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SHARP INEQUALITIES FOR ZALCMAN FUNCTIONAL OF
LOGARITHMIC COEFFICIENTS OF INVERSE FUNCTIONS
IN CERTAIN CLASSES OF ANALYTIC FUNCTIONS

ADAM LECKO* AND BARBARA SMIAROWSKA

(Communicated by D. Dai)

Abstract. We study Hankel matrices whose entries are logarithmic coefficients of inverse func-
tions in selected subclasses of analytic functions. Particularly, we give sharp bounds for the
second Hankel determinant which reduces to Zalcman functional of logarithmic coefficients of
inverse convex and starlike functions, as well as of functions of bounded turning.

1. Introduction

Given r > 0, let </ (D,) denote the class of analytic functions f in the disk D, :=
{z € C: |z < r} normalized by f(0) =0 = f'(0)—1. Then f € o/(D,) has the
following representation

f(Z)=Z+§‘,an(f)z", zeD;. (1)
n=2

Let o/ := &/ (D), where D :=D;j. Let . denote the subclass of all univalent (i.e.,
one-to-one) functions in .27 .

Denote by .* the subclass of . consisting of starlike functions, i.e., functions
f which map D onto a set which is star-shaped with respect to the origin. Then it is
well-known that if f € o7, then f €.7* if, and only if,

zf'(2)
f(2)

and that .%* C .77 (cf. [4, pp. 40-41]).

By % we denote the subclass of . consisting of convex functions, i.e., functions
f which map D onto a convex set. It is well-known that if f € o7, then f € € if, and
only if,

Re

>0, zeD, )

f"(2)
f'(2)
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(cf. [4, pp. 42-43]).
If f €./, then f € 2 if, and only if,

Ref'(z) >0, zeD. (4)

Elements of the class 42’ are called functions of bounded turning (cf. [6, vol. L, p.
101]). The Alexander Theorem states that &’ C .¥ (e.g. [6, vol. I, p. 88]).
If f €, then f € 7 if, and only if,

f2)

Z

Re >0, zeD. (5)
The class .7 although their elements are functions which are not necessarily univalent,
plays an important role in the theory of semigroups of analytic functions as a generator
of one-parameter continuous semigroups studied by Berkson, Porta, Shoikhet, Elin and
others (e.g., [18], [5]). For other classical results concerning the class 7 see e.g., [14],
[17].

For f € . define

@: Zynz”, logl:=0, z€ D,

n=1

1
Fy(z) := ) log

a logarithmic function associated with f. The numbers ¥, := a,(Fy) are called the
logarithmic coefficients of f. It is well known, that the logarithmic coefficients play a
crucial role in Milin’s conjecture (see [15]; see also [4, p. 155]).

Note that if .% is a compact subclass of <7, then there is ro(.%) € (0,1] such that
every f € .# is invertible in D,, and has the following representation

Fw)=f"'w)=w+ Y A", we D,y (#)» (6)
n=1

where A, := a,(F). Thus for f € .7 there exists the unique function ;- analytic in
D,( ) such that

S

w

1 - .
Fra(w):= Elog nz::ll"nw ; weDyg), (7)

where Iy := @, (F;1) are logarithmic coefficients of the inverse function f ~!. From
(6) it follows that (e.g. [6, vol. I, p. 57])

Ay=—ar(f), As=—a3(f)+2a(f),
Ay = —as(f) +5a(f)as(f) —5ax(f)’.

Thus from (7) we derive that

®)

1 1 1 1 1 1
[ =-Ay, Dh=-A3—-A3 Ts3=-As——A)A;+—A>
1= 542, 2= 545 = 740 324223+62’
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and next using (8) we obtain

I = —%az(f), I = —%a3(f) + %aZ(f)27
)
Iy = - a(f) + 2ax(as() — ()

From the very beginning of GFT, special attention has been focused on coefficient
problems in the class . and its subclasses, and more broadly, in subclasses of the
class o7 In the early 70s, Lawrence Zalcman posed the conjecture that if f € .9, and
is given by (1), then for n > 2,

lan(f)? — a1 (f)] < (n—1)?

with equality for the Koebe function K(z) := z/(1 —z)? for z € D, or its rotations.
This conjecture implies the celebrated Bieberbach conjecture |a,(f)| < n for f € ..
Bieberbach Theorem shows that the Zalcman conjecture is true for n = 2 (see [6,
p. 35]). Kruskal established the conjecture when n = 3 (see [12], and more recently for
n=4,5,6 (see [13]). For n > 6 the Zalcman conjecture remains an open problem. The
functional &7 3 f + a,(f)* — azs—1(f) is called the Zalcman functional.

