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(Communicated by M. Klaričić Bakula)

Abstract. In the work, the authors establish several Hermite–Hadamard type inequalities, which
refine those inequalities in Theorems 1 and 2 in the paper “C. E. M. Pearce and J. Pečarić, In-
equalities for differentiable mappings with application to special means and quadrature formula,
Appl. Math. Lett. 13 (2000), no. 2, 51–55”, and give some applications to special means.

1. Introduction

The following definition is well known in the literature.

DEFINITION 1. A function f on an interval I ⊆ R is said to be convex (or con-
cave, respectively) if the inequality

f (λx+(1−λ )y) � λ f (x)+ (1−λ ) f (y) (1)

holds for any x,y ∈ I and λ ∈ [0,1] .

Let f be a convex function on an interval I ⊆ R . For any a,b ∈ I with a < b , the
well-known Hermite–Hadamard inequality

f

(
a+b

2

)
� 1

b−a

∫ b

a
f (x)dx � f (a)+ f (b)

2
(2)

holds. If f is concave on I , then all the inequalities in (2) are reversed.
In [4], Dragomir and Agarwal established the following Hermite–Hadamard type

inequality, which refines the right hand side inequality in (2) under different conditions.
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THEOREM 1. ([4, Theorem 2.2]) Let f be a differentiable function on an open
interval I◦ ⊆ R and a,b ∈ I◦ with a < b. If | f ′| is convex on [a,b] , then∣∣∣∣ f (a)+ f (b)

2
− 1

b−a

∫ b

a
f (x)dx

∣∣∣∣ � (b−a)(| f ′(a)|+ | f ′(b)|)
8

.

In the paper [8], Pearce and Pečarić established the following Hermite–Hadamard
type inequalities, which refine both inequalities in (2) under different requirements.

THEOREM 2. ([8, Theorems 1 and 2]) Let f be a differentiable function on an
open interval I◦ ⊆ R and a,b ∈ I◦ with a < b. If | f ′|q is convex on [a,b] for some
fixed q � 1 , then∣∣∣∣ f (a)+ f (b)

2
− 1

b−a

∫ b

a
f (x)dx

∣∣∣∣ � b−a
4

[ | f ′(a)|q + | f ′(b)|q
2

]1/q

(3)

and ∣∣∣∣ f
(

a+b
2

)
− 1

b−a

∫ b

a
f (x)dx

∣∣∣∣ � b−a
4

[ | f ′(a)|q + | f ′(b)|q
2

]1/q

. (4)

So far, the investigation of the Hermite–Hadamard type inequalities has been being
exceptionally active; see, for example, the papers [1, 2, 3, 5, 6, 7, 9, 10].

In this paper, we will first improve the upper bounds of the inequalities (3) and (4),
then establish some analogous results for 0 < q < 1, and finally apply our newly-
established results to estimate some errors on special means of two positive real num-
bers.

2. Lemmas

For proving our main results, we need the following lemmas.

LEMMA 1. ([4, Lemma 2.1]) Let a,b belong to an open interval I◦ ⊆ R with
a < b and let f : I◦ → R be a differentiable function such that f ′ ∈ L1([a,b]) . Then

f (a)+ f (b)
2

− 1
b−a

∫ b

a
f (x)dx =

b−a
2

∫ 1

0
(1−2t) f ′(ta+(1− t)b)dt.

Making use of [5, Lemma 2.1] or [8, Eq. (2.2)], we derive

LEMMA 2. Let a,b belong to an open interval I◦ ⊆R with a < b and let f : I◦ →
R be a differentiable function and f ′ ∈ L1([a,b]) . Then

f

(
a+b

2

)
− 1

b−a

∫ b

a
f (x)dx = (b−a)

∫ 1

0
M(t) f ′(ta+(1− t)b)dt,

where

M(t) =

⎧⎨
⎩
−t, 0 � t < 1

2 ;

1− t, 1
2 � t � 1.

