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SHARP WEIGHTED POWER MEAN BOUNDS
FOR TWO LEMNISCATE TYPE MEANS

XIN-HAO YU, SHAN L1, MIAO-KUN WANG, YI-XIA L1 AND YU-MING CHU*

(Communicated by L. Mihokovic)

Abstract. In this paper, we present sharp weighted power mean bounds for two lemniscate type
means, which were introduced by Neuman (Math Pannon 18 (1): 77-94, 2007). As a corollary,
we get two new sharp power mean bounds for two lemniscate type means.

1. Introduction

The Gauss’s arc lemniscate sine and the hyperbolic arc lemniscate sine functions
are defined by

Yo dt
arcslx:/ —, x| <1 1.1
b Vi ™ (-0

and

*odt

arcslhx = /0 T xeR (1.2)
(cf. [3, p. 259], [5, (2.5)—(2.6)]). As is well known, the arc length s measured from
the origin to a point with polar coordinates on the Bernoulli lemniscate 7> = cos(26)
is s = arcslr. It is apparent from (1.1) and (1.2) that x — arcslx is an odd function in
[—1,1], and strictly increasing from [0, 1] onto [0, @], and x ~— arcslhx is also an odd
function in R and increasing from [0, 4-o) onto [0,v/2®)]. Here and in what follows
o is denoted by the first lemniscate constant (cf. [9, (19.20.2)]) as follows

1 /4P
ﬁ%(l/ﬁ) = ahm 1.31103---, (1.3)

o = arcsl (1) =

where

F(x):/ e dr
0
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is the classical Euler gamma function and

i dt <1 1 2)
= I 1 , re(0,1)
/0 Vi—2sin2e 20 \2 P
is the complete elliptic integral of the first kind. And the function F(a,b;c;x) is the
Gaussian hypergeometric function for a,b,c € R with ¢ # 0,—1,—2,---, defined by

e n
F(a,b;c;x) :=2 Fi(a,b;c;x) Z ) o |x| <1,

where (a,0) =1 and (a,n) =ala+1)(a+2)---(a+n—1)=T(a+n)/T(a) is the
shifted factorial function. For basic properties of the above functions, the reader can
refer to the literature [1, 8, 11]. Indeed, the Gauss’s arc lemniscate sine and the hyper-
bolic arc lemniscate sine functions can be also expressed in terms of F(a,b;c;x) (cf.

[2D): 5 5
B 11 o B 11 4
arcslx = xF (2 7 4 ) , arcslhx =xF (2 7 4 —X ) .

An alternative pair of the arc lemniscate functions, Gauss’ arc lemniscate tangent
and the hyperbolic arc lemniscate tangent functions are defined by

X
arctlx=arcsl | ——= ], x€R (1.4)
(\/41+x4>
and
arctlhx = arcslh ,xe(—1,1), (1.5)
(7)o

respectively (cf. [0, Proposition 3.1]). Throughout this paper, we denote by x =
arctlh (1) = arcslh (4-o0) = v2m = 1.85407 - --

Let a,b >0 and @ € (0, 1). Then the lemniscate mean LM (a,b) and the weighted
power mean M, (a,b; @) are defined by

a2—p2

—Y- - - a>bh,
(arcsl 0y 17}72/[12)2
LM(a,b) = Vb2—a? ., a<b, (1.6)
(arcslh 4/ /a2—1>
a, a=>b
and )
. [@a? + (1 -@)b]'/", p#0,
Mp(a,b;@) = {a"’jblm, =0 (1.7)

respectively (cf. [4, 6, 7, 14]). It is known that both LM (a,b) and M,(a,b;®) are non-
symmetric with respect to their variables a and b except for @ = 1/2, and the function
p+— M,(a,b;®) is strictly increasing on (—eo,4-c0) for any fixed @ € (0,1) and a,b >
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0 with a # b. In particular, when @ = 1/2, M,(a,b;®) reduces to the power mean
Mp(a,b). Obviously, My(a,b) = G(a,b), Mi(a,b) = A(a,b) and Ms(a,b) = Q(a,b)
are the classical geometric, arithmetic, and the quadratic means of a and b, respec-
tively.