Another issue that has been intensively studied in recent years is the Hankel deter-
minant over the class «7. For ¢,n € N, the Hankel determinant H, ,(f) of f € &/ of
the form (1) is defined as

anp  dptl - Apig—1
Qpt1 Apy2 *° Qpig

Ha(h=| (10)
Ant+g—1 Qn+q *** Auy2(g—1)

where a, := a,(f). In recent years there has been a great deal of attention devoted to
finding bounds for the modulus of the second and third Hankel determinants H» > (f)
and Hz 1 (f), when f belongs to various subclasses of <7 (see [1, 9, 10, 11] for further
references).

Based on these ideas, in [7] and [8] the authors started the study the Hankel de-
terminant H, ,(Fr) whose entries are logarithmic coefficients of f € .7, thatis, a,(f)
in (10) are replaced by ¥,. In this paper, we continue analogous research considering
the Hankel determinant Hy,(Fy-1) whose entries are logarithmic coefficients of in-
verse functions, i.e., a,(f) in (10) are now replaced by I',,. We demonstrate the sharp
estimates of modulus of

1
Hy ((Fp1) =TT — (I)* = T (13a3 — 1243+ 12aras — 12a3a3) (11)
in the classes .7, €, &' and 7. Observe that the functional </ > f — Hy 1 (Fy-1)

is a transfer of the Zalcman functional for n =2 to the logarithmic coefficients of the
inverse functions.
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2. Preliminary Lemmas
Denote by & the class of analytic functions p : D — C with positive real part
given by
p(2) =1+ cd', z€D, (12)
n=1
where ¢, := a,(p).
In the proof of the main result we will use the following lemma which contains

the formulas for ¢, (see_ e.g., [16, p. 166]) and c¢3 from [2] with further remarks on
extremal functions. Let D:={z€ C: |z <1} and T:={z € C:|z| = 1}.

LEMMA 2.1. If p € & is of the form (12), then
c1 = 2€17 (13)

2 =20 +2(1- 1616 (14)
and o
3 =280 +2(1— |44 - G &) G +2(1 - &) (1= 1L 6 (15)
for some {1,6,8 €D.
For §y € T, there is a unique function p € &2 with ¢y as in (13), namely,
1+ Gz
1-&z7’

For £ €D and & € T, there is a unique function p € & with ¢, and ¢, as in (13)
and (14), namely,

p(2) z€D.

1 3 2
p(2) = +(E1C2+C1)Z+C2Z . zeD. (16)
1+ (56— 8)z— 522
LEMMA 2.2. ([3]) For real numbers A, B, C, let
Y(A,B,C) :==max {|A+Bz+CZ*|+ 1 —[z|*: z € D}. (17)

LIf AC > 0, then
|A|+|B|+|C|,2 1B] = 2(1—|C]),

Y(4,B,C) = B <2(1-c)).

B
1+ [A] + s
4(1-1Cl)

II. If AC < O, then

2
1—|A|+———=, —4AC(C2—1) < B> A|B| < 2(1—|C]),
4(1JD

1+]A|+ ——=, B> <min{4(1+|C|)?,—4AC(C>—1)},

R(A,B,C), otherwise,

Y(A,B,C) = (18)
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where
|A]+[B| —|C], IC|(|B] +4[A[) < |AB|,
_ < _
B2

(IC] + |A]) l—m, otherwise.

3. The class .7* of starlike functions

THEOREM 3.1. If f € /", then
13
|Ho (Fr)| < 33 (20)

The inequality is sharp.

