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A NEW HALF-DISCRETE MULTIDIMENSIONAL
HILBERT-TYPE INEQUALITY INVOLVING ONE
HIGHER-ORDER DERIVATIVE FUNCTION

LING PENG*, BICHENG YANG AND RAHELA ABDUL RAHIM

(Communicated by Q.-H. Ma)

Abstract. This paper presents a new half-discrete multidimensional Hilbert-type inequality in-
volving one higher-order derivative function utilizing transfer formula and Hermite—Hadamard’s

inequality. The inequality investigates a general intermediate variable in kernel W
x+|[v(k)|[ o
(x,A >0) than previous work. The research explores the best value related to certain parameters.

Finally, the equivalence forms and operator expressions are also presented.

1. Introduction

Assuming that p > 1, L +1=1,4,,b,>0, 0<¥°_,a} <o and 0 < ¥, b
< oo, we have the following Hardy-Hilbert’s inequality (cf. [3], Theorem 315):
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where, 7/sin(Z) is the best value.
In 2006, Krni¢ (see. [10]) provided an extension of (1) below by using the Euler-
Maclaurin’s summation formula:
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where, A; € (0,2], i=1,2, A1 + A2 = A € (0,4]. The best value B(A;,A,) is expressed
by the beta function as follows:
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The half-discrete Hilbert-type inequality with a nonhomogeneous kernel was first
described by Hardy et al. in 1934. (cf. [3], Theorem 351): If the function K(r)
is a decreasing, p > 1, 11—7+$ =1, 0<¢(s) = [;K(x)x*ldx < o, f(x) >0, 0<
Jo [P (x)dx < oo, then we have

nl’2</ K(m)f dx> <¢P< )/ £ @)

Based on (4), M. You obtained some special functions such as hyperbolic functions (cf.
[20]), and the cotangent function (cf. [15]) in half-discrete Hilbert-type inequality. In
a 2016 publication, Y. Hong [8] discussed the equivalent statements of these inequali-
ties and explored the best values. Subsequently, Y. Hong [7] expanded his theoretical
research on multiple Hilbert-type integral inequalities. The quasi-homogeneous kernel
involving half-discrete Hilbert-type inequality was also discussed in [5]. According
to this theory, some extension works about the equivalent statements on half-discrete
inequalities were brought up by [4, 6, 13, 17, 19].

In addition, some applications about Hilbert-type inequality were obtained by [1,
2, 16, 18]. Recently, Y. Hong et al. [9] came up with the idea of weight functions and
used the transfer formula and Hermite—Hadamard’s inequality to derive a half-discrete
multidimensional Hilbert-type inequality with a homogeneous kernel.

Utilizing the extension transfer formula and the approach from [9], this paper
comes up with a new half-discrete multidimensional Hilbert-type inequality involving
one higher-order derivative function. The inequality investigates a general intermediate

variable in kernel W (x,A > 0) than previous work [9]. The equivalent
X vV o

statements outline the comparable expressions for the optimal constant factor associ-
ated with certain parameters. Finally, the equivalent forms and the operator expressions
are considered.

2. Some Lemmas

Letp>1, 14+.=1,A>0,21€(0,4), A€ (0,A4)N(0,n], neN={1,2,...},
meNo=NU{0}, € (0,1], £ €[0,5], v(y) = (n1(¥1),+~,valn)), ¥ €Az :={y =
{1 ks yi € (8,00)}, such that vi(y:) >0, vi(yi) >0, Vi (yi) <0, V(i) >0,
Vi(E) =0, vi(e) =0 (i=1,-n). Ay =22 )LZ + )“ A= %—k % We also
suppose that f(x) >0, £ (x) (m € Np)isa nonnegatlve continuous function except

at finite points in R := (0,0), and

FED(x) = o(e™) (1> 0; x — o0),
&0ty =0, k=1,---,m (meN),
ap = (akla "7akn)>0 ('XERJHk:(kl?'”’k")eNn)’
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satisfying for m € Ny,

q

= (-7 v ( )l o)
0</ xPU=A)=1 (M ())Pdx < 0o and 0<§j z al < oo
0

(I viki))a!

