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INEQUALITIES FOR TWO POWER SERIES OF
NONCOMMUTATIVE OPERATORS IN HILBERT SPACES
WITH APPLICATIONS TO NUMERICAL RADIUS

SILVESTRU SEVER DRAGOMIR AND MUBARIZ TAPDIGOGLU GARAYEV

(Communicated by M. Krni¢)

Abstract. Let H be a complex Hilbert space. We consider the power series with complex coeffi-
cients f(z) := Yo" with a; € C for k€ N:={0,1,... }. Suppose that this power series is
convergent on the open disk D(0,R) := {z € C| z < R}. We define f, (z) := X |ax|z* which
has the same radius of convergence R. Assume that the power series f(z) = ¥7°a;z’ is conver-
gent on the open disk D (0,R;) and g(z) = X biz is convergent on D(0,R;) and A, B, C,
D be operators in B(H) with |A||'/2,||A|| <Ry and ||B||'/?, ||B|| < R,. In this paper we show
among others that

(D" Af () (B)BCx,y) | < A 1B fu (11A1/%) g (1181/?)

X <}\B\“C|2x,x>l/2 <’\A*\lfaD‘2y,y>

for all o € [0,1] and x, y € H. Application for norm and numerical radius inequalities for the
composite operator D*Af (A)g(B)BC are provided. Some examples for fundamental power
series are also given.

1/2

1. Introduction

The study of numerical range and the inequalities for numerical radius is useful
in investigating many properties of linear operators and has various applications in nu-
merous fields of sciences such as, see [1], application in quantum information theory,
in particular, quantum error correction, additive uncertainty relations, multi-observable
quantum uncertainty relations etc... By making use of the numerical radius inequal-
ities one can also estimate the roots of polynomials using the notion of the Frobenius
companion matrix, see [4] and [3].

The main aim of the work is to develop vector and numerical radius inequalities
for a product of functions defined by power series of two noncommutative bounded
linear operators on a complex Hilbert space H .

Let start by recalling some fundaments notions and present some facts that will be
used in the sequel.
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The numerical radius w(X) of an operator X on H is given by
o (X) = sup {[(Xx,x)[, []x]| =1} (L.1)
Obviously, by (1.1), for any x € H one has
| (Xax,x)] < w () [ (1.2)

It is well known that w(-) is a norm on the Banach algebra % (H) of all bounded
linear operators X : H — H, i.e.,

(i) w(X)>0forany X € #(H) and o (X) =0 if and only if X =0;
(i) o(AX)=|Alow(X) forany A € C and X € # (H);
(i) o X+Y)<owX)+ow () forany X,Y € B(H).

This norm is equivalent with the operator norm. In fact, the following more precise
result holds:
o (X) < [IX]] < 20 (X) (1.3)

forany X € Z(H).

In the recent paper [1], P. Bhunia obtained the following interesting inequalities
for the numerical radius of a product of two operators in Hilbert spaces.

Let B, C€ #(H), then

)

1
w? (BC) < 5 [ 1B[*+ Il

2 2 %2 2
o (BO) < 5 (IBI Kl + o (18P IcP) )

1

2
1/1

o (60 < 3 (5|1t 10| +o (8 PicP)

and
2 2 2(1- 2
0 (BO) < || >+ (1 - ) ICP|| 1B~ |

forall o €[0,1].
In particular, for a = 1/2, we get the symmetrical upper bound

1 *|2 2
w? (BC) < 5 ||1B°P +IcP | 11 licll.

For more related results for the numerical radius of a product, see for instance the
recent books [3], [7] and research papers [2] and [13].

In 1988, F. Kittaneh obtained the following generalization of Schwarz inequality
[10]:



INEQUALITIES FOR TWO POWER SERIES 101

THEOREM 1. Assume that f and g are non-negative functions on [0,00) which
are continuous and satisfying the relation f(t)g(t) =t for all t € [0,%0). For any X €
% (H)

[(Xx ) < A (XDl {lg (X)) ¥l (1.4)

forall x, yc H.