Proof. Let f € .9 be of the form (1). Then by (2) there exists p € & of the form
(12) such that

2f'(z) = f(z)p(z), zeD. (21)

Putting the series (1) and (12) into (21), by equating the coefficients we get ([6, Vol L.,
p. 116])

a(f)=c, a(f)= %(024—0%)7 a3(f) = é(203+3clcz+c?). (22)

Hence and from (9) we obtain

1 1 1
I = —5C1 I = —Z(Cz —2¢7), T3= _E(2C3 —9c162+9¢}),
and therefore |
I — ()2 = 5 (6¢ —6¢ctcr +4cies —3¢3) . (23)

Since both the class -7 and |Ha,i(F;-1)| are rotationally invariant, without loss of
generality we may assume that a, > 0, which in view of (22) yields ¢ € [0,2], i.e., by
(13) that & € [0,1]. Thus by (11) and Lemma 2.1 we obtain

Hy (Fy1) =T'1T3 — ([2)?
=S (B 100 - 86 -1~ DG +)E @
+H4G (1= ) (1= 161 6)

for some ¢; € [0,1] and &, & € D.
A. Suppose that {; = 0. Then from (24),

[Haa(F)| = 31GP < 5.
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B. Suppose that {; = 1. Then from (24),

13
()| = 12
C. Suppose that {; € (0,1). Since {3 € D, from (24) we get

H1(Fy)| < 3601 - E)0(A,B.C),

where
®(A,B,C) == |A+BL+CE|+1- |5,
with 3 2
13 — -
po BB Sh o (G4
4(1-¢32) 2 44

Observe that AC < 0 and therefore we apply only the part IT of Lemma 2.2.
C1. Let’s consider the condition |B| < 2(1—|C|), i.e.,

5¢; 243
T<2<1_ ilél )

The above inequality is equivalent to

62 —48+3 _

0
26,
which is false forall 0 < {; < 1.
C2. Since ) 5
—4AC R 1) = _13GO-&)
Cc? 4(L2+3)
" (G +3P(G+ 17
+3 1+1
4(1+|Cl)? === :
442
it follows that the condition B?> < min{4(1+ |C|)?,—4AC(C~%—1)} is equivalent to
382(LE+ 16
Gi (gl +16) <0
(&i +3)

The last inequality is false for all 0 < {; < 1.
C3. The inequality |C|(|B| +4|A|) < |AB| is equivalent to

44¢F — 6852 — 15 -
8(1—¢72)

which is true for ¢ € (—oo, 374+ 22\/454/22] U {\/374 1 22\/454/22, +oo) ,
and since \/374 +221/454/22 ~ 1.31956, it is false for all 0 < {; < 1.
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C4. Observe that the condition |C|(|B| —4|A|) > |AB| equivalently written as

96¢} +88(% — 15

8(1—¢72) <0

is true for &) € (0,¢7], where £ :=\/—66+ 6v/211/12~0.383288. Applying Lemma
2.2 for 0< &) < &P we get

o (Fp1)| < 5601 = &) (1AL + |81+ 1) = p(&),

where

1
p(t) = E(—24t4—|—8t2+3), relo,1].

Since p’(t) =0 for 1 € (0,1) holds only for 7y := v/6/6 > ", we see that the function
p is increasing in [0, {P] and therefore

2 + inll ~0.30477.

p(&) <p(L)) = 52718

C5. Applying Lemma 2.2 for (P < §; < 1 we get

2
21 (Fy-)] < 36 (1= G (1Al + €D 1~ oz = W),

120 =22 +3 [208 —39¢2
t) = t€0,1].
w(t) 73 \/ 213 €[0,1]

Since the equation

where

V(o) = 1 (1441° — 48 —2326> +267)1

6 /208 — 3972

l2 3 2

(= +3) 1243
has in (0,1) a unique root #; ~ 0.3385 < ¢, we deduce that v is increasing in [, 1]
and therefore

13

v <w(l)= 33

Summarizing, from Parts A-C it follows that the inequality (20) is true.

D. Note by (11) that equality in (20) holds for the Koebe function K with a,(f) =
2, as3(f) =3 and a4(f) =4.

This ends the proof of the theorem. [J
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4. The class ¢ of convex functions

THEOREM 4.1. If f € €, then

1
|21 ()| < 33 (25)

The inequality is sharp.

