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INEQUALITIES ON THE ESSENTIAL JOINT AND
ESSENTIAL GENERALIZED SPECTRAL RADIUS

BRIAN LINS AND ALJOSA PEPERKO*

(Communicated by T. Buri¢)

Abstract. We prove new inequalities for the essential generalized and the essential joint spectral
radius of Hadamard (Schur) weighted geometric means of bounded sets of infinite nonnegative
matrices that define operators on suitable Banach sequence spaces and of bounded sets of positive
kernel operators on L?. To our knowledge the obtained inequalities are new even in the case of
singelton sets.

1. Introduction

In [45], X. Zhan conjectured that, for non-negative N x N matrices A and B, the
spectral radius p (A o B) of the Hadamard product satisfies

p(AoB) < p(AB), (D)

where AB denotes the usual matrix product of A and B. This conjecture was confirmed
by K.M.R. Audenaert in [3] by proving

p(AoB) < p((AoA)(BoB))! < p(AB). @)

These inequalities were established via a trace description of the spectral radius. Soon
after, inequality (1) was reproved, generalized and refined in different ways by several
authors ([5-8, 14, 19,20,31-33,36,37]). Using the fact that the Hadamard product is a
principal submatrix of the Kronecker product, R. A. Horn and F. Zhang proved in [19]
the inequalities

p(AoB) < p(ABoBA)? < p(AB). 3)
Applying the techniques of [19], Z. Huang proved that

p(AjoAyo---0A,) <p(A1Az---Ay) 4)
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for n X n non-negative matrices Aj,As,---,A, (see [20]). A. R. Schep was the first one
to observe that the results from [12] and [29] are applicable in this context (see [36]
and [37]). He extended inequalities (2) and (3) to non-negative matrices that define
bounded operators on sequence spaces (in particular on [” spaces, 1 < p < o) and
proved in [36, Theorem 2.7] that

p(AoB) < p((AcA)(BoB))? < p(ABoAB)? < p(AB) 5)

(note that there was an error in the statement of [36, Theorem 2.7], which was corrected
in [37] and [31]). In [31], the second author of the current paper extended the inequality
(4) to non-negative matrices that define bounded operators on Banach sequence spaces
(see below for the exact definitions) and proved that the inequalities

B 1B
2 p)

p(AoB) < p((AcA)(BoB))? < p(ABoAB)Tp(BAoBA) T <p(AB)  (6)

and . . .
p(AoB) < p(ABoBA)2 < p(ABoAB)4p(BAoBA)* < p(AB) 7

hold, where f3 € [0,1]. Moreover, he generalized these inequalities to the setting of the
generalized and the joint spectral radius of bounded sets of such non-negative matrices.
In [36, Theorem 2.8], A. R. Schep proved that the inequality

p(A(%)oB(%)) gp(AB)% (8)

holds for positive kernel operators on L” spaces. Here A (2)6B(2) denotes the Hadamard
geometric mean of operators A and B. R. Drnovsek and the second author (see [14,
33]), generalized this inequality and proved that the inequalities

p (A@)oAg%)o...oAr(n%))

1
1 1 1 m
<P<P1(m)OP2(m)O"'OPrSLW)> <p(A1A2Am)% 9)

hold for positive kernel operators Ay,...,A; on an arbitrary Banach function space L,
where P; =A;...AuA;...Aj | for j=1,...,m. Formally, here and throughout the
article A; | =1 for j =1 (eventhough I might not be a well defined kernel operator).
The second author proved further in [33, Theorem 4.4, (4.8)]) that in the L? case it
holds

1

la® oD <p((aB) Do Ba)Y) <pa'B)} =pB)i,  (10)

where || - || denotes the operator norm. In [34, Theorem 3.2], the second author showed
that (9) (and thus also (8)) holds also for the essential radius p.g under the additional
condition that L and its Banach dual L* have order continuous norms. Several addi-
tional closely related results, generalizations and refinements of the above results were
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obtained in [5-7, 34, 35,46]. However, it remained unclear whether the analogues of
inequalities (1)—(7) are valid for the essential spectral radius of infinite nonnegative
matrices that define operators on e.g. /> and whether an analogue of (10) is valid for
a suitable measure of non-compactness and for the essential spectral radius of positive
kernel operators on L. In this paper (as a very special case of our results) we positively
answer these questions (see Corollary 2, Theorem 13 and Corollary 5 below).

The rest of the article is organized in the following way. In Section 2 we recall
definitions and results that we will use in our proofs. In Section 3 we prove the key
results (Theorems 5, 6 and 7) on the Haussdorf measure of noncompactness and the es-
sential spectral radius of ordinary products of Hadamard powers and ordinary products
of Hadamard weighted geometric means of infinite nonnegative matrices that define
operators on suitable Banach sequence spaces. These results are essential analogues of
the known results for the operator norm and the spectral radius. By combining ideas
of proofs from previously known results we prove in Theorem § an extension of these
results to the essential joint and essential generalized spectral radius of bounded sets
of infinite nonnegative matrices. In Section 4 we apply these results to obtain several
essential analogues of known results on sums of Hadamard weighted geometric means,
weighted geometric symmetrizations and Hadamard products of bounded sets of infi-
nite nonnegative matrices (Theorems 9, 11, 13 and Corollary 1). In Corollary 2 we
obtain the essential versions of (6) and (7), while the essential version of (4) is a very
special case of Theorem 13. In Section 5 we prove new essential results for operators
on Hilbert spaces. In Corollary 5 we prove the essential version of (10). We conclude
the article by obtaining essential versions of several recent results from [5].

2. Preliminaries

Let u be a o-finite positive measure on a o -algebra .# of subsets of a non-
void set X. Let M(X,u) be the vector space of all equivalence classes of (almost
everywhere equal) complex measurable functions on X . A Banach space L C M(X, )
is called a Banach function spaceif f € L, g€ M(X, 1), and |g| < |f| imply that g € L
and ||g|| <||f]|. Throughout the article, it is assumed that X is the carrier of L, that is,
there is no subset ¥ of X of strictly positive measure with the property that f =0 a.e.
on Y forall f €L (see [44]).

Let R denote the set {1,...,N} for some N € N or the set N of all natural num-
bers. Let S(R) be the vector lattice of all complex sequences (x,)ncr- A Banach space
L C S(R) is called a Banach sequence space if x € S(R), y € L and |x| < |y| imply that
x €L and ||x||L < ||ly|l. Observe that a Banach sequence space is a Banach function
space over a measure space (R, 1), where t denotes the counting measure on R. De-
note by £ the collection of all Banach sequence spaces L satisfying the property that
en=Xny €L and |le,[|L =1 forall n € R. For L € £ the set R is the carrier of L.