If we take f (1) =%, g(¢) =¢'~* with A € [0, 1], then we obtain the celebrated
Kato’s inequality [9]
[l < et o |1 (1.5)

forall x, ye H.
In [10] F. Kittaneh also obtained the following result for multiplication of n-
operators:

LEMMA 1. Let Ty,...,T, be operatorsin B (H) with n > 2, then for o € [0,1]

(N T Tt L) x ) P < TP T 1T )T 2 (1.6)
x (TP x) (17 PO vy

forall x, yc H.

Let A, B, C, D beoperatorsin # (H). For T} =D*, T, =A, Ts=Band T, =C
in (1.6) we get

(D" ABCx,y) P < [DIP A IBIICIP ! (e x,x) (IDP " yy) - (17)

forall x, ye H.
In particular, for AB =1 in (1.7) we obtain the Schwarz’s type inequality

(D Cxy)P < IDIPJATIBI I (P xx) (PO yy) — (18)

forall x, y€ H and a € [0,1].

We consider the power series with complex coefficients f(z) := X, a5 with
ar € C for k € N:={0,1,...}. Suppose that this power series is convergent on the
opendisk D(0,R) :={z € C|z <R}. If R=-0o, then D(0,R) = C. We define f,(z) :=
Yo laxl 7 which has the same radius of convergence R.

Assume that the power series f(z) = Y5 a;z’ is convergent on the open disk
D(0,R;) and g (z) = ¥ (b7 is convergenton D (0,R,) and A, B, C, D are operators
in % (H) with ||A||"/?,||A|| < R, and ||B||'/?, ||B|| < R,. We show among others that
the following extension of Kittaneh result (1.6) in terms of the power series f and g
can be stated

(D*AS (A)g (B)BCx. )| < 1A [BI' fu (141" g (11B1"/2)

1/2 2
(el (wr =l )

12
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forall o €[0,1] and x, y € H.

Motivated by Bunia’s inequalities for the numerical radius of a product of two
noncommutative operators mentioned above, we provide norm and numerical radius
inequalities for the operators product D*Af (A) g (B) BC under certain natural assump-
tions for the operators involved. Some particular cases for fundamental power series in
Complex Analysis like f(z) = (14+2)" ", |z/ <1 and f(z) = exp(z), with z € C, are
also given.

2. Some vector inequalities
The following result for powers of two noncommutative operators holds:
LEMMA 2. Let A, B be operatorsin B (H) and i, j> 1, then for a € [0,1]
[(ATBx ) [P < AP BP0 (B (AP gy @D

forall x,y e H.

Proof. We have by (1.6) forn=i+j>2, and

T =A,....Ti=A, T41=8B,...T:j=8B

that

[(ABIx, ) [P < JAIP A B BIPC) (1BP xx) (Ja Py )

_ ||AH2oc+i71 HB||2(1704)+J'71 <\B\2O‘x7x> <\A*\2(1_O‘)y,y>

for all x,y € H, which proves (2.1). U

LEMMA 3. Let A, B, C, D be operatorsin B(H) and i, j > 1, then for o €
[0,1]

[(D*A'BICx, )| 2.2)
- . 5 clea|?
< HA||2OC+L l”BHQ(l a)+j 1<|‘B‘aC| x7x><’|A ‘1 OcD‘ y7y>
forall x,y € H.