Proof. Let f € € be of the form (1). Then by (3) there exists p € & of the form
(12) such that
2f"(2)

1'(z)
Putting the series (1) and (12) into (26), by equating the coefficients we get ([6, Vol L.,
p. 116-117])

1+

=p(z), zeD. (26)

1 1 1
a(f) = 7L as(f) = 6(024-0%), as(f) = ﬁ(203+36162+0?)~ (27)
Hence and from (9) we obtain
Iy =1 r—1(4 sz)r—l(z Scica+3c})
1=—gcn =t —oc), 13 =—elee o +oc),
and therefore
1
[ —(T)? = T30 (11cf —20ctcr +24cic3 — 16¢3) . (28)

Since both the class ¢ and |Hy 1 (Fy-1)| are rotationally invariant, without loss of gen-
erality we may assume that a, > 0, which in view of (27) yields ¢; € [0,2], i.e., by
(13) that £; € [0,1]. By (11) and Lemma 2.1 we obtain

Hy (Fp1) =I5 — (I7)?
= U -61-DRe-2AG+0 -8 @)
+681(1- 81115 5)
for some ¢; € [0,1] and &, & € D.
A. Suppose that &; = 0. Then from (29),

1 1
\Hy1 (Fp1)| = %|C2\2 <36

B. Suppose that {; = 1. Then from (29),

1
\Hp1 (F1)| = TR
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C. Suppose that {; € (0,1). Since {3 € D, from (29) we obtain

| (Fy1)| < oG (1 (A, B,C),

=24
where
®(A,B,C) = |A+BGH+CE|+1- |5/
with 3 )
Cl gl +2
A=—>— B:=-(, C:=- .
2(1-29) 3G

Observe that AC < 0 and therefore we apply only the part II of Lemma 2.2.
C1. Let’s consider the condition |B| < 2(1—|C]), i.e.,

4] <2<1—C§2{2).

The above inequality is equivalent to

502 -6 +4 <0
38
which is false for all 0 < {; < 1.
C2. Since , ,
1 282 (4~
caac(f1) =268
¢ 36 +2)
and , ,
46 +2)° (G +1)
4(1+|C|)* = )
9¢?
it follows that the condition B> < min{4(1 + |C|)?, —4AC(C~% — 1)} is equivalent to
2 +14
G (C12 +14) <0
3(65+2)

which is false for all 0 < {; < 1.
C3. The inequality |C|(|B| +4|A|) < |AB| is equivalent to

Gl -6t —4

61-¢) "

which is false forall 0 < {; < 1.
C4. Observe that the condition |C|(|B| —4|A|) > |AB| equivalently written as

9%t +104f—4 _
6(1—¢32)
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is true for §; € (0,¢P], where 0 :=+/—5++/61)/3 ~ 0.558793. Applying Lemma
2.2for 0< & < & we get

Ha 1 (Fy)] < 53601 — D) (—1al+ |8l +1]) = p(&),

where

1
= —(=11* + 42 +4 1].
p(1):= 7 (Z1 4" +4), 1 €[0,1]

Note that the equation p/(t) = 0 has in (0,¢) a unique solution 7y := v/22/11 ~
0.4264, where the function p attains its maximum value

1
plto) = ==

Therefore for §; € (0, ¢},
1
<plty) = —.
p(&) < pli0) = 35
C5. Applying Lemma 2.2 for £ < {; < 1 we get

2
.1 (Fp-1)| < 60— ) (AT +1CD 1 - 1oz = (G,
y(t) = ﬁ“%(f‘—%z—kﬁ, t€0,1].

Since the equation

where

1 (45— 150" — 542 +92)r

/ —_— e —_—
Vi="1g 14— 22
7(1‘2_’_2)2
1242

has no root in (0, 1), we deduce that v is decreasing in (£}, 1) and therefore

0

1
v(G) <w(g) =p(&) <pl) = 33
Summarizing, from Parts A-C it follows that the inequality (25) is true.
D. Note that equality in (25) holds for the function f defined by (26) with

B 142717+ 7

- ) E D’
p(2) T z

where 7 :=1/22/11, for which ay(f) =7, a3 = (1+27%)/3 and ag = (2t +7%)/3.
This ends the proof of the theorem. [J
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5. The class &2’ of functions of bounded turning

THEOREM 5.1. If f € &', then

17

|21 (Fp)| < 177

(30)
The inequality is sharp.