Standard examples of Banach sequence spaces are Euclidean spaces, [” spaces
for 1 < p < oo, the space ¢ € .Z of all null convergent sequences (equipped with the
usual norms and the counting measure), while standard examples of Banach function
spaces are the well-known spaces LP(X, 1) (1 < p < o) and other less known exam-
ples such as Orlicz, Lorentz, Marcinkiewicz and more general rearrangement-invariant
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spaces (see e.g. [4,9,22] and the references cited there), which are important e.g. in
interpolation theory and in the theory of partial differential equations. Recall that the
cartesian product L = E x F' of Banach function spaces is again a Banach function
space, equipped with the norm [|(f,g) || = max{||f||e. 8]/}

If {fu}nen C M(X,u) is a decreasing real valued sequence and f = inf{f, €
M(X,u) : n € N}, then we write f, | f. A Banach function space L has an order
continuous norm, if 0 < f, | 0 implies ||f,]|z — O as n — . It is well known that
spaces LP (X, ), 1 < p < oo, have order continuous norm. Moreover, the norm of any
reflexive Banach function space is order continuous. In particular, we will be interested
in Banach function spaces L such that L and its Banach dual space L* have order
continuous norms. Examples of such spaces are L” (X, 1), 1 < p < e, while the space
L = ¢y is an example of a non-reflexive Banach sequence space, such that L and L* =[!
have order continuous norms.

By an operator on a Banach function space L we always mean a linear operator
on L. An operator A on L is said to be positive if it maps nonnegative functions to
nonnegative ones, i.e., ALy C Ly, where L. denotes the positive cone Ly = {f € L:
f>=0a.e.}. Given operators A and B on L, we write A > B if the operator A — B is
positive.

Recall that a positive operator A is always bounded, i.e., its operator norm

IA[] = sup{jAx[|z : x € L, [|x][z < 1} = sup{[|Ax[[ - x € Ly, [lxl|z < 1} (1D

is finite. Also, its spectral radius p(A) is always contained in the spectrum.

An operator A on a Banach function space L is called a kernel operator if there
exists a [ X p-measurable function a(x,y) on X x X such that, for all f € L and for
almost all x € X,

J e ()ldue) <o and (49)0) = [ ale)f0)du0).

One can check that a kernel operator A is positive iff its kernel a is non-negative almost
everywhere.

Given a complex Banach space L let B(L) denote the Banach algebra of bounded
linear operators on L and let 7 be the canonical projection of B(L) onto the Calkin
algebra B(L)/K (L), where K(L) is the set of compact operators in B(L). The essential
spectral radius p,s(A) of A € B(L) is by definition pey(A) = p(7(A)).

Let L be a Banach function space such that L and L* have order continuous norms
and let A and B be positive kernel operators on L. By y(A) we denote the Hausdorff
measure of non-compactness of A, i.e.,

y(A) =inf{6 > 0: there is a finite M C L such that A(Dy) C M+ 8Dy},

where Dy = {f € L: || f[| <1}. Then Y( ) <[[All. Y(A+B) < y(A) +v(B). Y(AB) <
Y(A)y(B) and y(aA) = ay(A) for a > 0. Also 0 < A < B implies y(A) < y(B) (see
e.g. [23, Corollary 4.3.7 and Corollary 3.7.3]). Moreover,

pe.\'.\'( ) = lim ’)/(A,)l/’ — inf /J/(A/)l// (12)

J—oo JgN
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and pess(A) < 7(A). Recall that if L= L*(X,u), then y(A*) = y(A) and p,s(A*) =
Pess(A), where A* denotes the adjoint of A (see e.g. [23, Proposition 4.3.3, Theorems
4.3.6 and 4.3.13 and Corollary 3.7.3], [27, Theorem 1]). Note that equalities (12) and
Pess(A*) = Pess(A) are valid for any bounded operator A on a given complex Banach
space L (see e.g. [23, Theorem 4.3.13 and Proposition 4.3.11], [27, Theorem 1]).

It is well-known that kernel operators play a very important, often even central,
role in a variety of applications from differential and integro-differential equations,
problems from physics (in particular from thermodynamics), engineering, statistical
and economic models, etc (see e.g. [21,34] and the references cited there). For the
theory of Banach function spaces and more general Banach lattices we refer the reader
to the books [1,2,4,23,44].

Let A and B be positive kernel operators on a Banach function space L with
kernels a and b respectively, and o > 0. The Hadamard (or Schur) product Ao B
of A and B is the kernel operator with kernel equal to a(x,y)b(x,y) at point (x,y) €
X x X which can be defined (in general) only on some order ideal of L. Similarly,
the Hadamard (or Schur) power A\%) of A is the kernel operator with kernel equal to
(a(x,y))* at point (x,y) € X x X which can be defined only on some order ideal of L.

Let Ay,...,A, be positive kernel operators on a Banach function space L, and

ap,...,0y positive numbers such that Z'}; (¢ = 1. Then the Hadamard weighted
geometric mean A = Agal) oAgm o0 AW of the operators Ay, ..., A,, is a positive

kernel operator defined on the whole space L, since A < 0 A; + A+ ...+ Ay, by
the inequality between the weighted arithmetic and geometric means.

A matrix A = [a;j]; jer is called nonnegative if a;; > 0 for all i, j € R. For nota-
tional convenience, we sometimes write a(i, j) instead of ;.

We say that a nonnegative matrix A defines an operator on L if Ax € L for all
x € L, where (Ax); = Y jcgaijxj. Then Ax € L, for all x € Ly and so A defines a
positive kernel operator on L.

Let us recall the following result, which was proved in [12, Theorem 2.2] and [29,
Theorem 5.1 and Example 3.7] (see also e.g. [32, Theorem 2.1]).