In 2007, Neuman [6] further discussed four symmetric and homogenous means of
two variables, which were derived from the lemniscate mean by replacing (a,b) with
(G,A), (A,G), (A,Q) and (Q,A). Precisely, he introduced

LMg a(a,b) = LM(G(a,b),A(a,b)),
LMy G(a,b) = LM(A(a,b),G(a,b)),
LMA7Q(a,b) = LM(A(avb)» Q(a»b))»

)

R
S
=

LMQ’A(a,b) = LM(Q Cl,b ,A(

and obtained their explicit formulas as follows

—b
LM 1(a,b) = ja—#| -,
2 (arctlh |Z;I;>
(1.8)
—b
LM 6(a,b) = la—#| -
2 (arcsl |le;>
—b
LMA7Q(a,b) = |a | 2
2 (arcslh ZTZI)
(1.9
—b
LMQA(a,b) = |Ll | -
2 (arctl %)
It was also proved in [6, (6.10)] that the inequalities
G(a,b) < L(a,b) < LM a(a,b) < LMy g(a,b) < P(a,b) < A(a,b)
<M(a,b) < LMy g(a,b) < LMg a(a,b) < T(a,b) < Q(a,b) (1.10)

take place for all @ and b with a # b. Here L(a,b) = (a—b)/(loga—1logb), M(a,b) =
(a —b)/[2arcsinh((a — b)/(a+ b))], P(a,b) = (a — b)/[2arcsin((a — b)/(a + b))],
T(a,b) = (a—b)/[2arctan((a—b)/(a+b))] represent for logarithmic, Neuman-Séndor,
the first and second Seiffert’s means of two distinct positive numbers a and b.

Recently, motivated by (1.10), Zhao, Shen and Chu [18] established the sharp
power mean bounds for the above four lemniscate type means, that is, they showed
that, for o, o, 03, 04, B1, B2, B3, Bs € R, the double inequalities

Mg, (a,b) < LMG A (a,b) < Mﬁl (a,b),

1.11
Mo, (a,b) < LMA7G(a,b) < ]W/;2 (a,b), ( )
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Moy (a,b) < LMy g(a,b) < Mpg,(a,b),

(1.12)
Mg, (a,b) < LMg (a,b) < Mp,(a,b)

hold for all a,b > 0 with a # b with the best possible parameters

log2 2
=————-=0.359... =
(03] 10g(2K2) ) ﬂl 5°
log2 3
=————>=0561--- ==
(25} 10g(2w2) ’ ﬁ2 5
log2 7
=———=1.279--. =-
(04] 10g(202) ) ﬁ3 5’
log2

8

~ Tog27) 1.466---, By= 5
For more inequalities for LMg o, LMy G, LMy o and LMy 4, see [12, 15, 16, 17, 19].

It was worthy noting that the questions of (1.11)—(1.12) are to find the best possible
exponential parameters of the weighted power mean with weight 1/2. In this paper,
instead of searching the optimal exponential parameter p with a fixed weight @, we
shall determine the optimal weights o:(p) and B(p), A(p) and p(p) depending on p,
for any given exponential order p € R, such that

Mp(a7b;(x(p)) g LMA.,G(a7b) g MF(aab;ﬂ(p))v (113)
My(a,b;A(p)) < LMga(a,b) < Mp(a,b; i (p)) (1.14)

hold for all a,b > 0. With the optimal weights obtained in Theorems 2.6 and 2.7, we de-
rive the following two other sharp power mean bounds for LM (a,b) and LMg a(a,b)
as the main results of this paper.

THEOREM 1.1. Let p,q >0, o, =[1/(20*)]P. If a>b > 0, then the double
inequality
My (a,b:ap) < LMy g(a,b) < My(a,b; o) (1.15)

holds if and only if p > po = (log2)/log(2m?) = 0.561--- and g < 1/2.
THEOREM 1.2. Let p,q >0, A, = [1/(2k?)|P. If a > b > 0, then the double

inequality
Mp(a,b;Ap) < LMga(a,b) < My(a,b;Aq) (1.16)

holds if and only if p > p; = (log2)/log(2k?) =0.359--- and q < 1/4.

Besides, we also obtain the inequalities (1.11) with a new method. Similar ques-
tions of LMy o(a,b) and LM 4(a,b) shall be answered in a future paper.
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2. Preliminaries

In order to facilitate computation, we now recall the derivative formulas of the arc
lemniscate functions, by the definitions and the chain rule, as follows:

d arcsl x 1 darctlh x 1
= = x| < 1.

dx V1—x* dx (1 —x4)3/4

LEMMA 2.1. (cf. [1, Theorem 1.25]) Let —o < a<b <<, f,g:[a,b] = R be
continuous on |a,b| and differentiable on (a,b), and g'(x) # 0 on (a,b). If f'(x)/g'(x)
is increasing (decreasing) on (a,b), then so are the functions

f(x)—f(a) fx)—f(b)
———— < and ————.
8(x) —g(a) g(x) —g(b)

If f'(x)/g (x) is strict monotone, then the monotonicity in the conclusion is also strict.