Proof. 1f we take Cx instead of x and Dy instead of y in Lemma 2, then we get

|(D*A'BICx,y)|* (2.3)
< HAHZOC-H—I ||B||2(1—O£)+j—1 <C>k ‘B‘Za Cx7x> <D* |A*|2(lfo¢) Dy7y>

forall x,y € H.
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Since

C*|BP“c = ||B|*C|’ and D*|A* P09 p = |\A*\1‘°‘D

hence by (2.3) we obtain (2.2). O

As some natural examples for power series that are useful for applications, we can
point out that, if

f(/l):’;(_;)nx":l 1ix”l€D(0 1); (2.4)
g(A) = 26 ((;))712" =cosA, A €C;
h(x):’;ﬁx%“_smx A €C;
l(/l):?b(—l)”/l”:H_—)L,/leD(O,l);

then the corresponding functions constructed by the use of the absolute values of the
coefficients are

fu(x):}i%mzmﬁ, 2 eD(0,1): 25)
ga(x)zé = coshA, 2 €€

ha(2) = 2 ﬁﬁ"“ _sinh, A € C;

za(x)zéxn— A ED(0,1).

Other important examples of functions as power series representations with nonnegative
coefficients are:

exp(A) = 2 %)L'Z A eC; (2.6)
L (L4 i — AL A eD(0,1);
2 \1-21 2n—1 ’ e
(n+3)

> T
intW)=Y ——— 2/ 32t 3 = D(0,1);
sin™ (4) nzo\/ﬁ(Zn—i-l)n! » A€D(0.1)

tanh~! (1) = Z zn_lxzn 1 AeD(0,1);

2F (B y,A) = iiﬂ??ao)‘}r(gnﬁﬁl(w)m w.B.y>0, AeD(0,1);
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where I' is Gamma function.
The following result is an extension of Kittaneh result (1.6) in terms of the power

series f and g:

THEOREM 2. Consider the power series f (z) =X paiz convergent on the open
disk D(0,R}) and g(z) = Y2 biz' convergent on D(0,Ry) and A, B, C, D be oper-
ators in & (H) with ||AH1/2,||A|| <R; and HB||1/2, ||B|| < Ry, then

(D*AS ()¢ (B)BCx ) < IAI1“ IBI1 fu (141" )& (1BI'?) @D
» <|BaC|2X,x>l/2<)A*1‘0‘D‘2y,y>1/2
forall a €[0,1] and x, y € H.
Proof. If we take in (2.2) instead of i, i4-1 and instead of j, j+ 1, then we get
|(D*AA'BIBCx,y) [
< ||A||2oc+i IIB\\z(l_a)Jrj<HB\°‘C|2x7x> <‘|A*1aD’2y7y>

forall x, ye H.
By taking the square root, we get

| <D*AAiB~fBCx,y> |
o 1-a o 2 1/2 wl-a nl? 12 i/2 i/l
<A1 a1 e ([t p ) a1 151

forall i, j=0,1,...;a€[0,1] and all x,y € H.
If we multiply by |a;|, |b j} and sum, then we get

<D*A (i aiAi> (i b jBf'> BCx,y>‘ (2.8)
i=0 j=0

< X X lail [b;| [(D"AA'B/BCx.y))|
i=0j=0

B 1/2 o |2 1/2
< a1 i P (a0 )

< 3 Y lail [B] 4] 18]/
i=0j=0

o -« a |2 172 wl-anl? 1/2
= Al 81 (|81 ) (|1t D vy

< Y lail 1A Y |b;| 18I
i=0 =0
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forall ¢ €[0,1] and x, y € H.
Since the following series are convergent and

oo

iaiAi:f(A)7 Y biB' =g(B),
i=0 =0

j=

while
3 lal A1 = fu (1A17%) ana 35 b 1817 = a (18]'7).
i=0 j=0

then by taking n, m — oo in (2.8), we deduce (2.7). U

We observe that for f =g=1in (2.7) we get for A,B,C,D € % (H) the following
“dual version” of (1.7)

* o 1—o o |2 1/2 x 1—o 2 1/2
(D ABCx, )| < Al B (1B ([]a D] vy 2.9)

forall ¢ €[0,1] and x, y € H.
Also, if we take f(z) = g(z) =z in (2.7), then we get for A,B,C,D € % (H) that

[(D*A’B*Cx,y)| (2.10)

F1/2 | p|13/2 2 1/2 1—a n|? 1/2
< [lAll“ 2 BIP [1B1 Cxx) <\|A* D| y,y>
forall o €[0,1] and x, y € H.