Assuming that M > 0, y(u) (u > 0) is a nonnegative measurable function, we
have the following transfer formula (cf. [14]):
o (B

/ /{yeR” <Y (5
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Particularly, (i) for ||y||,, = M[Z}_, (3 )cx]

[ osllay
R+

. Yi “
= lim / / M E )« dy;---d n
M——c0 {yeRL:0<3 (3F) }q) l (M) ] I %

M k=1

M (L ;
— lim 7(“)/ q)(Mué)ua—ldu
0

M— o"T'(Z)

, w(u)=19 <Mué> , by (5), we derive

7)/000q)(v)v"71dv <v=Mué>. (6)

(ii) For y(u) = ¢ (Mﬁ) =0, 0<u<Lw (b>0), by (5), we derive

Vo )dy
/{yeR yllo=b} #lvl)

M (L) 1 .
lim ( )/ba (])(Mué)uaildu

:M—wo a' (%) b

N 1
- B e
OC
LEMMA 2.1. Suppose that o >0, o € (0,1], define the following function

lvO)IIR2 "I, v l<yl>
hy(y) :i=
0= ol

2 .
Then aiyjhx(y) <0, %?hx(y) >0 (yEAg j=1,--,n).

x>0, y€A;, Yi€(§7“))~
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Proof. Since A >0, oc € (0,1], & € [O,%L y € Ag, we define

g:(y) = 1 = 1
T G MO e (v )
Ab) = v)IE " = (2 ) ,
= Hvﬁ(yi)-
Since v (y;) > 0, v;(yj) <0, vi(y;) = 0, we derive
J A (S v () O () (v7)
a_ngx(y) = [1 Y lva( )1/(1})#1 ! <0,
; ) ) Jon_ "
50100 = (o) B0 VL (37 () <O,
n 2 82
_f2( ) V/j/(yj) H ( <0, a 2f1( )/ ) a 2f2( )

9yj i=1,(ij)

We still can find that g—yzzgx(y) > 0, and then in the same way,
i

%) =i <y>f2<y>%gx<y> +.0) - (H0)A)) <O

dy; Vi
0?2 0 J J
g%hx(y) = o fWARG)5— 2 gx(y)} + = 3y [gx(y)a—yj(fl ) L0)

>0 (yje(g,oo)7 ]217'--,1’1).

The lemma has been shown. [

LEMMA 2.2. ForneN, ¢ >0,

b= min {v;(1)}, e= max{v,( )}H(>0),

1<i<n 1<i<

there exists a constant a, € Ry, such that the following inequalities hold:
e é) 1 n—1
a (&) \c  1+c

<ZH ||OCC nHv <an m7 8
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where ay :==v Y1)V (1), @y := ¥, M; € R, (n€ N\ {1}), satisfying

i i [v?(kl)—f—"'vgl(kifl)"'vi (l)

k=1
n
p— 17...7n).

é*"*")v;(l)' H 'v}(kj) (l_

") > 0, for j =

) V;(yl) > Ov V;,('yi) < 07 Vi

Proof. Since ¢ >0, o € (0,1]
n, similar to the proof of Lemma 2.1, we can derive

L,
P e
%, [H"(y)aC niHlvﬁ(yi)] <0,
92 .
e [Ilv e Hv YI‘| >0 (j=1,---,n).
Supposed that f(x) := (x+d)& —x& —da (x,d >0), we have
fx) = é[(wd) —xt >0 (e (0,1]).

For f(0) =0, we find (x—i—d)é > x% +da. Thenfor n=1, we find aj = v—° Hap'(1)
€ Ry; for n € N\ {1}, by (6) and the above inequality, we obtain

1 7é(c+n)
zﬂmwﬁm>

0<M,< /
{yizti=1,n-1} j=1

n—1
D [Tvitiay
i=1
o) S e
u=vy) o o
="y (1)/ uf +vi(l) du
{W?Vl(%) i=1, 7"_1} (jgl ’
1 —C—n
n—1 o
<v (1)/ . uf | Ava(l) du
R j=1

Ml 2,
o 20(2) vt (1) Jo (T4 y)et
Fn—l(é) V/(l)
= ——B(n—1,c+1)<eoo
() (1) !
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Above all, M; (i =1,---,n) is a positive constant, then, a, (n € N) is a positive

constant.
For n € N\ {1}, setting X' = (k{,---,k;,), (k; € {2,3,---}, i=1,---,n), by (7),
we obtain

DVl ”Hv <ant X" "H

i=1

<a —|—/ i B B

! {yER’l;y,?l} H br)d
=a +/ ul| " du

" {ueRi;u,}vi(l)} || ||a

<a +/ ull " du
S N

leell " du

/{ueRi o> b}

We cand find that the above result is satisfied for n = 1.
On the other hand, we obtain