THEOREM 1. Ler {A; j}i;”{ =1 be positive kernel operators on a Banach function
space L and oy, 0g,..., Oy positive numbers.
(i) If Z'}q:l o =1, then the positive kernel operator
A= (Ao oAl ) (4 o oal) (13)
satisfies the following inequalities

A< (Au"'Akl)(al)0"'0(A1m"'Akm)(a’”), (14)

Al < H(All"'Akl)(al)o"'o(Alm"'Akm)(am)

<A Aal|® - A A ™ (15)
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p(A) <p ((A11~~~Ak1)(°")0~~~0(A1m~~~Akm)(°‘"7)>
<P (A A)™ - p (A Agn) ™. (16)

If, in addition, L and L* have order continuous norms, then

Y(A) < Y((Au--~Ak1)(a1)O"'O(Alm"-Akm)(a’")>
< YA A) ™ V(A An) ™ 17
Pess (A) < Pess ((All"'Akl)(al)O"'O(Alm"'Akm)(am)>
< Pess (Ar1 - Ar)™ -+ Pess (Atm - Agn) ™" (18)

(i) IfLe Z, Z Lia;>1and {A,,}l 1,j—1 are nonnegative matrices that define
positive operators on L, then A from (13) defines a positive operator on L and the
inequalities (14), (15) and (16) hold.

The following result is a special case of Theorem 1.

THEOREM 2. Let Ay,...,A, be positive kernel operators on a Banach function
space L and o, ..., 04 positive numbers.
(l)IfZ La; —l then

1A 0 AL o 0 A || < (141|142 - | Auel| (19)
and
P oAl o 0 AW) < p (AN p(A2) % - p(A) . (20)

If, in addition, L and L* have order continuous norms, then
YA oA o0 AT < y(AD) M Y(A2)™ - Y(An) " @
and

pé’S-\' (Agal) OAgXZ) Or-- OAl(nam)) < pes.\' (Al )al pes.\' (A2)a2 T pess (Am)am . (22)

(i) If Le £, Z Lo = 1landif Ay, ..., Ay, are nonnegative matrices that define

positive operators on L, then Agal) o Aé‘m o

and (19) and (20) hold.
(i) If Le L, t > 1 and if A,Ay,..., A, are nonnegative matrices that define
operators on L, then AD defines an operator on L and the following inequalities hold

. OA(a”’ defines a positive operator on L

A Al < (A A0, (23)
p(AY . AD) < p(Ar--An), (24)

1AY - AD ] < 1Ay Al 25)
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The following result was proved in [35, Corollary 2.10].

THEOREM 3. Given L € £, let A be a nonnegative matrix that defines an oper-
atoron L andlett > 1. Then

)< AlS A, (26)
IIA < A Al (27)
p(A) < AL p(A). (28)
If, in addition, L and L* have order continuous norms, then
1(AY) < JAIS v(A), (29)
Pess(A) < AL pess(A). (30)

Let X be a bounded set of bounded operators on a complex Banach space L. For
m>=1,let
= {A1A2~~~Am 1A € Z}

The generalized spectral radius of X is defined by

p(X) = limsup [ sup p(A)]"/" (31)

m—oo Aexm

and is equal to

p(Z) = sup [sup p(4)]/".
meN Aexm

The joint spectral radius of X is defined by
p(X) = lim [sup [|A[]"/". (32)

m—e pczm

Similarly, the generalized essential spectral radius of X is defined by

Pess(X) = limsup [ sup pm(A)}l/ " (33)

m—eo  AEEM

and is equal to

pess(z) = sup [Sup peSS(A)]l/m'
meN Aexm

The joint essential spectral radius of X is defined by

Pess(X) = lim [ sup Y(A)}l/m- (34)

m—ee pAczm

It is well known that p(X) = p(X) for a precompact nonempty set X of compact
operators on L (see e.g. [24,40,41]), in particular for a bounded set of complex n x n
matrices (see e.g. [10,26,39] and the references cited there). This equality is called the
Berger-Wang formula or also the generalized spectral radius theorem. It is known that
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also the generalized Berger-Wang formula holds, i.e, that for any precompact nonempty
set ¥ of bounded operators on L we have

’5 (2) — max{p (Z) 5 ﬁe.\'.\‘ (Z)}

(see e.g. [24,40,41]). Observe also that it was proved in [24] that in the definition of
Pess(X) one may replace the Haussdorf measure of noncompactness by several other
seminorms, for instance it may be replaced by the essential norm.

In general p(X) and p(X) may differ even in the case of a bounded set X of
compact positive operators on L (see [39] or also [32]). Also, in [18] the reader can
find an example of two positive non-compact weighted shifts A and B on L = [? such
that p({A,B}) =0 < p({A,B}). As already noted in [40] also pes(Z) and Pegs(T)
may in general be different.

The theory of the generalized and the joint spectral radius has many important
applications for instance to discrete and differential inclusions, wavelets, invariant sub-
space theory (see e.g. [10,40,41,43] and the references cited there). In particular, p(X)
plays a central role in determining stability in convergence properties of discrete and
differential inclusions. In this theory the quantity logp(X) is known as the maximal
Lyapunov exponent (see e.g. [43]).

We will use the following well known facts that hold for all r € {p, P, Pess, Pess | :

r(Z™) =r(X)" and r(¥X) = r(Z¥) (35)

where Y2 = {AB:Ac€¥,B€X} and me N.

Let ¥y,...,'¥,, be bounded sets of positive kernel operators on a Banach function
space L andlet o, ... 0y, be positive numbers such that 3" | o; = 1. Then the bounded
set of positive kernel operators on L, defined by

\Pgal) O---o‘l’gno‘nﬂ — {A(lal)o---OA,(nam) AL eVYy,... Ay € \Pm}7

is called the weighted Hadamard (Schur) geometric mean of sets Wq,...,'¥;,. The set

‘P(ﬁ) 0---0 ‘I‘,(n%) is called the Hadamard (Schur) geometric mean of sets Wy,...,¥p,.
IfLeZ, ", 04 >1andif ¥y,...,"¥,, are bounded sets of nonnegative matrices that
define operators on L, then the set ‘P(la') 0---0 ‘I’Ena”’) is a bounded set of nonnegative
matrices that define operators on L by Theorem 2(ii). The following result that follows
from Theorem 1 was established in [32, Theorem 3.3], [34, Theorems 3.1 and 3.8]

and [7, Theorem 2.5].

THEOREM 4. Let Wq,...,Y, be bounded sets of positive kernel operators on a
Banach function space L, let ..., 0, be positive numbers and n € N.
DI s=1and re{p,p}, then

r(F™ 0 o) < r((F]) @) 00 (H) ()8 < H(H1) ()™ (30)

and . ,
r<q:§ﬁ>o...oq:,(ﬁ)) < (¥ W W) (37)
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If, in addition, L and L* have order continuous norms, then (36) and (37) hold also for
each r € {Pess, Pess } -

(i)IfLe Z, ¥ aj =21, r€ {p,p} and if ¥,¥1,..., ¥, are bounded sets of
nonnegative matrices that define operators on L, then Inequalities (36) hold.