REMARK 1. With the assumptions in Theorem 2, if we take D =C =1 in (2.7),
then we get

(Af (4)g (B) By < A1 181" fu (IAI") ga (IBI?)  @1D)
(18P xx) " (Jar Py

forall o €[0,1] and x, y € H.
If A and B are invertible and we take D = (A*)~! and C = B!, then we get

[(F (@) (B)x,3) | < llAll 181~ fu (111> ) 8 (11BI?) 2.12)
1/2 2 1/2
(s ) (@) o)

forall o € [0,1] and x,y € H.
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EXAMPLE 1. Let A, B, C, D be operators in % (H). Assume that ||A|[,||B| < 1
andtake f(z):=(142z)"" and g(w):=(14+w) " with |¢|, |w| <1 in Theorem 2, then

‘<D*A(lj:A)_1(lj:B)_lBCx,y>‘ 2.13)

<l (1= pa2) e (- g )
) <|‘B‘ac|2x’x>l/2 <’A“°‘D\2y,y>l/2

forall ¢ €[0,1] and x, y € H.
For C =D =1, we obtain

[(aa) " (1£8) " Bry) (2.14)
<l (1=l ) it (1 gs2)

y <|B|2ax’x>1/2 <|A*|2(1—oc)y7y>l/2

forall ¢ €[0,1] and x, y € H.
Let A, B, C, D be operators in % (H). If we take f(z) :=exp(yz) and g (w) :=
exp(Bz) with o, B € C then by Theorem 2 we get

[(D*Aexp (yA) exp (BB) BCx. ) (2.15)
<A1 18I exp (1 4172 + 18] 18]

X <||B|OCC}2)C,)C>1/2 <‘|A*|IOCD’2y,y>

forall o €[0,1] and x, y € H.
If A and B are commutative, then

1/2

|(D*ABexp (YA + BB)Cx,y)]| (2.16)
< A1 exp Iyl 411"/ + 181 1BII"/?)

1/2 2 1/2
< {specPx) (=l )
forall o €[0,1] and x, y € H.

COROLLARY 1. Consider the power series u(z) = X gciz' convergent on the
open disk D(0,Ry) and v(z) = ¥ odiz' convergent on D(0,R,) and A, B, C, D be
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operators in % (H), A,B#0 with ||A|'/?,|A|| < Ry and ||B||'/?, ||B|| < R,, then
(D [1(4) = u (0)][v (B) = v (0)] Cx. )| (2.17)
< AN 2B [ (14172) = 0 0)] [va (1B1'72) = va (0)]

1/2 2 1/2
< (el (= )
forall o €[0,1] and x, y € H.

Proof. We consider the function

g =010 5
’ i=1

that is convergent on the open disk D (0,R;) and

v(z) —v(0 <
g(2) = v(z) —v(0) _ Y d,
< i=1
which is convergenton D (0,R;).
Then

ta (1A' = a (0)
la])'?

Af(A)=u(A)—u(0) and fa(”AH1/2>:

and
va (I1B1/2) = va(0)
B

g(B)B=v(B)~v(0) and g, (|B]'"?)=
By making use of the inequality (2.7), we derive
(D" [u(A) = u (0)] [v(B) = v (0)] Cx, )]
ta (A1) = 10 (0) v (1B11"/2) = v (0)
]| RS

x <||B|a C}2X,x>1/2 <’A*|1_°‘D‘2y,y>1/2

forall oc € [0,1] and x, y € H and the inequality (2.17) is thus obtained. [

1—
< |lAl* Bl

REMARK 2. If we take, for instance, u(z) = v(z) = sinz, then u,(z) =v,(z) =
sinhz, z € C and by (2.17) we get

|(D* (sinAsinB) Cx, y)| (2.18)
<A 2B > sinh (4] sink (1181]'/2)

x <}BaC|2x7x>l/2<’|A*laD’2y7Y>

12
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for A, B, C, D operatorsin #(H), A,B#0, o« €[0,1] and x, y € H.
One can obtain other similar inequalities by taking some specific examples for the
operators and the functions involved, however the details are omitted.