However, f’/g’ is not always monotone in the whole interval but piecewise mono-
tone. Now we introduce a useful auxiliary function Hy o, which first appeared in [15]
and is called H -function (cf. [10]) and makes a bridge between the derivatives of the
ratios f/g and f'/g'. For —eo <a < b <o, let f and g be differentiable on (a,b)
and g’ # 0 on (a,b). Then the function Hy 4 is defined by

/
Jgi,g —f 2.1)
For some basic properties of Hy ., see [13, Properties 1,2]. In particular, if f and g are
twice differentiable on (a,b), then we have

Hpg:=

-4 e
H}, = (?) g. (2.3)

LEMMA 2.2. Let x € (0,1). Then the function
VX {(3 —x%)arcsl\/x — 3/x(1 —x2)}
X)) =
4y/xarcsl\/x — 2/ 1 — x2[(arcsl /x)2 + x]

is strictly increasing from (0,1) onto (2/5,1/2).

Proof. Let
VE (3= aresl Vi - 3y/A(1T— )|
hi(x) = N ;
o) = DIV oot 52 4],

V1—x2
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Then
h1(0) =hy(0) =0,

(3x* — 242 + 3)arcsl \/x N 5% -3
T 2x(1—x2)32 2(1—x2)
dx?arcsl /x + 237 \/x(1 — x2)

h/Z(x) - \/E(l _x2)3/2 )

and thereby

Ri(x)  (3x* —2x2 +3)arcsly/x + (5x% — 3)/x(1 — x2)

= = h3(x).

h (x) 4x2 [2 arcsl/x + \/M}

Let
(3x* — 2x% + 3) arcsl \/x + (532 — 3) /x(1 — x2)

ha(x) = e :

hs(x) = 2arcslv/x + \/m7

_ ha(x)
h5(x)’
3(1+x?) {()c2 —1)arcsl/x + \/m]
2x3 J
x(1 —x2
() = V=),

) (1+x2) {\/E—Marcsl\/}} B

x
x) - x3/2 o ().

then

h3(x) ha(07) = hs(0) =0,

Hy(x) =

Iy
s
Differentiating /6 (x) yields

(1) = (x* —2x% + 5) arcsl /x B ¥ +5 ‘: (x* —2x2+5)h7(x)
6 2x7/2\/1 — x2 23 T 2721 =X2 '

where 5
(o +5)y/x(1—x%)
= 1 —
h7(x) = arcsl/x Foadrs
h7(0) =0,
16x7/2(3 — x?) -0
V1 —x%(x* —2x245)2

Hy(x) =

(2.4)

(2.5)

(2.6)

2.7)

(2.8)

(2.9)

(2.10)

2.11)

for all x € (0,1). This, together with (2.8)~(2.11), shows that &g (x) > 0 for all x €
(0,1), so that hg(x) is strictly increasing on (0,1). By (2.4)—~(2.7) and application of
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Lemma 2.1 twice, the monotonicity of  on (0, 1) follows. For the limiting values, we

have h(17) = 1/2, and by ’'Hopital’s rule we get
VX —+/1—x2arcsl\/x

lim h(x) = lim he(x) = lim

x—0t x—0t x—0t x5/
~ lim V(1 —=x2) 12 —aresl \/)_Cx5/2
x—0t x3/2
. 2 2
= lim =

T 0t 5(1—x2)32 5

This completes the proof. [

LEMMA 2.3. Let x € (0,1). Then the function

3y/x [arctlh /x — /x(1 —x2)1/4]

80 = 3 Rarctth 21— (arctlh 22 + (1 7)1

is strictly increasing from (0,1) onto (3/5,3/4).
Proof. Let

3y arctlh /x — /x(1—x%) /4]
B (1 —x2)3/4 ’

g1(x)

g2(x) = % -2 {(arctlh\/})2+x(1 _x2)*1/2} '

Then

g(x) = ; 81(0) =g2(0) =0,

)

3(1+2x%) arctlh /x — 3y/x(1 —x2)1/4
2Va(1—22)7/A ’