In particular, if t > 1, then

r(#0) < r((¥) ) < ()’ (38)

3. New inequalities for the Haussdorf measure of noncompactness
and essential radius

In this section we prove that the essential versions of Theorems 1(ii), 2(ii)—(iii)
and 4(ii) hold under the assumption that L and L* have order continuous norms. We
will need the following lemma.

LEMMA 1. Let L € £ have order continuous norm. Then for each x € L it holds
that x(i) — 0 as i — oo.

Proof. Suppose there exists x € L such that the entries x(i) do not converge to zero
as i — co. Then there exists € > 0 such that there are infinitely many positive entries
of |x| that are greater than €. For k € N let x;(i) =0 when i < k and x;(i) = |x|(i)
otherwise. Then 0 < x; | 0. However, ||x¢|| does not converge to zero, since we have
lxk|l = |l|x](?) - ei]] = |x()| > € for infinitely many i > k. O

First we establish the essential version of Theorem 2(iii).

THEOREM 5. Let L € & such that L and L* have order continuous norms. Let

t > 1 andlet A,Ay,...,Ay be nonnegative matrices that define operators on L. Then
7A") <v(AY, (39)
Pess(A") < pess (A, (40)
yAy AR <var A, (1)
Pess (A -+ A)) < pess(Ar -+ A 42)

Proof. First we prove (39). If ¥(A) =0, then y(A()) = 0 by (29). We may assume
that 7 > 1. We may also assume that y(A) = 1 since ¥(-) is positively homogeneous.
Having y(A) = 1 means that for any § > 1, there is a finite set U C L such that the
image A(Dp) of the closed unit ball Dy is contained in the union U,y (u+ 6DL).
Since U is a finite set in L, then by Lemma 1 there are only finitely many entries i
such that max,cp |u;| > 6% — 8. Let I denote this set of indices. For all other indices
i ¢ I, we must have (Ax); < max|u;| + & < 8 for all x € Dy, x > 0. In particular,
Aij=(Ae;); < 8% forall jandall i ¢ 1.
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Then § %A}, <A;j forall i ¢ 1, j€N and ¢ > 1. This means that 572AY < A
for all rows A; such that i ¢ I. Let P; be the orthogonal projection onto span{e;:i € I}.
Then PIA(t) is compact since it has finite dimensional range, and if Q; = id — Py, then
5 20iAY) <A and 82 y(AM) = 5 2y(0;A1) < y(A) =1 (since ¥(-) is invariant
under compact perturbations and since it is monotone). Then y(A")) < §%. Since
0 > 1 can be chosen arbitrarily close to 1, we conclude that y(A(’)) <1 forallz>1.
This proves (39).

Inequality (41) follows from (23), monotonicity of y(-) and (39). Inequality (42)
follows from (12) and (41) since

J—roo J—roo
Inequality (40) is a special case of (42). [

REMARK 1. Observe that Theorem 5 is not a special case of [29, Lemma 4.2]
since for each i and j we have y(E;;) = 0, where E;; denotes the infinite matrix with
1 and at the ijth coordinate and with O elsewhere.

Applying standard techniques used also in [12] and [29] we establish the essential
versions of Theorems 2(ii) and 1(ii).

THEOREM 6. Let L € . such that L and L* have order continuous norms. As-
sume Ay,...,A, are nonnegative matrices that define operators on L and let o, ..., 0y,
be positive numbers such that s, = 2’,’»1:1 o > 1. Then inequalities (21) and (22) hold.

Proof. For j=1,...,m define f; = f—n: and so 2;”21[3]- = 1. Then by (39) and
Theorem 2(i) we have

(Sm) Sm
YA oo alE) y<<A5ﬁ1>o,,,oA5§m>> ) <y(aPo. o)

Sm

< (VD pan)P ) = (AP A% - yAn) O,

which proves (21) under our assumptions. Similarly, (22) follows from (40) and Theo-
rem2(i). [

THEOREM 7. Let L € . suchthat L and L* have order continuous norms. Assu-
me {A; J}fj j—1 are nonnegative matrices that define operators on L and let o, ..., 0y,
be positive numbers such that s,, = Z;-"Zl o > 1. Then for A from (13) inequalities (17)
and (18) hold.

Proof. Inequalities (17) and (18) under our assumptions follow from (14) in The-
orem 1(ii), monotonicity of y(-) and pes(-) and from Theorem 6. [

The following result on the joint and generalized essential radius of bounded sets
of infinite nonnegative matrices generalizes Theorem 7 and is an essential version of [7,
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Theorem 3.3(ii)] (in the case ;-":1 o = 1 it is known by [7, Theorem 3.3(1)]). It is
proved by combining ideas from the proofs of [29, Corollary 5.3], [33, Theorem 3.8]
and [7, Theorem 3.3].

THEOREM 8. Let L € & such that L and L* have order continuous norms. As-

sume 0Qj,...,0 are positive numbers such that Z;-”:laj > 1 and let n € N. Let
7 € {Pess; Pess} and let Wy,..., ¥y, and {\Pij}f:i,jﬂ be bounded sets of nonnegative

matrices that define positive operators on L. Then

1

PP oo WY (1) (@) 0o (W) @) < (W) (W) (43)
and

. (Tgofl)o,..oq’(aw)...(w,ﬁ?')o---o?’;ﬁi’”)))

1m

1

< r((‘PM...\pkl)(al) 0.0 (lIllm...\.Ilkm)(am)>
ST (((lpll v 'lPkl)n)(al) 0---0 ((T1m~~~‘Pkm)")(am)> "
< r(\{lll...\pkl)al ""’("le""Pkm)a’”. (a4

In particular, if ¥y, ..., Y are bounded sets of nonnegative matrices that define posi-
tive operators on L and t > 1, then

==

FP ) (B W) D) (P W) )T < (P W) (45)

Proof. First we prove the inequality
PP oo W) (B (W) (46)

Let A e (‘P(lal)o---o‘P,(na'"))l, [ €N. Thenthereare Ay € Wy, i=1,....1,k=1,....m
such that
A= (Aff0--0ATs)- (AT} 00 ATH).