3. Norm and numerical radius inequalities

Our first result concerning the operator norm and numerical radius is as follows:

THEOREM 3. Consider the power series f(z) =37 gaii convergent on the open
disk D(0,Ry) and g(z) = X" (biz convergent on D(0,R,) and A, B, C, D be oper-
ators in % (H) with ||AH1/2,||A|| <R; and HB||1/2, ||B|| < Ry, then

ID"Af (4)g (B) BC| (3.1)
fa(||A||1/2)ga(||B||”2) Al 11 181 ]| [la*)" D

< S (1A17) ga (1B1'2) NI IBU €I D

forall a €[0,1].

Proof. We take the supremum over ||x|| = |[y|| =1 in (2.7), then we get
IDAF(@)8 (B)BC] = sup  |(D"AS (4)3(B)BCx.)
x||=|ly||=1

<Al 181 fo (14172) ga (1817

X sup l<}B“C|2x,x>l/2<‘|A*laD’2y7y>l/2]

[lxl=l[lyll=1
= Al 181" 7 (JlAl"?) 2 (181'7?)
< ()" s (Jw-oof's)
= At B (1A1) o (112)
] -<of |

= Al 1B £ (14117 ga (18172 181 ]| 147 D

which proves the first part of (3.1).
Since,
[1B1* || < [[1B1*|[llc] = |1B]“ |ICll

and
1—
DIl = lAl"~ D],

H|A*‘170(DH < H‘A*|17(X
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then
Al B fu (1412 g (18172 1181 ] |17~ D
< A1 181" fa (141"72) ga (1B1*72) 181 Il 1] 1)

= Il 181 £ (14112) o (181" T 1D

and the last part of (3.1) is also proved. [J

THEOREM 4. With the assumptions of Theorem 3 we have the numerical radius
inequalities

o (D'Af (4)g(B)BC) < fa (A1) ga (181" ) 141 18I (3.2)
2
317+ ) D)
2

and
w*(D*Af(A)g(B)BC) (3.3)
1, 12\ 2 1/2 20| p2(1-a0)
<52 (A1) &2 (18172) AP 18]
w)1— B w)1— 2 2
X [|||B|°‘CH2HA ! O‘DH +w<)A ! O‘D‘ 1Bl C]| )]
forall o € 0,1].
Proof. From (2.7) we get for all x € H that
* a l-o 1/2 1/2
(D*Af (A)g (B)BCx2) < A“ IBI fa (141" ) 2 (IBI'?) 34

X <’BaC|2x,x>l/2<||A*l_aD‘zx,x>l/2.

By the A-G-inequality we have

12
<|\B\aC|2x7x>l/2 <’A*1QD‘2x,x>
181 P+ [l p| >
X,X

ettt (£
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and by (3.4) we obtain

o (D°Af (4)g (B) BC)
= sup [{D"AS (A)s (B)BCx.)
x||=1
isi“cl+ a1 —pf
< 14HaHBH1“f;(AV2>gu(Blﬂ>Sugl< : .&x>
2
31°Cl+ a1~ D)
_ o l—a 1/2 1/2
= AN 18I fa (1417 g (1181172) : ,

which proves (3.2).
Let x € H, ||x|| = 1, then by Buzano’s inequality, we recall that [5]

[l 1v1] + |, v) ]