B 6x3/? arctlh \/x

- (1 —x2)7/4 ’

gi(x) =

8>(x)
and thereby

giv) _ (1 +2x%) arctlh \/x — /x(1 — x2) /4 — o)
gh(x) 4x2 arctlh \/x I

Let
(14 2x2) arctlh \/x — /x(1 —x2)1/4
4x2 ’

g5(x) = arctlh/x,

ga(x) =

then

, £4(07) =g5(0) =0,

(2.12)

(2.13)

(2.14)
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! (x) = VX — (1 —=x%)3*arctlh \/x

84X 2(1— 2)3/43 ’
gs(x) = L
251 -2
and
L(x) x—/x(1—x2)3 4arctlh /x
83l _ x=vx( 3) VY olx). (2.15)
gs(x) X
Differentiating g¢ yields
s (5—2x)arcth /X —5x(1 -2V 5242
86(x) = 272(1— 2)1/4 TR — )4 g71(x),  (2.16)
where
Sy/x(1—a2)!/
g7()€) = arctlh\/_— W, g7(0) = 07 (217)
24x7/2
g7(x) = - >0 (2.18)

2(1 —x2)3/4(5 —2x2)2

for all x € (0,1). This, together with (2.16)~(2.18), shows that g¢(x) > 0 for all x €
(0,1), so that ge(x) is strictly increasing on (0,1). By (2.12)—(2.15) and application of
Lemma 2.1 twice, the monotonicity of g on (0, 1) follows. For the limiting values, we
have g(17) =3/4, and by ’Hopital’s rule we have

. . . V/x(1=x%)73/* —arctlh /X
1 =1 =1
)c—l>r(1)1Jr g(X) x—1>I(I)lJr 86 (X) )c—l>r(1)1Jr x5/2

= lim S
N x—0t 5(1 —.X2)7/4 N 5 '

This completes the proof. [l

THEOREM 2.4. Let p € R with p # 0. Define the function F, on (0,1) by

(14x)P — [x/(arcsl /x)?]”

bW =—argr—a—p

(2.19)

Then the following statements hold
(1) If p>3/5, then F, is strictly increasing from (0,1) onto (1/2,1— [1/(2w2)]p).
(2) If p < 1/2, then F, is strictly decreasing on (0,1). Furthermore, in this case

Fp(0")=1/2,and Fy(17) =1—[1/(20?)]" if0< p< 1/2 and F,(17) =0 if
p <0.
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(3) If 1/2 < p < 3/5, then there exists a unique point x;, = x;(p) € (0,1) such that
F), is strictly decreasing on (0,x}), and strictly increasing on (x,1). Conse-
quently, inequalities

1
O <Fp(x)<1/2, if pe (57170} ; (2.20)

1 P
0y < Fp(x) <1-— (W) . if p€(po,3/5) (2:21)

hold forall x € (0,1). Here po= (log2)/log(2w?) and o = Fy(x;) < min{1/2,
1 —[1/(2w?)]P}. The right-hand side of (2.20) (resp. (2.21)) can be arrived at
as r— 0" (resp. r—17).

Proof. Let
X P 1—x\?
vile) =1- [(1 +x)(arcsl\/)_c)2] » vl =1- <m) '
Then
B0 =20 (0 = va(0) =0, e2)
/(x) = [ X r_l Vx(14x) — V1 —x2arcsl /x
V=P T ) aresl V2] VT 22(1 + 0 (aresl ym)
, 1-x\""' 1
w2(x) :2p <1+X) (1+)C)2’
and
ZIC X r=tx( +x) — V1 —x?arcsl\/x
i) {u _x><amsm>z} VT Ralay B @

By logarithmic differentiation, we obtain

vi(x)  VT+xaresly/x—/x(1—x) -
va(x)  xy/T+x(1—x)aresly/x [p=1+h(x)], (2.24)

where h(x) is defined in Lemma 2.2.
Next we divide the proof into three cases.