DIEGI Tl
0lla "Hv Y= fe s Il

”12‘/1

/{ €R+y,2l}

gy e/ we|,"dw.
/{uew oyl o I7el

Setting ¢ (x) :=x7¢"" (x > 0), by (6), we have
(1)

/R’in—i-eHac_ndw— — llf‘% / O(x+e)x" dx
_ Iy /°° (x—|—e)”_ldx_/ (x—|—e)”_1—x”_1dx
@ Lo G e

e T'() (1
S 2
ey (e )

where we indicate that

oo +e)n—1_xn—1
"(C) e o (x_|_e)c+n X
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Fot n =1, we find A;(c) = 0; for n € N\ {1}, by the mid-value theorem, we have

> (x e n—2 X
Anfe) = (= netve [ RO

e (x+ e)”’2 n—1
< —1 l+c/ (‘x dx = .
(n=1)e 0 (x+e)tr x 1+c¢

(6, € (0,1))

Hence, it follows that

S @1 Tk > f, el aw
k R}

+

Inequalities (8) are valid.
This proves the lemma. [J]

LEMMA 2.3. Define the following weight functions:

Ay—n
;. (A2, x) == x/l—/lzzﬂv( )G Ly vilk) (xe

R,), 9

e (@l

7Ll 1
0 (A,k) = V)G [ —————dx (keN"). (10)

/0 (x4 (vl )
(i) For Ay <n, 0 <A; <A, the following inequality holds:

0;, (A 7?!(%) A, A —A R 11
w/l( 2ax)< an_lr(%)B( 2,/ — 2)7 XeRy. ( )

(ii) For 0 < A1 < A, the following expression holds:

w)t(llak>:B(Alal_)Ll)a ke N" (12)

Proof. (i) For Ay < n, 0 <A, < A, by employing Lemma 2.1 and Hermite-
Hadamard’s inequality (cf. [11]), putting u = v(y), du = [1"_, vi(y:)dy, we have

Aomnpn e
@(,12,,6)“1—12/ vl H,-zlvi(y,)dy

Ay ()l

AZ n n /
A IOl i=1vi(yi)d
/Ag GO

Ap—n
u=:<>x,Hz/ el —du
RE (x+ fJully)
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Setting ¢ (s) := (ﬁ?; , by (6), we obtain

(3o, 3) < ’Lz/ o(lul)

Then (11) is proved.
(ii) Setting s = m , by (10), we obtain

i [ IO I ®)
o (k) = O™ [ IO

= 7(1 =B(A1,A —A).
/0 (s+1)* s=B, 1)

Then (12) is proved.
The lemma has been shown. [

LEMMA 2.4. Fort >0, m € Ny, the following expression holds (cf. [9]):

/ e M f(x)dx = fm/ e (x)dx.
0 0
LEMMA 2.5. For m € Ny, the following inequality holds:

oo (m)
I/l = 2/ 71“ (x)ak dx

oI (Z)

.o : i) 7
<L rerad | St

0 k

13)

(14)
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Proof. By employing Holder inequality (cf. [11]), we obtain

W — [l (T Vi) P
IA_E’:J/O (x+||v(k)a)ll *-1)/q F"(x)

l xA=1)/q ]d
X X
N7 (T, Vi)V

- 1 IO 2" TEo VK ( oy )7
g{/o Sarhwiy e U W]W}

oo ”V(k)Hng—n)(l—q) 1y q
{gl/o o M Ty | %

- [/Om @1 (o, x)x? 1A (4o (x))pdx] ’

wi ™ )
o|

==

v
X | Zn k) i e

By (11) and (12), (14) follows.
The lemma has been shown. [

3. Main results

THEOREM 3.1. A new half-discrete multidimensional Hilbert-type inequality in-
volving one derivative function of m-order holds as follows:

o “ f(x)ay .
=3 PR,

-1 ™ 1 %
(ﬁ&))B@zJ —/12)>

i) A
§< sy

i=1Vi

Q\'—

(A1,A=Ay)

l]}) (A +i)

m—1
where, for m =0, we denote ] (A +i)=1.
i=0
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In particular, for A; +A, = A, we obtain

-1 n(l %

(%%) B(A1,42)

" (a1 Iv(k) 14"~ aZ%
< } S|+ 9

where the value
"
(A+1)
i=0

Proof. For A,x >0, we have

i=0

I< lnﬁl(lﬂ)

1

-1 (L P
(ﬁ%) B(A1,12)

—

is the best.