N =

[{u,€) (e,v)| <

holds for any u, v, e € H with ||e|| = 1, we derive

(s (sft-<ofx
1 a o wl—a p|? o A2 e |2
<5[HIB cf+| “IA “pl x +‘<]B C/’x [l p) XH
1 o ~|2 *1—o 2 x| 1—o 2 o 2
:E[HIB cf 4 “IA =D x +‘<)A e[ |Brec] ’“’XH'

By (3.4) we then obtain
(3.5a)

(D*Af (A) g (B) BCx,x)|*
1 e pr2i-a) 2 12\ 2 1/2
<3 1A BP0 12 (l1al72) 82 (181')

x [H||B|O‘C’2xH H)A*l_o‘Drx +‘<)|A*1_“D)2’BO‘C|2x,x>H.

If we take the supremum over ||x|| = 1, then we get
*(D*Af(A)g(B)BC)
= sup |(D*Af (A)g(B)BCx,x)|*

1 _
<3 1A BP0 g2 (1Al ) 82 (181'7)
sl—a o |2
+ [ [|A*"*D| ||B|*C|"x,x

|

“A*|1—O£D|2
X

X sup [H’|B|O‘C’2xH

[I¥l=1
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1 _
<5 AP BP0 £2 (1Al ) 82 (181'7)
x {H|B|O‘CH2HA*|IO‘DH2+(U <’|A*|1°‘D‘2||B|O‘C}2)] :
which proves (3.3). U

REMARK 3. If we take in Theorem 4 D = C = I, then we derive
w(Af(A)g(B)B) (3.6)

200 x12(1—a)
12 12 aypl—a||1BI7 A%
< Ja (141" ga (1812 l14]1* 18] :

and
®*(Af (A)g(B)B) (3.7)
1 o OC
<32 (01 g2 (1812 ) laiPe 51>~
x [IBIP* AP + o (Jar PO B2 |
forall a € [0,1].

We recall now Young’s inequality for a,b > 0 and p, g > 1 with }—) + é =1,

1 1
ab< —af + -b1
P q

and McCarthy inequality for operator P > 0,
(Px,x)* < (P°x,x)
where s > 1 and x € H with [jx| = 1.

THEOREM 5. Assume that the conditions of Theorem 2 are satisfied and o €
[0,1]. If r >0, p, g > 1 with 11—7—|—$=1 and pr, qr > 1, then

" (D*Af (A) g (B)BC) (3.8)
<2 (ha1'>) g2 (181172 ) JagPre sPrt =

1 P _ 2qr
—||B|aC|2p+—‘|A*|l aD’
p q

and, in particular
®”" (D*Af (A)g(B) BC) (3.9)
<2 (11 g2 (IB172) a1

1 2pr ] 2qr
—’|B|1/2C‘ +—’|A*\1/2D‘
) q
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If r> 1, then

0 (D*Af (A) g (B)BC) (3.10)
<2 (0a1') g2 (18172 alPre s P

2r 2
el Jat<o] " +or o[ aicr’)
X
2
and, in particular
> (D*Af (A) g (B)BC) (3.11)

< 2r 1/2 2r 1/2 r r

<2 (han'?) g2 (18172) a5

2r 2r 2 2
\A*|1/2DH +w’<‘|A*|1/2D) ‘|B|1/2C)>

2

H‘B‘I/ZC
X

Ifr=1, p, g > 1 with ;—7+$=1andpr7 qr =2, then also

" (D*Af (A)g(B)BC) (3.12)
<2 (ha1') g2 (18172 jagpre P

- -~ 2rq
LB [ + 4 flar)' D)

Yo' <‘|A*|1‘°‘D)2 ||B|°‘c]2>

2

and, in particular

" (D*Af (A)g(B)BC) (3.13)
<2 (ha1') g2 (I812) A 11°

2rp 2rq
1 1/2 1|1g%1/2
p’|B| c’ +q‘|A | D’