Case 1. p > 3/5. Since it can be easily know that x — /x(1 —x?)arcsly/x —
x(1 —x) is positive on (0,1). This, together with (2.24) and Lemma 2.2, leads to the
conclusion that y4(x) > 0 forall x € (0,1), so that y3(x), as well as yj(x)/y5(x), is
strictly increasing on (0, 1) due to (2.23). Therefore, the monotonicity of F), follows
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from (2.22) and Lemma 2.1 immediately. Moreover, F,(17) =1 — [1/(20?)]”, and

1 VA Y)
lim Fy,(x) = lim 1 (%) — lim V(1 +x) \/ﬁarcsl\/)_c

x—0+ x—0+F l//é ()C) x—0+F 2x3/2
, x(1+x)(1—x2)"1/2 —arcsl /x
=1
o )6—1>I(I)‘l+ 2.X3/2

3—x 1

Iim —mMM—— = —.
=0t 6(1—x)V1—x2 2

Case 2. p <1/2. Then from (2.24) and Lemma 2.2 one has that y}(x) <0 for all
x € (0,1), and therefore y3(x) is strictly decreasing on (0,1). Sois F,(x) by (2.22),

(2.23) and application of Lemma 2.1. Also in this case we have F,(07) =1/2, and
while F,(17) =1—[1/(20?)]" if 0<p < 1/2 and F,(17) =0 if p <O0.

Case 3. 1/2 < p <3/5. Then by (2.1), (2.2), (2.3) and simple computations we
obtain

pon (v W) ;
FP(X) - |:W2(x):| - l//%(x)HWhWZ( )7 (2.25)
/ ¥) = W{(x) ' ) = v (x X
Hy e 0) = | D] va0) = w90, 220

Moreover, in this case, by (2.23)

LW L )

)c—lf(])jJr l[/é(x) 27 1 l//é(x)

Hyy o (07) =0,  Hy, y,(17) = Foo. (2.27)

Equation (2.24) together with Lemma 2.2 shows that there exists xo € (0, 1) such
that y4(x) < 0 for x € (0,xp) and y5(x) > 0 for x € (xp,1). Since y»(x) is strictly
increasing and positive on (0,1) for 1/2 < p < 3/5, then from (2.26) and (2.27) we can
conclude that Hy, v, decreaseson (0,xp) and then increases on (xo, 1), and there exists
X € (x0,1) such that Hy, y,(x) <0 for x € (0,x5) and Hy, y, (x) >0 for x € (xj,1), so
that F), is also first decreasing then increasing due to (2.25). Consequently, inequalities

qhzfxdn<1¢@><nmxﬂ¢w+xﬂxf7}znmx{%J“(]’)p}

202

take place for all x € (0,1). It was observed that py = (log2)/log(2®?) is the unique
root of the equation 1 — [1/(2w?)]” =1/2 on (1/2,3/5),and p— 1— [1/(20?)]" is
strictly increasing on (—oo,+-e0). This yields that Fj,,(07) = F,, (17) =1/2, F,(07) <
F,(17) if p € (1/2,po) and F,(0%) > F,(17) if p € (po,3/5), and therefore inequal-
ities (2.20) and (2.21) follows. The remaining assertions in Theorem 2.4 are clear. [J
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THEOREM 2.5. Let p € R with p # 0. Define the function G, on (0,1) by

_ (14x)? — [x/(arctlh y/x)?]”
Gplx) = (I+x)P—(1—x)P

(2.28)

Then the following statements hold
(1) If p > 2/5, then G, is strictly increasing from (0,1) onto (1/2,1— (1/2K2)p).

(2) If p < 1/4, then G, is strictly decreasing on (0,1). Furthermore, in this case
Gp(0)=1/2,and G,(17)=1—[1/2k)]" if 0< p<1/4 and G,(17) =0
if p<o.

(3) If 1/4 < p <2/5, then there exists a unique point x; = x;(p) € (0,1) such that
G, is strictly decreasing on (0,x7), and strictly increasing on (xj,1). Conse-
quently, inequalities

1
o <Gy <172, if pe (01| 2.29)
: Ly 2
o <Gy <1-(55)  ifre (s (230)

hold for all x € (0,1). Here p; = (log2)/log(2x?) =0.359--- and o] = G,(x})
<min{1/2,1— [1/(2k?)|"}. The right-hand side of (2.29) (resp. (2.30)) can
be arrived at as r — 0 (resp. r— 17 ).

Proof. Let

(pl(x):l_[(1+x)(a:ctlhﬁ)2]p’ “’2(”:1_(13)17'

Then

Gp(x) = , 01(07) = @(0)=0, (2.31)

by x P=L x(14x) = (1 —x2)3arctlh /X
aix)=p [(1 +x)(arctlh\/E)2] (1 —x2)3/4(1 +x)?(arctlh \/x)3

o (=X
(%) _2p<l+x (1+x)?2

@3 (x).
(2.32)

B X P7UVR(L+x) — (1 -2 *arcth /x
oh(x) [(1 —x)(arctlh\/})z] 2(1—x2)3/4(arctlh \/x)3
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By logarithmic differentiation, we obtain

(1 —x2)3*arctlh \/x — \/x(1 — x)
x(1 —x)(1 —x2)3/*arctlh /x
3arctlh \/x — 3/x(1 —x?)1/4
* 2(1 —x)arctlh /x [x(1 4 x) — y/x(1 — x2)3/4arctlh /x|
~ (1—x?)3*arctlh /X — /x(1 —x)
~ x(1—x)(1—x2)3/4arctlh /x

=(-1

[p—1+g(x)], (2.33)

where g(x) is defined in Lemma 2.3.
Following we can also divide the proof into three cases.