By Theorem 7 we have
Y(A) < y(Ar - An)™ - (A A) ™,

pess(A) < pess(All o 'All)oCl o 'pess(Alm o 'Alm)am~

Since Aj---Ay € WL forall k=1,...,m, (46) follows.
To prove the first inequality in (44) let [ € N and

B e <<‘P5‘fl)o---o‘l’(a"’)> <‘I‘](C?l)o---o‘l’,(€a )>)l.

m
1m m

Then B=A;---A;, where foreach i = 1,...,] we have

A= <A§ﬁ1)o---oA(am)> (AE,??) o---oA(a'")> ,

ilm ikm
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where A;11 € Wi, Aim € Pims, -, Ait € YPris- - Aim € P Then by (14) for
eachi=1,...,] we have

A <Cii= (AmAnr A1) o0 (AmAizm - Aign) “),

where C; € (‘{’11~~~‘{’k1)(°‘1) 0---0 (‘le---‘Pkm)(o‘"’). Therefore
!
B<C:=C,---C € ((\PH...\Pkl)(al)o...o(\le...\{’km)(am)> 7

pe_m(B)l/ I'< pe_y_Y(C)l/ ! and y(B)l/ S y(C)l/ !, which implies the first inequality in
(44).
The first inequality in (43) follows from the first inequality in (44) and (35), since

A 00wl = r (Wi ..oquqam)y)%

= r((‘{’gal) o- --o‘-I’,(nO‘m))...(\.pgo‘l) o--~o\P£na”’)))%

< r((\p'f)(an) 0---0 (\an)(am))%,

The second inequality in (43) follows from (46) and (35). The second and third in-
equalities in (44) follow from (43). Inequalities (45) are a special case of (44). [

REMARK 2. Under the assumptions of Theorem 7 an analogue of [6, Theorem
3.4] is valid. The proof runs by following the same lines as in the proof of this result.
The details are omitted.

4. Further results

By applying results of the previous section we obtain several results that are es-
sential versions of known relatively recent results from the literature. Since the proofs
are similar to the existing proofs we mostly omit them to avoid too much repetition of
ideas.

Recall that for nonnegative measurable functions { ﬁj}ffi =1 and for nonnegative
numbers o, j=1,...,m, such that Z;-"Zl o > 1 (see e.g. [25], [7]) we have

(ﬁl... f‘r;ln)+...+( Ifil... 13,’1")<(fll+"'+fk1)al"'(f1m+"'+fkm)am~ 47)

The sum of bounded sets ¥ and X is a bounded set defined by ¥ +X={A+B:A €
W,B € X£}. The following result is an essential version of [7, Theorem 3.7(ii)] (in the
case Z'}; 1 = 1 it is known by [7, Theorem 3.7(i)]). It is proved in a similar way
as [7, Theorem 3.7] (it follows from (47) and (43)).

THEOREM 9. Let L € & such that L and L* have order continuous norms. As-
sume Qf,...,0 are positive numbers such that Z’,’Ll oj > 1 and let n € N. Let
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k,m

7 € {Pess, Pess} and let {\Pij}i=1.j=1 be bounded sets of nonnegative matrices that de-
fine positive operators on L. Then

r<<‘l’(g1) o---o‘PEi{“) +...+ (\Pl(clln) O"'O\P’(‘Zm)>>

< r((lpll+...+\{1k1)(0‘1)o...o(lplm_|_..._|_\.[lkm)(0‘m)>

1

<r (((lpll + ..._|_\-[lk1)")(0‘1) oo ((Wrm+- +lpkm)")(0¢m)> "

<r(Pu+- )™ r (Pt + W) ™™ (48)
Next we turn our attention to the weighted geometic symmetrizations of sets of
infinite matrices (see [7]). Let ¥ be a bounded set of nonnegative matrices that define
operators on /> and denote W* = {A*: A € ¥}. Observe that (WZ)* = T*¥*, (P")* =
()™ forall m € N and r(¥) = r(¥*) for all r € {p,p, Pess, Pess } - Let o and B be
nonnegative numbers such that o+ 8 > 1. The weighted geometric symmetrization set
Sap(¥) = W) o (9*)B) = {A(@ o (B*)(B): A, B € W} is a bounded set of nonnegative
matrices that define operators on 2 by Theorem 1(ii).
The following two results are essential versions of [7, Proposition 4.4 and Theorem
4.3]. They follow from Theorems 8 and 9 and are proved in a very similar way as [7,
Proposition 4.4 and Theorem 4.3].

PROPOSITION 10. Let ¥, W¥i,..., W be bounded sets of nonnegative matrices
that define operators on 1>, n € N and let o and B be nonnegative numbers such that
o+ B > 1. Then we have

(S p(¥1) S p(¥n)) < 1 ((¥1-80) Do (% #1))P))

< r(((‘l’l ~~~le)")<°‘>o(((qu...qnl)*)nyﬂ))ﬁ
< (P W) (P W1)P, (49)

1

r(Se,p(¥)) < r(Sep(¥")7 <r(¥)**P, (50)

r(Sap(P1)+-+Se(¥m)) <r(Sep(Pi+---+¥n))
<P (Sap((¥r o+ Wn)) T < (¥ 8) 4, (51)

(S p (F1)Se,p (F2)) < r (8182 0 (¥291)) D))
< () @ o (B291)))P) " < r(y o) P (52)

Jorall v € {Pess, Pess } -
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THEOREM 11. Let ¥ be a bounded set of nonnegative matrices that define oper-
ators on 12 and r € {Pesss Pess } - Assume o and B are nonnegative numbers such that

a+B =1 and denote r, = r(Sy (P2"))2™" for n € NU{0}. Then we have
F(Sep(P) =ro <ri <o <y <r(P)*HP. (53)
REMARK 3. Theorem 11 implies that also the essential version of [6, Theorem
2.5(ii)] is valid.

The following result is an essential version of [7, Theorem 3.1(ii)] and is proved
in a similar way as this result by applying Theorem 8.

PROPOSITION 12. Let L € & such that L and L* have order continuous norms.
Assume 1 € {Pess,Pess }» Myn €N, a > 1 and let ¥ be a bounded set of nonnegative
matrices that define operators on L. Then

(P < r(Wo---oW) < r(W" O---O‘I‘")% <r('\p)m, (54)

where in (54) the Hadamard productsin Wo---o¥ andin W"o---oW" are taken m— 1
times, and

P(PO) < (PO o W) < (P @Y 0 W) < (). (55)

The following result is an essential version of [7, Theorem 3.6] and is proved in
a similar way as this result by applying Theorems 8, 4, property (35) and [7, Theorem
3.4].

