x)°
< 1Bl ( B 1260~ 050 d") (B(» T i 50 dx)
/ I/S,
<C .
s¢ ( ( (B Ya |/yr »1) dx)

This can be done by considering the following two cases: s'/m < 1 and s'/m >
If s'/m < 1, then (5.18) holds by using Holder’s inequality again. If s'/m > 1, then
(5.18) holds by applying (ii) of Lemma 5.1. On the other hand, applying the pointwise
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estimates (5.10), (5.13) and Chebyshev’s inequality, we have
j}i{””’ﬁm (y, r)

< C- vy (B(y,r)) /el

om+l1
(10— mu st sfio

1 m
vz (x) dx)

X A,m
. | fie(ze)|
< C-v(B(y,r)" 1/"2 (HW/WH A dz")

k=2
|f1(z1)]
<B(y 20ty |~/y2/+l " b(z )_bB(w)}' 1 dz1)
pyeiia (1] ()
< C-v(B(y,r)) 9 2 <k1_[2 B(y, 2/+1 | / B(y2i+17) k(Zk)de)

|f1(z1)]
y2/+1 |/y21+1 [b(z1) = by A wi(z1)dz

( 1
T, me0)

ZkEB y2/+l

< Covp(B(y,r) /%14 x ZW

1 | fie(zi)|
) (;{I:IQ/B(y,yﬂr) ka(zk)dzk>

where in the last inequality we have used (5.16). In addition, by (2.7) and the fact that
t < D(r), we get

|/ (zx)]
/ 2ty A wi(zK) dzg

/ [fie(zi) |\
< /B (y,2j+1r)q)< P wy(zx) dzx

|kl
ol =—
’ ( A
and by the inequality (2.6) and the fact that < ®(r), we thus obtain

_ filz)]
/B(y.,2f+1r) [p(z1) =B PR (z1)dz
: izl
s /B(y.,2f+1r) |b(zl) bB(y”)| q>< 1 wi(z1)dz

(%)

<wi(B(,2711))

)

LlogL(wy).B(y2/+1r)

< Cown (B2 1) b= g

expL(wy),B(y,2/+1r) LlogL(wy),B(y.2/+17)
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Furthermore, by the estimate (5.7) and the assumption w; € A.., the last expression is
dominated by

LlogL(w1).B(y,2/1r)

cU+1mwwaMx?“”w¢<%y)

Consequently, by combining the above two estimates, we conclude that

< CJb]l Ve (Bl )/

Xi{_JEB_WHW@@yW»

= Lve(BO 2T )" LlogL(wk),B@,z-f“w}

)

S ' 7
= v (B0 D T (83,2771
=1

% ﬁ {wk(B(y, 2j+lr))1/ak_1/4k
k=1

=)
VRS
»‘S

By using (5.17) and (2.1) again, we thus obtain

)

swm-i{

J=1

=

LlogL<Wk>,B<y,2f+1r)]

o(4)

|:Wk (B(y7 2j+1r)) 1/og—1/qy

k

vi(B(y,r)) '/
vir(B(y,27%1r))t/e=1/a

S bl 2 {H |:Wk(B(y72j+lr))l/akl/‘1k

|fk|)
b —
j=1 k=1 ( A

. B\

I
—_

x (j+1)

LlogL<Wk>,B<y,2f+1r)]

Therefore by taking the LY(u)-norm of both sides of (5.15) (with respect to the variable
v), and then using Minkowski’s inequality (¢ > 1), (5.19) and (5.20), we have

Li(u)

vialB.r) 1 v ({x € B < [0, To], (00| > A7 1]

ﬁl:"':ﬁm
+ 2 H‘]* (y7 I")
LW (B Buyee

< 200

Li(u)
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o,
A LlogL(wy),B(y,2r)

3| F1 ooy e o (1)

H { y Zr Voy—1/ar || g
. B(y,r)] \°W* 1
(1) (B<y72f‘+1r>|) '

Another application of Holder’s inequality gives us that

[ @000 g (€ Blor) s . 7a] (PG| > 27|
g 1l
<ef o(4)
iﬁ oy

. B(y,r
Uy (%
El

( | fi )

A ) LrogL )% (g
|fk\

o0

<cIl (ﬁ')

where the last inequality holds since §(1/cc — 1/g) > 0. This completes the proof of
Theorem 3.4. [

L9(u)

LlOgL(Wk)aB(yQ-"“rJ La(u)

L9 ()

B(y,2r)) l/OCA Var||@

Llog L(wg),B(y.2r) 1Lk (u)

o(4)

LlogL(wy).B(y.27+1r) | L9% (1)

)5(1/06—1/11)

o . B o 5(1/a—1/q)
<2 (1) (B<y7(§f+)1|r>|)

(Llog L.LI)*% (wcpt)  j—1

b

(Llog L,LT) % (wy;pt)

For the iterated commutator [HZ, Tg] , we can also establish the following results
in the same manner as in Theorems 3.3 and 3.4. The proof then needs appropriate but
minor modifications and we leave this to the reader.