Case 1. p >2/5. Since it can be easily know that x — (1 —x2)3/*arctlh \/x —
V/x(1 —x) is positive on (0, 1), we conclude from (2.33) and Lemma 2.3 that ¢5(x) >0
forall x € (0,1). Hence @3(x), as well as @ (x)/@}(x), is strictly increasing on (0, 1)
due to (2.32). Therefore, the monotonicity of G, follows from (2.31) and Lemma 2.1
immediately. Moreover, G,(17) =1 — [1/(2k%)]”, and

lim G,(x) = lim L) _ lim VE(1+x) — (1 —x2)*4arctlh /x
ot P =0t @) (x)  x—0+ 23/2

-k VAL +x) (1 =x%) 73* —arctlh /x

_x—l}(l)lJr 2y3/2

oy U042 - (1) 1

_)CA>O+ 6x - 2

Case 2. p < 1/4. Then from (2.33) and Lemma 2.3 one has that ¢}(x) < 0 for all
x € (0,1), and therefore ¢3(x) is strictly decreasing on (0,1). Sois G,(x) by (2.31),
(2.32) and application of Lemma 2.1. Also in this case we have G,(0") =1/2, and
while G,(17) =1-[1/(2x?)]" if 0< p<1/4 and G,(17) =0 if p <0.

Case 3. 1/4 < p <2/5. Then by (2.1), (2.2), (2.3) and simple computations we

obtain
= [a@] @,
Gp(x) [%(x)] o2 ) o () (2.34)
Ho, g,() = Zig;] 2(x) = 93(x) @2 (x), (2.35)
Hp, ,(07) =0,  Hp, g, (17) = +eo. (2.36)

Equation (2.33) together with Lemma 2.3 shows that there exists x; € (0,1) such
that @}(x) <0 for x € (0,x;) and @j(x) > 0 for x € (x1,1). Since @ (x) is strictly
increasing and positive on (0, 1) for 1 /4 < p <2/5, then from (2.35) and (2.36) we can
conclude that Hyp, o, decreases on (0,x;) and then increases on (xy, 1), and there exists
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x] € (x1,1) such that Hy, ¢, (x) <0 for x € (0,x7) and Hy, ¢, (x) >0 for x € (x],1), so
that G, is also first decreasing then increasing due to (2.34). Consequently, inequalities

P
of = Gyplx}) < Gplx) <max{Gp(07),Gp(17)} = max{%’l R (ﬁ) }

are valid for all x € (0,1). It was observed that p; = (log2)/log(2x?) = 0.359---
is the unique root of the equation 1 — [1/(2k%)]” =1/2 on (1/4,2/5), and p+— 1—
[1/(2x?)]" is strictly increasing on (—co, +-c0). This yields that G,, (07) =G, (17) =
1/2, G,(07) > G,(17) if pe (1/4,p1] and G,(0T) < G,(17) if p € (p1,2/5), and
therefore inequalities (2.29) and (2.30) follows. The remaining assertions in Theorem
2.5areclear. [

THEOREM 2.6. Let o, € (0,1), po = (log2)/log(2w?) =0.561- -+, and o be
defined in Theorem 2.4. Then for each fixed p € R, inequality

My (a,b;a) < LMy g(a,b) < My(a,b;B) (2.37)
holds for all a > b >0 ifand only if oo < a*(p) and B > B*(p), where

* _ 1/27 ( aPO]
a(m_{DK%ﬂV, & (p0.)
L ( 0], (2.38)
PP=Y1-a (1/2 3/5).
1/2, € [3/5,).

In particular, the equality of (2.37) holds only for p € (1/2,3/5), B = B*(p) and some

(a.b) satisfying F’((Hb) =0.