THEOREM 13. Let L € £ such that L and L* have order continuous norms. Let
WYi,..., W be bounded sets of nonnegative matrices that define operators on L and
Q;=V;.. . V,Wi...W;_ for j=1,...,m. Assume that > +, ; >0, j=1,...,m,

.’;1:1 (X, 2 1 and n € N. If re {pess,pess} and ZJ = "Pi-am) ..."Pgnam)qlgam) "Pﬁinf)
for j=1,...,m, then we have

(P oot < (00 o lf))

<r (@)@ om0 (@) @)™ < r(¥1¥)°, (56)

r(W1 oo W) < (W) "

=
N
!
o~
=
€
3
S~—
=
B
e
N—
g
N
!
=
€
3
S~—
R
~
(9]
~
N

< r((lpl...qlm)(am)>

If, in addition, a > 1 then

(W7o 0 W) <r (@) ---oq>,<:‘>)% <r((@)@o- o (@) @)™
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1
1 1\\ m
r(‘PEa)O---O‘I’,(na)> <r (Zi"’) O---OZ,(,{”))

1

)> i < (‘PE“’”) - 'lP’(nO(m)> i

S=

< r((ZY)(%)mno(ZZZ)(
1 s
< r((lpl...q!m)(am)>'" < r(((lpl...qu)")(am)> " (W W) (59)

The following consequence provides the essential version of some of the main
results of [31] ([31, Theorems 3.5 and 3.7]).

COROLLARY 1. Let L € £ such that L and L* have order continuous norms.
Let W1 and Y, be bounded sets of nonnegative matrices that define operators on L, let
rec {pe.\'.\'yﬁe.\'.\'} and ﬁ € [Oa 1} Then

(W1 0Wy) < r(WPWE)T < (W) 0 W) (P20W,))?

LB
)

B
g r(l}lll.llz O"qulz)jr(lpgqll olelIll) < r(\.}ll\{lz) (60)

and

1
r(W1 oWs) < r(W W20 W) 2 < r((W1W2) ) T r((Pa¥) )4

<F(F W2 0 B W) T (WP 0 W) T < r(W) ). (61)

Proof. The first inequality in (60) is a special case of the first inequality in (57).
The second inequality (57) is trivial, since ‘Pl@ CY¥Y;o¥,; for i = 1,2. The third in-
equality in (60) follows from the first inequality in (44) and from (35), while the fourth
inequality in (60) follows from (43) and (35).

The first inequality in (61) is a special case of the first inequality in (56). To prove
the second and third inequality in (61) observe that

1 1
YW, 0 W) = ((W1%2) )2 o ((P29)) 1))

It folllows from (43) and (54) that

Nl—
Nl—

(W1 P20W2 W) < r((W1W2) D)2 r(W2 1) )2 < F(¥1 W20 W Wa) 2 r(Wa W) 0 W) )2,
which establishes the second and third inequality in (61). The fourth inequality in (61)

follows from (43) and (35), which completes the proof. [l

REMARK 4. Under the assumptions of Corollary 1 one can similarly as (61) prove
its variant:

(P10 W) < H(F1Wa 0 o))} < F((F,F2)P)) S w).
(62)

Similarly (62) is provedif L € £ and r € {p,p}.
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In a special case of singelton sets W = {A} and ¥| = {B} we obtain the essential
versions of (6) and (7) (infact a slight generalization).

COROLLARY 2. Let L € £ such that L and L* have order continuous norms.
Let A and B be nonnegative matrices that define operators on L and let 3 € [0,1].
Then

Pess(A0B) < Pess (A0 A)(BoB))? < pesy(ABoAB)

Pess(BAOBA) 2" < poss(AB)
63)

and

1

Pess(A0B) < Pess(ABOBAYE < poss(AB) B))) % oy ((BA) 7))

1B
2

< Pess(AB). (64)

The following results is an essential version of [5, Lemma 3.16] and is proved in
a similar way as this result by applying Theorem 8.

PROPOSITION 14. Let o > %, 7 € {Pesss Pess } and let ¥ be bounded set of non-
negative matrices that define operators on 1>. Then

r(P@ o (P)9) < r(P@ o W@y < (W) (65)
The following special case is an essential version of [6, Lemma 3.13].

COROLLARY 3. Let o > % and let A be a nonnegative matrix that defines an
operator on 1. Then

pess(A(a) o (A*)(a)) < pess(A(a) OA(a)) < pess(A)2a~ (66)

5. Further results on L>(X, 1)

In this section we will apply a fact that for a bounded linear operator 7' defined on
a Hilbert space we have

Pess(T*T) = Pess(TT*) = Y(T*T) = Y(TT*) = y(T)*. (67)

Since we do not know if this result has previously been known or not, we prove it below
in Lemma 2.

Recall that a bounded linear operator on a Hilbert space .7 is hyponormal if
|ITx|| = ||T*x|| for all x € 5, or equivalently if T*T — TT* is positive semidefinite.
In particular, any normal operator is hyponormal. Since the set K(¢) of compact
operators in B(7¢) is a closed two-sided ideal in B(.7), the Calkin algebra is a C*-
algebra and the canonical projection 7 is a *-isomorphism. The essential norm of
T € B(4) is by definition ||T ||ess = ||7(T)|| and recall that pess(T) = p(n(T)).

The following proposition is probably known as it combines well-known results
of Nussbaum and Stampfli [27,42], but we are unaware of a direct reference.
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PROPOSITION 15. Let S be a Hilbert space. If T € B(.) is hyponormal, then
pex.\'(T) = Y(T) = ||TH6.Y-\'-

Proof. Forany T € B(¢) and K € K(7¢) it is clear that y(T) = y(T +K) <
IT +K||. Therefore y(T) < ||T|less- By (12) ([27, Theorem 1]) and since y(7T") <
y(T)" forall n, it follows that

Pess(T) < Y(T) <|T less-

It remains to show that p,s(7T) = ||T||ess when T is hyponormal. Since the spec-
trum of w(T*T —TT™) is a subset of the spectrum of 7T —TT* (see e.g., [17, Theo-
rem 2.3]), it follows that 7(T*T — TT*) is positive and therefore 7(T") is hyponormal
whenever T is hyponormal. In that case, [42, Theorem 1] says that p(7(T)) = ||z (T)||
and therefore Pss(T) = || T|ess- O

LEMMA 2. Let S be a Hilbert space and T € B(F). Then Pess(T*T) = y(T*T)
= y(T)?*. Consequently, equalities (67) and y(T) = y(T*) hold.

Proof. By the polar decomposition theorem for bounded operators on a Hilbert
space, T = UN where U is a partial isometry and N = /T*T . It follows immediately
that pess(T*T) = Pess (Nz) = Pess (N)z .