Proof. Let f € &' be of the form (1). Then by (4) there exists p € & of the form
(12) such that

f(@)=plz), zeD. 31)
Putting the series (1) and (12) into (31), by equating the coefficients we get
(=30 a()=1e al)=1 32)
as = 2Cla as = 3C2a as = 403~
Hence and from (9) we obtain
=1 I, = 1(8 9c?), Tz= 1(3 8cica +5¢3) (33)
1==g¢ = —ggleea=3ey),  13= =576 —ociea +5¢q),

and therefore

1
N — () = T30 (39c¢t — 48cfcr + 72103 — 64c3) .

Since both the class &' and |H1(F;-1)| are rotationally invariant, without loss of
generality we may assume that a, > 0, which in view of (32) yields ¢ € [0,2], i.e., by
(13) that & € [0,1]. Thus by (11) and Lemma 2.1 we obtain

Hy (Fp1) =T'iT3 — ([2)?
1

= (178 =200 = GG e —2(1 = ED)(E7 +8) 5 (34)

+185(1- ) (1-1L1M %)
for some ) € [0,1] and &, & € D.
A. Suppose that {; = 0. Then from (34),

[Haa(F) | = 5GP < 5.

B. Suppose that {; = 1. Then from (34),

17

|21 (Fp)| = 127

C. Suppose that {; € (0,1). Since {3 € D, from (34) we get

‘Hz,l(Fffl) < éCl(l —{H®(A,B,C),
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where
®(A,B,C) := [A+BL+CG|+1-6[,
with ; 5
17 — _
= 76:1 , B:= 10C17 C:= 7(4’1 +8).
18(1— Cf) 9 9,

Observe that AC < 0 and therefore we apply only the part IT of Lemma 2.2.
C1. Let’s consider the condition |B| < 2(1 —|C]), i.e.,

108, C2+8
T<2<1— 19C1 )

The above inequality is equivalent to

1282 -1
g 8§1+16<O
9¢,

which is false for all 0 < {; < 1.
C2. Since 5 5
—4AC (iz _ 1) _ _34€1 (264 - gl)
C 81(&7 +38)

and
(L +8) (& +1)?

& 7
it follows that the condition B? < min{4(1 + |C|)?,—4AC(C~% — 1)} is equivalent to

4(14C))* =

282 (1187 +496)

27(82 +38) <0

The last inequality is false for all 0 < {; < 1.
C3. The inequality |C|(|B| +4|A|) < |AB| is equivalent to

61+ —202¢2 — 80 -0
81(1—¢2)

which is false for all 0 < {; < 1.
C4. Observe that the condition |C|(|B| —4|A|) > |AB| equivalently written as

1298 +342¢7 — 80 _
81(1-¢)

is true for £ € (0,¢)], where () := v/ —22059 + 1291/39561/129 ~ 0.46505.
Applying Lemma 2.2 for 0 < §; < & we get

[Foa(Fp)| < 5 61— 8) (1AL + B+ [C) = (&),



SHARP INEQUALITIES FOR ZALCMAN FUNCTIONAL 93

where

L (2044 62
p(t):= 144( 39¢*+ 61+ 16), t€]0,1].

Note that the equation p/(t) =0 has in (0,{}) a unique solution 7y := /13/13, where
the function p attains its maximum value

211

plto) = Te=>-
Therefore for §; € (0,¢7],

211
1872°

C5. Applying Lemma 2.2 for (P < §; < 1 we get

1 5 [ B2
|H2,1(Ff*1)|<§€1(1_€1)(|A|+|C|) 1—m:1ﬂ(§1)7
15:* — 1412+ 16 3162 — 5612
= 1].
w(t) 2448 T telo]

Since the equation

p(&) <plo) =

where

1 (330054 17511* — 162941+ 8144)r 0

24 (24 gy, 21625617
248

V(1) =

has in (0,1) aunique root #; ~20.73039 > {{, we deduce that y is decreasing in [{}, ]

and is increasing in [t1, 1]. Therefore for {; € (C{), 1) we have
w(&) <max{y (&), w(1)} =max{p(&), w(1)} <max{p(i), w(1)} =w(1)= 114—74~

Summarizing, from Parts A-C it follows that the inequality (30) is true.