Proof. Since both LMy (a,b) and M, (a,b;®) are homogenous of degree one
means of a and b, without loss of generality, we may assume thata=14+x>b=1—x

for x € (0,1), then LMy g(a,b) = x/ (arcsl \/3)2 In the following we divide into two
cases p =0 and p # 0 to complete the proof.

Case 1. p =0. Then the inequality (2.37) can be written as

e [
log (133)

It suffices to prove that the function x — log {

o<

<B, x€(0,1). (2.39)

X 1—x) 3 :
EEIeT WL \/})2} /log (132 is strictly de-
creasing from (0,1) onto (1/2,1). Indeed, for x € (0,1), if we let

log {7" 2}
. (1+x)(arcsl/x) . X
= M) = | ]
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m) =tog (177).

I+x
then
10 =I5 i (0%) = na(0%) 0, @.40)
n{(x) _ x ]_1 Vx(14x) — V1 —x2arcsl /x (2.41)
ny(x) | (1—x)(arcsl/x)2 201 —x2(aresl \/x)3 -

which is (2.23) in the case of p = 0. It follows from the Case 2 of Theorem 2.4 that
11 (x)/nj(x) is strictly decreasing on (0,1), so is 1(x) by (2.40) and Lemma 2.1. For
the limiting values, clearly 11(17) = 0, and by I’Hopital’s rule,

!
lim 1 (x)
x—0t n2 (.X)

VX(L+x) = VI—x?aresly/x 1
2x3/2 2

= = lim
x—0t

lim n(x)

x—0t

Case 2. p # 0. Then rewrite the inequality (2.37) as

o <1—F,(x)<B, xe(0,1), (2.42)

where F),(x) is defined in (2.4). Therefore, the best possible constant o*(p) and B*(p)
in (2.38) can be obtained immediately by Theorem 2.4 and (2.42) (see Table 1).

Table 1.

1 —Fpy(x)

L))
(s
() -

() 2)

The Table 1 also shows that the right-side equality of (2.38) holds only for p €

% . . . —b
(1/2,3/5), B = B*(p) and the pair (a,b) satisfying F,(%7) =0.

O
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THEOREM 2.7. Let A, € (0,1), p; = (log2)/log(2x?) = 0.359- -, and o} be
defined in Theorem 2.5. Then for each fixed p € R, the inequality

My (a,b: 1) < LMg.A(a,b) < My(a,b; 1) (2.43)
holds for all a > b >0 ifand only if L < A*(p) and u > u*(p), where
* 1/27 ( »Pl}
1 (p) =
(») {U/@ﬁﬂﬂ pe (pr,es),
1, (—°° 0, (2.44)
HW=1 0, (1/4 2/5).
1/2, €[2/5,0).

In particular, the equaltty of (2.43) holds only for p € (1/4,2/5), u = u*(p) and some

(a,b) satisfying G, (a+b) =0.

Proof. Without loss of generality, we assume that a=1+x>b=1—x for x €
(0,1), thus LM 4(a,b) = x/(arctlh/x)?. The proof will be split into two cases.

Case 1 p =0. In this case, the inequality (2.43) is equivalent to

P log [(ler (arxctlh\/})z}
10g(1+x)

<u, xe(0,1). (2.45)

It suffices to prove that the function x — log {W} /log (}—;;) is strictly de-
creasing from (0,1) onto (1/2,1). Indeed, for x € (0,1), if we let

log | (i x
¢ = log (1) + b1l =log [(1 +x)(arctlh\/)_c)2] '
o0 =toe (152
then
(0= 2. 609 =G0 -0, @40
) _ x ]1 V(1 +x) — (1 — x2)34arctlh /x 2.47)
& (x) (1 —x)(arctlh /x)2 2(1 —x2)3/4(arctlh/x)3 '

It follows from (2.47), (2.32) and (2.33) §{(x)/&5(x) is strictly decreasing on (0,1), so
is {(x) by (2.46) and Lemma 2.1. For the limiting values, it is clear that {(17) =0,
and by I’Hopital’s rule,

— lim VE(1+x) — (1 —x2)3*arctlh \/x 1

lim £(x) = lim 2 —

x0T x—>0+ O(x) a0t 2x3/2 -2
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Case 2 p # 0. Then rewrite the inequality (2.43) as

A<1—-Gy(x)<u, xe(0,1), (2.48)

where G,(x) is defined in (2.28). Therefore, the best possible constant 1*(p) and
u*(p) in (2.44) can be obtained immediately by Theorem 2.5 and (2.48), for the detail
see Table 2.

Table 2.