By Proposition 15, pess(N) = y(N). Since U is a partial isometry, y(U) < ||U]|| <
1. So we have:

Y(T)z = Y(UN)z < Y(N)z - pess(N)z = pes‘v(T*T). (68)
It remains to prove the reverse inequality. Since y(U*) < ||[U*|| = ||U|| < 1, we have
VT°T) = y(NU'T) < y(N)(T).

Since pess(T*T) = y(T*T) = y(N)?, we conclude that p,(T*T) < y(T)?, which to-
gether with (68) establishes p.,s(T*T) = y(T*T) = y(T)?*. By (35) and Proposition 15
also the remaining equalities in (67) follow. The equality y(T) = y(T*) follows from
©7. O

Let X be a bounded set of bounded operators on a Hilbert space .7 and let us
denote

Y(Z) = supy(T) and ||Z]| = sup||T]|.
Tex Tex

By X* we denote a bounded set of bounded operators on 57 defined by &* ={T*:T €
>}. The following lemma is an essential version of [5, Lemma 3.1.] and it also slightly
generalizes it (with a similar proof).

LEMMA 3. Let 5 be a Hilbert space and X C B() be a bounded set. Then
NE) = Pess(EE)? = Pess (EE)'/? = Poss (T7E) /2 = pess (EX7) 2, (69)
Y(E) =v(Z) and
Il = p(E"E)"/? = p(z2) /2 = p(2%)"/? = p(zz")'/2. (70)
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Proof. First we prove (69). By Lemma 2 we have

1 11
Y(X) = sup Y(T) = sup Pess(T"T)2 = (sup Pess((TT)™)m )2
TeX TeX Tex

Nl—

1
2
<<sup sup pess<s>n'1> — Pes(TD)F < Pun(E7D)} < (D)}

meN Se(£Fz)m
< (MEHY(E)? = ¥(Z),

which proves Y(Z) = Pess(Z*Z) /2 = Py (Z°X) /2. Other equalities in (69) follow again
by Lemma 2 (or also from (35)). Equality y(Z*) = y(X) follows from (69) (or also from
Lemma 2).

Equalities (70) are proved similarly. [

By applying (69) we obtain the following result, which is an essential version
of [5, Theorem 3.2] and is proved in a similar way. For the sake of clarity we include
the proof.

THEOREM 16. Let Wy,...,Y,, be bounded sets of positive kernel operators on

Lz(X,[l) and let 1 € {Pess, Pess } -
If m is even, then

1
YOPT o0 W) < (P Wy W B )r(B WS - W, ) 5

* * * * £ A
= (r(P12 V3 W | W) r (W Wy - PP ) 2
(71)

If m is odd, then

1 1
y (P oo owl)
1
<P (P PPy o P PP LW, L), (T2)

Proof. If m is even, then we have
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It follows from (69), (35) and [7, Theorem 3.2(i)] that

1 1 1\ * 1 1 1 5
:r<<w§m>oqf§m>o...oqf§r>) (ll,gm)ol},gm)o...oq,;nm)))

<H(E) < (PP W) (PSS )

S=

(73)
TR L O o DS T TR TP G T S N A T

=P (PP ) (P Y, )
(MWW W W) (P - WA WSWOW)))
where
2= (PP, P W) ) o (PSP Ws W) ) oo

1 1
(W W1, W) ) o (W5, W W3 W3- W, 0 W) ),
which completes the proof of (71).
If m is odd, we have

1 1 1\ * 1 1 1 m
((wgwoxpgwo...o\p,;W) (xpgwowgmo...oq’;m))

It follows from (69), (35) and [7, Theorem 3.2(i)] that
1 1 1
EHARR SIS Sl

1 1 I\ * 1 1 L\
— r((\{;(lm)o\ygm)oo\yl(nm)) (‘P(lm)o\ygm)oo\{’}(nm))>

<HQ) <PV, W, VW WY W)
= (P Vs WY, )
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where .
Q= (V[ ¥, W, L s - W) o
(P5W3 W Ws - W, PP W - .\pjn\yl)(%) Ot
(W s Wi W W)
which proves (72). O
The following corollary follows from (71) and (73).

)

- O

COROLLARY 4. Let ¥ and X be bounded sets of positive kernel operators on
L2 (X,u) andlet r € {Pesss Pess - Then

1
1 1

Jox()) < r ((‘P*Z)(i) o (2*\1!)<%>) T < PE)E = (YT

Nl—

(P!

To our knowledge even the following singelton set case (which as an essential
version of (10)— [33, Theorem 4.4, (4.8)]) is new.

COROLLARY 5. Let A and B be positive kernel operators on L*(X,11). Then

Y(A(%) oB(%)) < Pess <(A*B)(%) o(B*A)(%)> 2 < pe.\'.\'(A*B)% = Pess (AB*)% )

The following result is an essential version of [5, Theorem 3.3] and is proved in
a similar way as Theorem 16. It follows from (69), (35) and Theorem 8. To avoid too
much repetition of ideas, the details of the proof are omitted.

THEOREM 17. Let Wy,...,¥Y,, be bounded sets of nonnegative matrices that de-
fine operators on 1> and let o > % and r € {Pess, Pess | -
If m is even, then

PP oWl o o W) < i (2) < (MWW - W, W)
F(Wa Wi |- WP W))) 5, (75)
where
To = (V1YW Ws Wy W) o (W53 W s W) @ oo
(Pt W12 W5 3 W) o (B W1 W3 s W W 1)),
If m is odd then
PP 0wl o oWl < rm (Qy)
<r (VWYY Yo Wi, W, ) (76)
where
Qo = (VP2 WiWs - W | V2P W53 - W W) @o
(P53 W5Ws - W Wiy i) (@ oo

m—1

S TR L8 SRRRL SN T S8 DU G Sy L)



ESSENTIAL JOINT AND ESSENTIAL GENERALIZED SPECTRAL RADIUS 1509

The following corollary follows from (75).

COROLLARY 6. Let Y and X be bounded sets of nonnegative matrices that define
operators on 12, let 1 € {Pess, Pess} and o > % Then

1
YWY ox@) < r ((‘P*Z)(O‘) ° (2*\11)@‘)) (W) = (PR

The following result is an essential version of [5, Corollary 3.17]. It follows from
Corollary 6 and Proposition 14.