Lo (‘IA*WD’z ’|B|1/2C‘2>

2

Proof. From (2.7) we get by taking the power 2r > 0 for all x € H that

|(D"Af (A) g (B) BCx,x)|* (3.14)
<Pl BIPr g2 (1Al g2 (11'7)

a2 4 sl—a n]? '
><<|\B\ C| x7x> ‘|A| D’ XX ) .
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By Young and McCarthy inequalities [6] we have,

r 2 r
<||B|°‘c}2x,x> <||A* e p x,x> (3.15)
1 | P\
< —<HB\O‘C|2x7x>p —|——< A aD) x,x>
p q
1 1 o
< —<’BaC|2prx,x>+5< Sk aD) x,x>
p

1 1 2qr
= ((Shmeerr+ d jatenf") )
p q

for x € H with ||x]| = 1.
By (3.14) and (3.15) we obtain

[(D*Af (A) g (B) BCx,x)[* (3.16)
<A B 2 (1Al ) g2 (181172)

1 | _ 2qr
><<<—}BaC|2p —l——’\A*\l O‘D‘ )x,x>
p q

for x € H with ||x|| = 1.

By taking the supremum over ||x|| = 1, we get (3.8).

By taking the power r > 1 in (3.5a) and by using the convexity of the power
function, we obtain

((D*Af (A) g (B) BCx,x)[* (3.17)
< AP BIPC 2r (11A)) g2 (1B112)

i +’<‘|A*|1_O‘D)2’|B|°‘C’2x,x>‘

2

Jimrecr+|

*1—0{ 2
|[A*"""D| x

r r(1— r 2 r 2
< AP B 2 (1a) ) g2 (1B112)

+ '<‘A*|1°‘D‘2 ||B|°‘c}2x,x>

2

o a-<of

for x € H with ||x]| = 1.

By taking the supremum over ||x|| = 1, we get (3.10).
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We also have by Young’s inequality that

Bl | |l | x
|A"|
o la 2 &
<= [e e s+ < e nf s
- 2 1273
— - grecr \ lar=enfs

q

1 o ~|4 7 s l—o 4 2
= (el x4 {flact [ xx
p q
forxe H.
By McCarthy’s inequality for 2, 5/ > 1 we also have

rq
1 | B 4 2
_<;\B\°‘c|4x,x> ’ +—<‘|A*1 O‘D’ x,x>
p q
1 1 - 2r
< - <’|B|ac’2rpx7x>+— <)A*1 O(D‘ qx7x>
p q
1 1 2r
= ( (Sl + 2 ja-epf ) r)
p q

for x € H with ||x|| = 1.
Therefore,

r 2 r 1 ’ 1 - 2rq
H]\B\O‘C|2xH H‘A*P"‘D‘ xH <<<—||B|°‘C]2p+—’|A*l O‘D’ )x,x>
) q

for x € H with ||x]| = 1.
By (3.17) we derive

(D"Af (A) g (B) BCx,x)[*
< AP BIP 2 (1Al g2 (1B112)

2rq 2 r
<<% 1B|* " +1 )\A*|I’O‘D‘ )x,x> + ‘<)A*1O‘D‘ |B°‘C|2x,x>
X

2

for x € H with ||x]| = 1.
By taking the supremum over ||x|| = 1, we obtain (3.12). O

REMARK 4. From Theorem 5 we get for D = C =1 that

(Ar (A)g(B)B) < 2 (A1) &2 (118)72) (3.18)

1

- 1, 20 —oar
« ”AHzra”B”Zr(l o) ;‘B‘mxpr_’_;‘A |2(1 a)q
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and, in particular
w* (Af(A)g(B)B) (3.19)
<2 (1a1') g2 (1812 Al 11"
for r >0, p, g>1 with I%—i-é:l and pr, gr > 1.
If > 1, then
w* (Af(A)g(B)B) (3.20)
r 2 r 2 2r 2r(1—
<72 (ha1'?) g2 (181172 Jagpre et
||B||206r HAHZ(I—OC)r+ " (‘A*|2(l—(x) ‘B‘2oc>
2