(oo
)

() ]

)

() 3)

Moreover, as in the proof of Theorem 2.6, the right-side equality of (2.48) holds

O

only when p € (1/4,2/5) and G),(x) = 0.

3. Proofs of Theorems 1.1 and 1.2

Since the proof of Theorem 1.2 can be completed by Theorem 2.7 and the same
argument as in the proof of Theorem 1.1, then we omit the proof of Theorem 1.2.

Proof of Theorem 1.1. By substituting (a,p) = ([1/(2w)?]?,po) and (B,p) =
([1/(2w?)]?,1/2) into the inequality (1.15) and applying Theorem 2.6, we obtain the
inequality (1.15) with p = pg and ¢ = 1/2.

It was proved in [20, Lemma 3.1] or [ 14, Lemma 5] that, for any fixed a,b > 0 and

€ (0,1), the function p +— M, (a,b;T?) is strictly decreasing on (0,e). This implies
that, to show that M, (a,b;0,) and M, »(a,b; e ,) are the best possible lower and
upper power mean bounds of LMy g(a,b), it suffices to prove that both inequalities
Mp(a,b; ) < LMa G(a,b) and M, (a,b; 0y,) > LMy (a,b) don’thold forall a > b >0
when p € (1/2,po). Indeed, for any given p € (1/2, po), it follows from Theorem 2.6
that the double inequality

M, (a,b;1/2) < LMy (a,b) < M, (a,b;1 — o7) 3.1)
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takes place for all @ > b > 0 with the best weight 1/2 and 1 — o. From Theo-
rem 2.4(3), it is easy to see that, 1/2 > 1—[1/(20?)]? > of, thatis, 1/2 < o, =
[1/(20?)]? < 1—og for p € (1/2,po) and thereby

M,(a,b;1/2) < M,(a,b;ap) < My(a,b;1 —op)

for all a > b > 0. This together with (3.1), implies that there exist (a;,b;) and (a2.b2)
with a; > by > 0, a» > by > 0 such that

Mp(al,bl;ap) > LMA7G(a1.b1),
Mp(az,bz;ap) < LMA7g(a27b2).

Hence the proof of Theorem 1.1 is completed. [

COROLLARY 3.1. Let q1,q2 € R. then the double inequality
1 1
M, (a,b) =M, (a,b; 5) < LMy G(a,b) <My, (a,b; 5) =My, (a,b) (3.2)

holds for all a,b > 0 with a # b with the best possible constants q1 = po = (log2)/
log(2w?) = 0.561--- and g2 = 3/5.

Proof. Since both LMy g(a,b) and M,(a,b) are the symmetric means of their
variables a and b, without loss of generality, we may assume that @ > b > 0. By
substituting (o, p) = (1/2,po) and (B,p) = (1/2,3/5) into the inequality (2.37) and
applying Theorem 2.6, we obtain the inequality (3.2) with g; = pp and ¢ = 3/5 im-
mediately.

Now we show that M, (a,b) and Mj;s(a,b) as the power mean bounds of
LMy (a,b) are sharp. Indeed, for any given p € (po,3/5), it follows from Theorem
2.6 that the double inequality

M,(a,b;1/(20%)) < LMy g(a,b) < My(a,b;1 — o) (3.3)

takes place for all @ > b > 0 with the best weight 1 —[1/(2®?)]? and 1 — o . From
Theorem 2.4(3), it is easy to see that 1 —[1/(2w?)]? > 1/2 > o , that s, [1/(20?)] <
1/2 <1 -0 for p € (po,3/5) and thereby

M,(a,b;1/(20?%)) < My(a,b;1/2) < My(a,b;1 —o3)

forall @ > b > 0. This together with (3.3), implies that there exist (aj,b}) and (a3,b3)
with aj > b} >0, a5 > b5 > 0 such that

Mp(aiﬂ ’f,l/2) > LMA7G(a>1k,bT),
LMA7G(a§abE) > Mp(a§7b;; 1/2)
Hence the proof of Corollary 3.1 is completed. [J

With the similar argument of Corollary 3.1, the following corollary can also be
derived by Theorem 2.7, and its proof will be omitted.
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COROLLARY 3.2. Let g3,q4 € R. Then the double inequality
My, (a,b) =My, (a,b;1/2) < LMga(a,b) < My, (a,b;1/2) =M,,(a,b) (3.4)

holds for all a,b > 0 with a # b with the best possible constants q3 = (log2)/log(2K?)
=0.359--- and g4 =2/5.
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