COROLLARY 7. Let o > % and let Y and X be bounded sets of nonnegative
matrices that define operators on 1. If r € {Pess, Pess }» then

YD o) < (P D)@ o (2) ()2
<r((PE) @ o (PrE) @) T < (P

Again, to our knowledge even the following singelton set case (which as an essen-
tial version of [33, Theorem 4.4, (4.9)]) is new.

COROLLARY 8. Let A and B be nonnegative matrices that define operators on
1?2 and o > % Then

1
2

YA 0 BD) < po ((4°B)( o (B°4)())

1
< Pess ((A7B)(@ 0 (A"B)(®)) 7 < puas(A"B) = pss (AB)°.

We conclude the article by stating additional results that are essential versions
of [5, Theorems 3.5 and 3.6, Corollary 3.7, Theorems 3.8, 3.11 and 3.13, Corollary
3.15], respectively. The results follow from (69), [7, Theorem 3.2(i)] and Theorem 8
and are proved in a similar way than results in [5]. To avoid repetition of ideas we omit
the details of the proof.

THEOREM 18. Let m be odd and let W1,...,Y;, be bounded sets of positive ker-
nel operators on L*(X, ). For r € {Pess, Pess } we have

1
\pl\{lé)(%) oo (\ym\y’f)(%) 5 (\Ifzxp;)(%) 0o (W W)

<r(( m)3
1 1
<@ o 0Qlp))
SSLC I Z NS TN T T O S T T 77

where

Qj= ‘ng_l‘P;j R L SR S S0 O SEERL SHRL i S SR ~‘P2j_3‘-l’§j_2
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for 1<j<

Qui =V, ViV W, W WY P, o

m+1l
5 m—1>

Qj = "P2j—m—llp2j7m e "Pm—llp;knlplql;lp3qul o 'lelPI e "P2j—m—3lP§j7m72

fo

j < m.

/

THEOREM 19. Let m € N be odd and let Yy, ...,VY,, be bounded sets of nonneg-
ative matrices that define operators on 1>. If o0 > % and if Qq,...,Q,, are sets defined
in Theorem 18, then for r € {Pess, Pess +

Y oW o 0wy

<r<<\h%> 00 (Puo2¥y 1)@ 0 (Fp¥]) @ o0 (P W) (@)
< r(Q OQ( ))Zm
SO TR 23 23 SRR TN G T 0 2% ZRT TN G L (78)

COROLLARY 9. (i) Let ¥ and X be bounded sets of positive kernel operators on
L*(X, 1) and r € {pess, Pess } - Then

Y(P 3 o (293 0w < (P2 o (Pp) 3 o (2p) ) 2

<A((PEPPEE) () o (PERPET ) (3 o (SRS (3))6 < y(WEW)S.

(79)

(ii) If ¥ and X are bounded sets of nonnegative matrices that define operators on
12 and if o > % then

Nl—

Y o (2@ o W) <r((FE) W o (FF) W o (29) (@)
(PP (@ o (PP S (@ o (PP S E) (@) < y(PEP)®.
(80)

Let S, denote the group of permutations of the set {1,...,m}.

THEOREM 20. Let m be even, T,V € S,,, and let Y1,...,Y,, be bounded sets
of positive kernel operators on L*(X, ). Denote = ‘P’;(zjil)‘l’f(zj) and Z%ﬂ» =
\Pj;-(zj)\PTQj—l) = Zj for j=1,..., % Let Q; = Zv(i) = -Zv(m)Zv(l) = 'Zv(i—l) fori=
L,...;m and r € {Pess, Pess } -

(i) Then

<@ 0o 0 Q) < F (Zy(1) -+ Zym) 7 (81)
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(ii) If ¥1,..., Y, are bounded sets of nonnegative matrices that define operators
on I? and if o > %, then

YW oo W) < H(E® ooz

< HQ o

2R

O
o
e
/AN
=
™M
=
™M

’ v(m)) (82)

THEOREM 21. Let me N be even, o > % TS, andlet Wy,...,¥Y,, be bounded

sets of nonnegative matrices that define operators on 1. Let ¥ jfor j=1,...,m beas

in Theorem 20 and denote ®; =%; - - ~2%21 Xy fori=1,..., % If 1 € {Pess, Pess }»
then

Y(‘Pﬁ"‘) o. -.o‘l’ﬁn"‘)) < r(Zga) o---oZﬁ,,O‘))% < r(Zga) o. ..oz(?‘>)

m
2

= r((q’;(l)l}’r(z))(a) ° (T$(3)Tr(4))(a) 00 (Ti(m_l)lpr(m))(a))

2 * * *
< (000 00 @) < H(Wh We) Wi Prw) Wity Pam) % (83)

m
2

THEOREM 22. Let W,...,¥,, be bounded sets of positive kernel operators on
L*(X,u) and T,v € Sy. Denote Qj =5 Wy Wy, Pom Vi n¥viion)

Jor j=1,....m. Let r € {Pess, Pess } -
(i) Then

=

1 1 ” 1 N 1
PP 00 B ) < H((Fsy Er(1) ) 00 (¥ Prm) ™)

1 1y L . " L
<r((Q) W o0 (Qy) m))m < F(Wi o) Prm Poim) 77 (84)

(ii) If ¥1,..., Y, are bounded sets of nonnegative matrices that define operators
on I? and if o > %, then

Nl—

Y(‘Pga) O--- O‘P;(na)) < r((ql;(l)lpv(l))(a) 0---0 (T:(m)qlv(m))(a))
<@ 00 Q)3 < (Wi Yoty Wi Poim) £ (85)

COROLLARY 10. Let m be odd and let ¥Yy,...,V,, be bounded sets of positive
kernel operators on L*(X,11). Let Qj for j=1,....,m be as in Theorem 22 and let

re {pexx»/aess}-
(i) Then

L 1
Y o owli)
<r((P0) ) 00 (P, 1)) o (W) ) o (P3W3) ) oo
x 1
(\Pjn—l\Pm)(%))% < r(Q(lm) o- ..OQ'(nm))ﬁ

* * * * * L
< r(lplql2 Rk SAIY ISR S5 SE S5 SREE ‘.Pm—llpm) 2m

SAC 25 23 FREEE SAINL N S0 STRRL SMIPL SNL )

)

m
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o>

(ii) If W1,...,W,, are nonnegative matrices that define operators on 1> and if
1

—  then

m

Y7o o)
<r(Wi¥2) @ o0 (W W, 1) @ o (W)@ o (W5W3) o

. 0 (‘P;;_I‘Pm)(a))% < r(an) o---oQ,(na))ﬁ

NIR

<r(WTY2 W, oW W, W s - W W)

m—2
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