1 1
B~ AT
p q

X

and, in particular
w* (Af(A)g(B)B) (3.21)
IB]" A" + w" (|A*[1B])
<2 (ha1') g2 (1812) a1 . :

Also,if r > 1, p, ¢ > 1 with 5+ 4 =1 and pr, gr > 2, then also

o (Af(A)g(B)B) (3.22)
< f2r 1/2\ 2r 1/2 2roc 2r(1—o)
<2 (A1) g2 (1812 ) a1 1]
H% |B|2arp + é |A*‘2(l—oc)rq +o (|A*|2(l—(x) |B|2oc>
2

and, in particular
1/2 1/2
0¥ (Af (4)g(B)B) < £Z (141") g2 (IBI'2) Al 1BIT (3.23)
1 T 1| pAx|re
| 31817+ Ljarye
8 2

+o"(|A"[[B])

4. Some examples

Consider the fundamental complex functions f(z) = (142z)"' and g(z) =
In(1+z)"" for |z| < 1. From (3.6) and (3.7) we get

) (A(liA)‘lBln(liB)‘l) @.1)
—1 -1
<AL (1= 1Al ) Bl (1 (1B12)

|B|2a + |A*|2(1—O£)
2
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and
® <A(1 +A) ' BIn(1 j:B)_1> 4.2)
-1 -1
<AL (1= 1Al ) Bl (1 (1812)
1/2
1B AP0+ o (a7 P B
X
2
forall o €[0,1].
Also, from (3.18) we derive
) (A(1iA)—1Bln(1iB)—1> 4.3)
—1 -1
<Al (1= Al ) sy (1 B12)

1 1 2
« |2 ‘B‘Zocpr_’_ 5 ‘A*|2(17a)qr

for r >0, p, ¢ > 1 with §+§:1 and pr, gr > 1.
Moreover, if r > 1, p, g > 1 with ;+$ =1 and pr, gr > 2, then by (3.22) we
also obtain

w(A(liA)‘lBln(liB)‘l) 4.4)
—1 -1
<AL (1= 1Al ) B (1 (812)
1
2r
1 2arp | 1 2(1—a)rg
(e gia

2

NP <‘A*|2(1—a) \B\ZO‘)

where A, B are operators in % (H) with ||A]|, ||B]| <1 and « € [0,1].
Now, consider the power series f(z) =sinz and g (z) = cosz, z € C. From (3.6)
and (3.7) we get

o (Asin(A)cos(B)B) 4.5)
. _ Bza+ A* 2(170()
< sinh (112 cosh (18]2) 4] - | ZA
and
o (Asin (A)cos (B)B) (4.6)
< sinh (J1A]1"/%) cosh (|1B1"/2) 4] 1B~
1/2

1B AP0 o (a7 P B
2

X
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forall o €[0,1].

Also, from (3.18) we obtain

o (Asin (4) cos (B) B) < sinh (14]]'/*) cosh (|1B]"/?) @4.7)

Y-

_ 1 1 _
x [|A]|*|1B]| ' ;|B|2°‘1"+5|A*|2“ olar

for r >0, p, g>1 with I%—i—ézl and pr, gr > 1.

Moreover, if r > 1, p, g > 1 with %—Fé =1 and pr, gr > 2, then by (3.22) we

also derive

o (Asin (A)cos(B)B) (4.8)
< sinh (J1A]1"/%) cosh (|1B1"/2) Jl4]1* 1B~

1
H[l_7 |B|2ocrp + Lli |A*|2(1—Oc)rq ‘ +o <|A*|2(1—a) |B|2a> 2r
X
2 )

where A, B are operators in Z (H) and o € [0,1].

The interested reader may state other similar results by employing the power series

listed in (2.4)—(2.6). We omit the details.
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