1 _ 1 /oot)L+m—le—(x+HV(k)Ha)tdt

(x+ [v) | ) T(A+m) Jo

By employing (13) and Lebesgue term by term integration theorem (cf. [12]), we obtain
. zﬁnz/f"“J/ Mm14w<>mm}k
e ()
= m/mtlﬂn_1 (t_m /Ooo Y dx) Ze Wllat g, qr
_ /1+m Z/ fm U A1y vk >a>rd,] g

B ~1

|

r'(A) oo flm (akdx
PA+m) o (x+v)ll,)

L.

Then by (14), we obtain (15). Particularly, for )Ll—i-/lg A, we obtain (16).
Forany 0.< & < pAr, we set @ i= [v(0)[ "I vj(k) (k€ N"), and

. 0, 0<x<l,
FUO = - g5 a1,

i=0

J?(m—k)(x) :/0 (Atk.../()tzﬂm)(tl)dtl---dlk—l)dlk
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Then, f(x):=0, 0 <x< 1, and

N m—1 X tm A —£_1
flx) = H <A1+i—£>/ (/ / tl1 b dt1~~~dtm_1> dt,
=0 P/ 1 1

_£ —
x)tl ptm 1

—Pm—1(x), x>1,

1567

where, for m €N, p,,—1(x) is a nonnegative polynomial of (m— 1)-order with p,,_(1)
=1;for m=0, py_1(x) :=0. We observe that for m € N,

D) =

If there exists a positive constant

o(e™) (t>0; x — o),

M< ﬁ‘f(ﬂi)

i=0

such that (16) is vaild when we replace

m—1 B
[H(l-l—i)

i=0

by M, then in particular, we have

oy [ Twa
<WAIM(WU)TF

By (8), we obtain

fﬁAWA<Wmm]FM

—o@xm 1
(x+ (R [ )

Fr00) =

(k) o

-1 ™ 1 %
(ﬁ%) B(A1,42),

1
n—Ay)—n q
(W<”ﬂf

(T v (k)T %

1
q(n—Az)—n q
)l 4

1 Vilki))am

n

e va(k,-)dx

i=1

a7)
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where, we indicate that

77+m 1

il —2/1 W” (k)”ir%inﬁ";(ki)d&

i=1

L=Y —)m K2 Hv
T )

U (et v(®)lg
By (8), we derive

|, "Hv (c:/11+m+2>.
Replacing A (A1) by A+m (A — f—, +m) in (10) and (12), by (8), we obtain
Ar+m—£—1
_ do+t X dx
1= S @l T i [
2 H TN e )
M+t /°° T gy
0

:Ek:”"( H" l k)|l W

)Lr‘rm

Mo+ I X
-0 /—md]
C Do (e ) )M
> (k)55 "Hv
k
£ 7Lz+ I.X)LIer ld
x wﬂm(zwm——,k) O] oy e —
l 0 (k)L
n &
= SOl Hv wx+m<)tl+m—;,k)
(Ay+m+E)—n L
W_zu ()l Hv;<k>
=B</11+m—£7/12+£>2|| izt "Hv
P P
—epn(L _
>B</11+m—§7/12+§> _— (z) (l—n 1)—0(1).

aIl(Z) \e 1+e

Furthermore, for m =0, I, = 0; for m € N, we have

)" ,1,<k> = o
2 % dx
k <x+||v<>ua>*2+7 /1<x+v<k>||a>z+'"
<2H v w(k)/lwog"—l)dxgc@.

B
Lim

ot
k lv(k)le 2 re

0<bh=
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Thus, by (17), we derive

e —1
B()Ll—km—i/lz—kf)#(l—sn )
p p) ot F(&) 1+e¢

—e0(1)— el < el < eMJ

For ¢ — 0™, since the beta function is continuous, we derive

n(l m—1 n(l %
B()Ll +m712)anr;# <MH(A’1 +i) (%) ,

& o (G
namely,
m—1 -1 Fn(i) %
[H()L—H) (nllf‘(ﬂ)> (A1, A2) <M
i=0 o
then

is the best value in (16).
The theorem has been proved. [

1569

REMARK 3.1. For Ay =224 2 3, ~ 2y B j, 4 MM then 7 +

12 =A. Since 0 < A1,A» < A, we have
O<711,7Lz<)t, and B(II,L) €R;.