THEOREM 5.2. Let m > 2 and [Hb Te] be the iterated commutator of 0 -type
Calderon—Zygmund operator Ty with 0 satisfying the condition (1.1) and b€ BMO™.
Assume that 1 < pp < oy < qx <o, k=1,2,....,m and p € (1/m,e) with 1/p =
Yt l/pk, gel,eo) with1/q=Y"1/qrand 1/a=3]" | 1/o4; W= (wi,...,wnm) €
Ap with wi,...,wy € Aw and U € Ny. Assume further that (3.1) holds. Then there ex-
ists a constant C > 0 such that for all f = (fi,...,fm) € (LP',L9)™ (wy; 1) x
(Lo L) (),

H [HE,TB] H LPL9) (viu) CH kaH (LPk LK) % (wyst)
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with vz =T11-, wf/p".

THEOREM 5.3. Let m > 2 and [HE, Te] be the iterated commutator of 0 -type

Calderon—Zygmund operator Ty with 0 satisfying the condition (1.9) and b€ BMO".
Assume that pp =1, 1 <oy < qp<oo, k=1,2,....mand p=1/m, q € [1,o0) with
1/g=311/qrand 1/ =3 1/04; W= (wi,...,wm) €A1, 1) With wi,..., Wy €
A and U € Ay. Assume further that (3.1) holds. Then for any given A > 0 and any
ball B(y,r) C R" with (y,r) € R" x (0,+4-o0), there exists a constant C > 0 independent

of F="f1,---fm), By,r) and A such that

N e R
cefior ()

_ 1/m _ + (m) _
where vy =L w,/", ®(t) =t (1+log"t) and @™ = Do-..o®d. Here the norm

|- lza(u) is taken with respect to the variable y, i.e.,

Bt [y ({x e B | [T18,T9) (7)) > 27 })]"

:{/ [ J)1/a—m=1/q

[ ({xeBy,) /[HZ,TQ](f)(x)}>A’”})]mru(y)dy}

L4 ()

)

(Llog L,k ) % (wy;pt)

Li(u)
1/q

REMARK 5.1. In light of Theorem 5.3, we can say that the iterated commutator
[I1b,Ty| is bounded from (LlogL,L9)* (wy;) X -+ x (LlogL, L)% (w,,; ) into
(WLP L)% (vz; u) with p=1/m.

Finally, in view of the relation (4.18), we have the following results concerning
weighted estimates for the multilinear commutators [2b, Ty | and [I1b, Ty] .

COROLLARY 5.1. Let m > 2 and b € BMO™. Assume that 1 < py < oy <
G <o, k=1,2,....m and p € (1/m,) with 1/p =3}" | 1/pr, q € [1,%0) with
1/g=3"1/qand 1/oo =33 1/og; W= (wi,...,wm) ETI{L,Ap, and W € Ay. In
addition, assume that (3.1) holds. Then both the multilinear commutator [ZZ, Tg] and
the iterated commutator [HZ,TQ] satisfy

H [ZZ,TQ] (f)H(LI’,Lq)"‘(VW,;u) S C}g kaH(ka,L‘fk)O‘k(wk;y)

and
H [HE,TB] H LPL9) (viu) CH kaH (LPk LK) % (wyst)
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with vg =TI, w p /p k, provided that 0 satisfies the condition (1.1).

COROLLARY 5.2. Let m >2 and b € BMO™. Assume that pr=1, 1< <
Gr <o, k=1,2,....omand p=1/m, q € [1,00) with 1/q=3]"1/qx and l/a =
Yoy w=(wi,....,wn) €T} Al and u € Ay. In addition, assume that (3.1)
holds. Then for any given A > 0 and for any ball B(y,r) with y € R" and r > 0,
there exists a constant C > 0 independent of f = (fis- -y fm), B(y,r) and A such that

(v =TT w™)

V(B ) YV v ({x e B, [ [55,7) (7)) > 27 )]

LA (u)
- |fk|)
<cll ( A ) N wog Loy o)
provided that 0 satisfies the condition (1.6), and
Hw(B(y,r»”“ m e[y ({xe BO (B T] (P > 47 )],

)

(Llog L LK) % (wy:t)

()

provided that 0 satisfies the condition (1.9).
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