(5)



REFINEMENTS OF HERMITE–HADAMARD TYPE INEQUALITIES 1549

LEMMA 3. Let ξ ,η � 0 and r > 0 . Then

∫ 1

0
|1−2t|[tξ +(1− t)η ]r dt �

⎧⎪⎨
⎪⎩

1
4

[(
ξ+3η

4

)r
+

(
3ξ+η

4

)r]
, 0 < r � 1;

1
6

[
ξ r + ηr +

(
ξ+η

2

)r]
, r � 1.

(6)

Proof. Denote

H(t) = [tξ +(1− t)η ]r +[tη +(1− t)ξ ]r, t ∈ [0,1]. (7)

If 0 < r � 1, since the function (1− 2t)H(t) is concave on
[
0, 1

2

]
, by virtue of the

Hermite–Hadamard inequality (2), we derive

∫ 1

0
|1−2t|[tξ +(1− t)η ]r dt =

∫ 1/2

0
(1−2t)H(t)dt � 1

4
H

(
1
4

)
.

If r � 1, then H(t) is convex on [0,1] . By the inequality (1), for any t ∈ [0,1] , we can
induce

H

(
1− t

2

)
� tH(0)+ (1− t)H

(
1
2

)
= t(ξ r + ηr)+2(1− t)

(
ξ + η

2

)r

. (8)

Therefore, it follows that

∫ 1

0
|1−2t|[tξ +(1− t)η ]r dt =

∫ 1/2

0
(1−2t)H(t)dt

=
1
2

∫ 1

0
tH

(
1− t

2

)
dt

� ξ r + ηr

6
+

1
6

(
ξ + η

2

)r

.

Hence, the inequality (6) holds. The proof of Lemma 3 is thus complete. �

LEMMA 4. Let M(t) be defined by (5), ξ ,η � 0 , and r > 0 . Then

∫ 1

0
|M(t)|[tξ +(1− t)η ]r dt �

⎧⎪⎨
⎪⎩

1
8

[(
2ξ+3η

5

)r
+

(
3ξ+2η

5

)r]
, 0 < r � 1;

1
24

[
ξ r + ηr +4

(
ξ+η

2

)r]
, r � 1.

(9)
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Proof. Let H(t) be defined by (7). If 0 < r � 1, then H(t) is increasing and
concave on

[
0, 1

2

]
, and so we have

∫ 1

0
|M(t)|[tξ +(1− t)η ]r dt =

∫ 3/10

0
tH(t)dt +

∫ 2/5

3/10
tH(t)dt +

∫ 1/2

2/5
tH(t)dt

� H

(
3
10

)∫ 3/10

0
t dt +H

(
2
5

)∫ 2/5

3/10
t dt +H

(
1
2

)∫ 1/2

2/5
t dt

=
9

200

[
H

(
3
10

)
+H

(
1
2

)]
+

7
200

H

(
2
5

)

� 9
100

H

(
2
5

)
+

7
200

H

(
2
5

)

=
1
8
H

(
2
5

)
.

If r � 1, by the inequality (8), we acquire

∫ 1

0
|M(t)|[tξ +(1− t)η ]r dt =

∫ 1/2

0
tH(t)dt � 1

24

[
ξ r + ηr +4

(
ξ + η

2

)r]
.

Hence, the inequality (9) holds. The proof of Lemma 4 is thus complete. �

3. Main results and their proofs

We are now in a position to state and prove our main results.

THEOREM 3. Let a,b belong to an open interval I◦ ⊆ R with a < b and let
f : I◦ →R be a differentiable function. If | f ′|q is convex on [a,b] for some fixed q � 1 ,
then

∣∣∣∣ f (a)+ f (b)
2

− 1
b−a

∫ b

a
f (x)dx

∣∣∣∣
� b−a

8

[( | f ′(a)|q +3| f ′(b)|q
4

)1/q

+
( |3 f ′(a)|q + | f ′(b)|q

4

)1/q]
(10)

and

∣∣∣∣ f
(

a+b
2

)
− 1

b−a

∫ b

a
f (x)dx

∣∣∣∣
� b−a

8

[(
2| f ′(a)|q +3| f ′(b)|q

5

)1/q

+
(

3| f ′(a)|q +2| f ′(b)|q
5

)1/q]
. (11)
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Proof. By Lemma 1 and the convexity of | f |q , we have∣∣∣∣ f (a)+ f (b)
2