D. Note by (11) that equality in (30) holds for the function f defined by (31) with

_l+z

e

for which ay(f) =1, a3(f) =2/3 and as(f) = 1/2.
This ends the proof of the theorem. [J

p(Z) Z€D7

6. The class .7

THEOREM 6.1. If f € T, then
7
|Hy 1 (F1)] < 3 (35)

The inequality is sharp.
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Proof. Let f € .7 be of the form (1). Then by (5) there exists p € & of the form
(12) such that

f(2)=2zp(z), zeD. (36)
Putting the series (1) and (12) into (36), by equating the coefficients we get

a(f)=c1, a(f)=c2, as(f)=cs. (37)
Hence and from (9) we obtain
1 1 2 1 3
= —5¢n I, = _Z(2C2 +3cy), Iz= —6(3C3 —12¢1¢; + 10¢7),
and therefore
1
[ — (1) = 8 (13¢f — 12¢fer + 12¢103 — 1263) . (38)

Since both the class 7 and |Hy,i(Fy-1)| are rotationally invariant, without loss of
generality we may assume that a, > 0, which in view of (37) yields ¢ € [0,2], i.e., by
(13) that {; € [0,1]. By (11) and Lemma 2.1 we obtain

Hy (Fp1) =T T3 — (I)?
=1 (1 —6(1- )86 -30 - DG (39)
+36(1- D)1= 161 6)

for some §; € [0,1] and &, & € D.
A. Suppose that {; = 0. Then from (39),

|H271(Ff*1)| = &P <1

B. Suppose that {; = 1. Then from(39),

’HQ.’l(Fffl)’ = ;

C. Suppose that {; € (0,1). Since {3 € D, from (39) we obtain
}H271 (Ff’l )| < Cl (1 - glz)q)(A7Bac)7
where
®(A,B,C) = |A+BL+CE|+ 1|0,
with 5
7¢ 1
A=—"__  B:=-2¢, Ci=——.
31-8) &
Observe that AC < 0 and therefore we apply only the part II of Lemma 2.2.
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C1. Let’s consider the condition |B| < 2(1—|C]), i.e.,

2§1<2<1—§i>.

The above inequality is equivalent to

202 —-281+2 o

G 0

which is false for all 0 < {; < 1.

C2. Since . -
_ 2
—4AC (E - 1) = —?Cl

2 AG+1)?
&

it follows that the condition B? < min{4(1 + |C|)?,—4AC(C~% — 1)} is equivalent to

and
4(1+1CY)

40
?C12<0

which is false forall 0 < {; < 1.
C3. The inequality |C|(|B| +4|A|) < |AB| is equivalent to

—7LH 118 +3<0

which is false forall 0 < {; < 1.
C4. Observe that the condition |C|(|B| —4|A|) > |AB| equivalently written as

—74H 1788 +3>0

is true for §; € (0,¢)], where ¢ :=\/—238+ 141/373/14 ~ 0.4064838709. Apply-

ing Lemma 2.2 for 0 < §; < & we get

|Ho, 1 (Fp1)| < Gi(1=CF) (—|A[+ Bl + 1) = p(&)),

where |
p(t) = g(—13t4—|—3t2—|—3), relo,1].

Note that the equation p’(f) = 0 has in (0,{) a unique solution 7o := \/78/26 ~
0.3396831102, where the function p attains its maximum value

55

p(t) = 57
Therefore

55

p(&) <plo) = 3.
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C5. Applying Lemma 2.2 for £ < {; < 1 we get

2
o1 (Fp)| < G0 = ) (A1 +ICD 1- = = (&),

1
)= 57

where

vt 70 = 21e2(7r* =32 +3), 1€]0,1].

Since the equation
() = 1(105* — 3072+ 69)r
3 V70 — 2112
has in (0,1) a unique root # := /64470 — 210v/65269/210 = 0.4953210438 > ¢,
we deduce that v is decreasing in [¢?,#;] and is increasing in [t1, 1]. Therefore

w (&) < max{y (&), w(1)} = max{p(&), v (1)} < max{p(ro), ¥ (1)} = w(1) = ;

Summarizing, from Parts A-C it follows that the inequality (35) is true.
D. Note that equality in (35) holds for the function f € <7 of the form

-+ 2
f@) ==, zeD,
-z
for which a,(f) = a3(f) = asa(f) =2.
This ends the proof of the theorem. [
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