For A — A1 — A, < g(n—A,), we obtain 712 < n. Then (16) is rewritten as follows:

1< ﬁ_[l()t +i)

i=0

Rl

-1 ML % -
(ﬁ%) B(A1,42)
o)

e S

k i=1Vi
THEOREM 3.2. For A — A — A < q(n—Ay), if

m—1 -1 F"(L) % .
lH(/lJri) (W%M%J—M)) Bi (A1, A — A1)

i=0

is the best value in (15), then A{ +A, = A.

(18)
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Proof. By Holder inequality (cf. [11]), we derive

1
o A—Ar—1 P . A—1 q
< / w du /Ldu
o (I+u)* o (14u)
— BP (D, A — A2)Bi (A, ) — M), (19)

Comparing with the values in (15) and (18), by the assumption, the following inequality
holds:

-1 1
L Py
(#B(Amw)) Bi (A~ )

namely, B(A1,4;) > B7 (A2, A4 —/lz)Bé (A1,A — A1), which means that (19) is an equal-
ity. We observe that (19) is an equality if and only if there exist two constants P and Q,
such that they are not both zero and (cf. [11]), satisfying Pu**~1 = Qu*1~! ae. in
R, . Assuming that P # 0, then u* 414 = % a.e. in R, namely, A —A; —A; =
thatis, A1 +A, = A.

The theorem has been proved. [l

4. Equivalent forms and operator expressions

THEOREM 4.1. The following inequality is equivalent to inequality (15):

Py
— V p)Lz n v k; < f(x)dx ‘| }
{ Il }]1 ! )Vo (x+ (R )

0l P
(%B(kg,l—b)) Ba (A, A — A1)

n
o

L

> [/mxp - ')l(f(m)(x))pdx] " (20)
0
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In particular, for A1 + Ay = A, we obtain the following inequality equivalent to (16):

Py
v 12 T le }
{;nmna T )l/o o+ IR o

Proof. Suppose that (20) is true, we have

N P f(x)
(X vi(k; —_—  — dx
=3 (I Ol (r[iz1 ( >> b e

o

(I vilki)) P

(o)L
</ Z(Hw( >>q 1o

Then by (20), we obtain (15).
In contrast, suppose that (15) is valid, we set

~ n - Odx p—1
ak:HV(k)||gcA27nHV§(ki) [[) %] s ke N".

x4 [v(K)l

21

(22)

If J =0, then (20) is true; if J = oo, then (20) is not true, implying J < e. For 0 < J <

oo, by (15), we obtain

o
D T T K S
m—1 -1 n(i) P
< [H(xﬂ) ( - IF(§>B(/12,)L—)LQ)>
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ZH I )
T (I (k)1

=J< lnﬁl(lﬂ)

i=0

¥ Bi (D, — M) [/Omxp(l’inl(f(m)(x))pdx] a2

Thus, (20) is the equivalent form of (15).
The theorem is proved. [

THEOREM 4.2. If A + Ay = A, then the value

m—1 -1 Fn(i) % .
[H(AH) (WB(M,A—M)) B4 (A1, A —Ap)

i=0

in (20) is the best. On contrast, if the same value in (20) is the best, then for A — A —
A < q(n—2A), we have A+, = A.

Proof. According to Theorem 3.2, for A; + A, = A,

-1

_ (L

H/1+z (#3%,&-@)) Bi(ALA —Ay)
i=0

()

in (15) is the best value. The same value in (20) remains the best one. Alternatively,
according to (22), it is a contradiction that the value in (15) is not the best.

In addition, if the value in (20) is the best, then using the equivalence between (20)
and (15), and by considering J” = I as outlined in the proof of Theorem 4.1, the value
in (15) is the best. Based on the assumption and Theorem 3.2, we have A; +A; = 4.