− 1
b−a

∫ b

a
f (x)dx

∣∣∣∣
� b−a

2

∫ 1

0
|1−2t|| f ′(ta+(1− t)b)|dt

� b−a
2

∫ 1

0
|1−2t|[t| f ′(a)|q +(1− t)| f ′(b)|q]1/q

dt.

Letting r = 1
q , ξ = | f ′(a)|q , and η = | f ′(b)|q in the inequality (6) leads to

∣∣∣∣ f (a)+ f (b)
2

− 1
b−a

∫ b

a
f (x)dx

∣∣∣∣
� b−a

2

∫ 1

0
|1−2t|[t| f ′(a)|q +(1− t)| f ′(b)|q]1/q

dt

� b−a
8

[( | f ′(a)|q +3| f ′(b)|q
4

)1/q

+
( |3 f ′(a)|q + | f ′(b)|q

4

)1/q]
.

Similarly, by Lemma 2, the convexity of | f |q , and the inequality (9), we can derive the
inequality (11). The proof of Theorem 3 is thus finished. �

COROLLARY 1. Under the conditions of Theorem 3, we have∣∣∣∣ f (a)+ f (b)
2

− 1
b−a

∫ b

a
f (x)dx

∣∣∣∣
� b−a

8

[( | f ′(a)|q +3| f ′(b)|q
4

)1/q

+
( |3 f ′(a)|q + | f ′(b)|q

4

)1/q]

� b−a
4

( | f ′(a)|q + | f ′(b)|q
2

)1/q

(12)

and ∣∣∣∣ f
(

a+b
2

)
− 1

b−a

∫ b

a
f (x)dx

∣∣∣∣
� b−a

8

[(
2| f ′(a)|q +3| f ′(b)|q

5

)1/q

+
(

3| f ′(a)|q +2| f ′(b)|q
5

)1/q]

� b−a
4

( | f ′(a)|q + | f ′(b)|q
2

)1/q

. (13)

Proof. Employing the concavity of the function x1/q on [0,∞) for q � 1, we
obtain the inequality

u1/q + v1/q

2
�

(
u+ v

2

)1/q

, u,v � 0.
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Accordingly, the inequalities (12) and (13) hold. The proof of Corollary 1 is thus fin-
ished. �

REMARK 1. The last inequalities in (12) and (13) in Corollary 1 show that the
upper bounds of the inequalities (10) and (11) in Theorem 3 are smaller than the corre-
sponding ones in the inequalities (3) and (4) in Theorem 2. Consequently, we arrive at
refinements of the inequalities (3) and (4) in Theorem 2.

To the best of our knowledge, there have been plenty of the Hermite–Hadamard
type inequalities under different conditions and not including each other, but there have
been seldom results under the same conditions and known inequalities being refined.
Consequently, Theorem 3 is the highlight of this paper and also the highlight in the
theory of convex functions and inequalities.

Similarly, in view of Lemmas 1 to 4, we can obtain the following result.

THEOREM 4. Let a,b belong to an open interval I◦ ⊆ R with a < b and let
f : I◦ → R be a differentiable function. If | f ′|q is convex on [a,b] for some fixed
0 < q < 1 , then

∣∣∣∣ f (a)+ f (b)
2

− 1
b−a

∫ b

a
f (x)dx

∣∣∣∣
� b−a

12

[
| f ′(a)|+ | f ′(b)|+

( | f ′(a)|q + | f ′(b)|q
2

)1/q]
(14)

and

∣∣∣∣ f
(

a+b
2

)
− 1

b−a

∫ b

a
f (x)dx

∣∣∣∣
� b−a

24

[
| f ′(a)|+ | f ′(b)|+4

( | f ′(a)|q + | f ′(b)|q
2

)1/q]
. (15)

REMARK 2. It is easy to see that, if q1 � 1 > q2 > 0 and | f ′|q2 is convex on I ,
then | f ′|q1 is also convex on I . Accordingly, the upper bounds of the inequalities (10)
and (11) in Theorem 3 are also upper bounds of the inequalities (14) and (15) in Theo-
rem 4, respectively. However, by the power mean inequality, we have

b−a
12

[
| f ′(a)|+ | f ′(b)|+

( | f ′(a)|q2 + | f ′(b)|q2

2

)1/q2
]

� (b−a)(| f ′(a)|+ | f ′(b)|)
8

� b−a
8

[( | f ′(a)|q1 +3| f ′(b)|q1

4

)1/q1

+
( |3 f ′(a)|q1 + | f ′(b)|q1

4

)1/q1
]
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and

b−a
24

[
| f ′(a)|+ | f ′(b)|+4

( | f ′(a)|q2 + | f ′(b)|q2

2

)1/q2
]

� (b−a)(| f ′(a)|+ | f ′(b)|)
8

� b−a
8

[(
2| f ′(a)|q1 +3| f ′(b)|q1

5

)1/q1

+
(

3| f ′(a)|q1 +2| f ′(b)|q1

5

)1/q1
]
.

This means that, if 0 < q < 1, using Theorem 4, we could obtain a better upper bound.

4. Applications to special means

The arithmetic, geometric, logarithmic, and identic mean of two real numbers
α,β > 0 are defined respectively by

A(α,β ) =
α + β

2
, G(α,β ) =

√
αβ ,

L(α,β ) =

{
β−α

lnβ−lnα , α �= β ;

α, α = β ,
I(α,β ) =

⎧⎨
⎩

1
e

(
β β

αα

)1/(β−α)
, α �= β ;

α, α = β .

PROPOSITION 1. Let b > a > 0 . Then∣∣∣∣A
(

1
a
,
1
b

)
− 1

L(a,b)

∣∣∣∣ � b−a
12

[
2A

(
1
a2 ,

1
b2

)
+G

(
1
a2 ,

1
b2

)]
(16)

and
1

L(a,b)
− 1

A(a,b)
� b−a

12

[
A

(
1
a2 ,

1
b2

)
+2G

(
1
a2 ,

1
b2

)]
. (17)

Proof. Let f (x) = 1
x for x ∈ [a,b] . Then, for any q ∈ (0,1) , by Theorem 4, we

can derive∣∣∣∣A
(

1
a
,
1
b

)
− 1

L(a,b)

∣∣∣∣ � b−a
12

{
2A

(
1
a2 ,

1
b2

)
+

[
A

(
1

a2q ,
1

b2q

)]1/q}

and
1

L(a,b)
− 1

A(a,b)
� b−a

12

{
A

(
1
a2 ,

1
b2

)
+2

[
A

(
1

a2q ,
1

b2q

)]1/q}
.

Due to the limit

lim
q→0+

[
A

(
1

a2q ,
1

b2q

)]1/q

= G

(
1
a2 ,

1
b2

)
,

we arrive at the inequalities (16) and (17). �
If letting f (x) = lnx for x ∈ [a,b] with b > a > 0, then we can similarly derive
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PROPOSITION 2. Let b > a > 0 . Then

ln
I(a,b)
G(a,b)

� b−a
12

[
2A

(
1
a
,
1
b

)
+G

(
1
a
,
1
b

)]

and

ln
A(a,b)
I(a,b)

� b−a
12

[
A

(
1
a
,
1
b

)
+2G

(
1
a
,
1
b

)]
.

REMARK 3. For any q � 1, we have

G

(
1
a2 ,

1
b2

)
� A

(
1
a2 ,

1
b2

)
�

[
A

(
1

a2q ,
1

b2q

)]1/q

.

Hence, for b > a > 0, we obtain a refinement of [8, Proposition 2] and a refinement
of [4, Proposition 3.4].
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