The theorem has been shown. [

~ q(nf;tz)fn
Setting functions ¢ (x) := x?(1=A) =1 y(k) 1= [N

[v
we have
—1
( znl";(ki))q

“P(k) = [v(R)[E2 T T vitk), (x € Ry, k€ NY).
i=1



HILBERT-TYPE INEQUALITY INVOLVING ONE HIGHER-ORDER DERIVATIVE FUNCTION 1573

We define the real normed spaces as follows:

Lyo(Ry) = {f:ﬂx);nfnm = ( | o If(x)l”dx> ’ <oo},

a=A{ar, -k, }:llallgy = (Zw aﬂ) <o,

N
=
<

|

1
P
ptr = {0 = {bky -t 3 [0l = (Zl{/ bk”> <o,

and L(Ry) := {feL,yRY}; f (") (x) is a nonnegative continuous function except
at finite points in Ry, for m€ N, f =D (x) = o(e™) (1> 0; x — o), f4D(0%) =0,
(k=1,---,m)}.

Forany f € L(Ry), we set by := [

ten as follows:

— JW gy ke N". Then (20) is rewrit-
() ) 0

m—1 -1 n(i) ?
1611 y1-r < [H(/1+i) ( - IIE‘(E)B(/IQ,)L—)Q)>
i=0 o
1
B 2] <=
namely, b € lpw/l”"

DEFINITION 4.3. Define a half-discrete multidimensional Hilbert—type operator
T:LRy) —1, 1)

as follows: For any f € Z(R+)7 there exists a unique representation b =Tf €1, 1y,
such that for any k € N*, T f(k) = b;. Define the formal inner product of Tf and
a € lyy, and the norm of T as follows:

(Tf,a) := Zak/:(MZL

k x [v(E)[[)*

T _
T s e
Fm) (£0)eL(R+) Hf Hm

By Theorem 3.1, 3.2, 4.1, and 4.2, we have

THEOREM 4.4. If f € L(R.), a(> 0) € Iy, [lall,, > 0. Hf<m>H >0, then
’ P9

)
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the following equivalent inequalities are hold:

[m—1 1! I‘*n(l) %
(Tf,a) < H(A +l) <W (AQ,A Az))

;Bq(xl,x—xl)Hﬂm)HMa||w, (23)

[m—1 17! I‘*n(l) P
T fllpyr» < | TTA+10) <7°‘£)B(/12,/1 —x2)>

L i:0 -
1
wus -l
Futhermore, if A{ + Ay = A, then the value

m—1
lH(/l—H)

i=0

-1 n(l % .
(%I?()@B(lz,l—lg)> B (A, A — A1)

-1 ML %
(ﬁ&%) B(A1,42).

In contrast, if the value in (23) or (24) is the best, then for A — Ay — Ay < q(n—A3), we
have A +Ar = A.

in (23) and (24) is the best, that is,

m—1
1Tl = [HUL +1)

i=0

REMARK 4.1. (i) For vg (k) =k—&, £ €0, %}, k€ N", by (16) and (21), we
obtain the following equivalent inequalities [cf. [9]]:

S x+/{( ZT T |

(#%) ’ B(A1,42)

x[/o P =1 (pm) ”dx} lek gla ] (25)
{an—én”“"[/w - r}})

; C o Gkl

-1 I 1 %
(ﬁ%) B(A1,42)

L

~ [/wxp(l/h)l(f(m) (x))”dx} " (26)
0

—

e
< (A+1)
i=0

< r_l(/l—ki)
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(i) For vg (k) = [[In(k+ 1= &)| 5, & €10, 1], k€N", by (16) and (21), we obtain
the following equivalent inequalities:

Z/ f(x)ag

A+m X
(x + [|In( k+1—§>lla) *

-1 n( 1l % oo %
(%) B(h,%2) { / xp“—*l)—l(f“")(x))!’dx}

n
o

ll:[ A+i)
=0
i=1

n q71
x 2||1n<k+1—é>||zf“2>"<H<ki+1—5>> al 27)
k

1

||1n<k+1 N / f(x)dx Ak
iki+1=8)  |Jo (x4 |In(k+1—-&)||,)"

1
m—1 Fn(é) P
< |JO )L"‘l (m) B()thz)
= 5
x [ / xPU= M—l(f(’")(x))l’dx] . (28)
0

The value in the above inequalities is the best.

5. Conclusions

This paper uses the transfer formula and weight functions to develop a half-discrete
multidimensional Hilbert-type inequality. It involves a m—order derivative function
and a general intermediate variable in the kernel as

1
A+m
(x4 V(&) )
in Theorem 3.1. Theorem 3.2 focuses on the equivalence statements of the best value

linked to some parameters. Additionally, Theorem 4.1, Theorem 4.2, and Theorem 4.3
explore the equivalent forms and operator expressions.

(x,A > 0)
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