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THE C-N-STAR, S-STAR AND C-MINUS PARTIAL ORDERS

QIULI LING, XUE HUA, HONGXING WANG™ AND SHUANGZHE LI1U

(Communicated by N. Elezovic)

Abstract. In this paper, we derive several characterizations of the s-star partial order in terms
of the core-nilpotent decomposition, and establish the conditions under which the s-star partial
order implies the C-N-star partial order. By applying the core-EP decomposition, we introduce
a new partial order, the c-minus partial order, which generalizes the core-minus partial order.
Additionally, we provide several characterizations and properties of the c-minus partial order.

1. Introduction

In this paper, we use the following symbols. Let C"*" be the set of m x n com-
plex matrices, A*, Z (A) and rk(A) denote the respective conjugate transpose, range
(column space) and rank of A € C"™*" and I,, be the identity matrix of order n. For
A € C™" the index of A is the smallest positive integer & such that rk(A*+1) = rk(AK),
and is denoted by Ind(A) = k. For A is a rectangular m X n matrix, if there exists a X
€ C™" satistying the following four equations:

(1) AXA=A, (2) XAX =X, (3) (AX)" =AX, (4) (XA)"=XA,

then X is called the Moore-Penrose inverse of A, and denoted as X = A". Especially,
if m=n=rk(A), we have AT =A~!. If AA" = ATA, then A is EP [28]. It is well
known that A is EP if and only if % (A) = % (A*), see [20]. The set of all EP matrices
on C™" is denoted as CEP:

ClP={A|%Z(A)=%(A"),AcC"}.

The i-EP matrix is an extension of the EP matrix. If A* is EP and k is the index
of A, then A is said to be i-EP. The set of all i-EP matrices on C"*" is denoted as (CLE:

CE = {A|Ak6(CSP,Ind(A):k7AE(C"X"}. (1.1)

For further conclusions on the properties and characterization of EP matrices and i-EP
matrices, see [10, 14, 23, 27, 31].

Mathematics subject classification (2020): 15A09, 06A06, 15A24.

Keywords and phrases: C-N-star partial order, s-star partial order, c-minus partial order, core-EP de-
composition, core-nilpotent decomposition.

* Corresponding author.

© M, Zagreb 177

Paper IMI-19-12



178 Q. LING, X. HUA, H. WANG AND S. L1U

Let A€ C"™" and Ind (A) = k. If there exists a X € C"*" satisfying the following
three equations:

(1%) xA* 1 =Ak (2) XAX =X, (5) AX =XA,

then X is called the Drazin inverse of A, and denoted as X = AP . In particular, when
k=1, X is called the group inverse of A, and denoted as A¥, see [28]. Furthermore,
we denote

CM={A|Ind(A) =1,A€C""}.

Manjunatha Prasad and Mohana [15] introduced the core-EP inverse and gave
some characterizations and properties of the core-EP inverse. Let A € C"*" and Ind (A)
= k. If there exists a X € C"*" satisfying the following conditions:

(15) XA = Ak (2) XAX =X, (3) (AX)" =AX, (6) %(X)g%(Ak>,

then X is called the core-EP inverse of A, and denoted as X = A® . In particular, when
k=1, X is called the core inverse of A, and denoted as A®, see [2].

Generalized inverses are one of the main tools for studying the partial order of ma-
trices. Recently, the theory of partial order and its applications have received widespread
attention, [1, 3,4,5,7,8,9, 13, 17, 18, 22, 26, 32, 33, 34, 35]. A partial order is a binary
relation that satisfies reflexivity, transitivity, and antisymmetry. It is well known that the

— *
classical partial orders are the minus order “<”, the star order “<” and the sharp order

#
“<”, see [0, 11, 19]. Let A,B € C"™*", then

(1) A <B&AA =A "B, AA~ = BA~,forsome A~ ,A= € A{l};

*

(2) A< B A*A=AB, AA* = BA*;

#
(3) A< B = A*A=A"B, AA* = BA*, Ind(A) =Ind(B) = 1.

Another major tool for studying partial order is matrix decomposition. Matrix de-
composition is also a primary tool for studying generalized inverses of matrices. Here,
we present two matrix decompositions, one of which is the core-nilpotent decomposi-
tion.

LEMMA 1.1.([20]) Let A € C**" and Ind(A) =k, then A can be uniquely writ-
ten as the sum of Ay and Ay, i.e., A=A+ Ay, where

(1) Ind(Ay) =1;
(2) Ak=0;

(3) AjAr = ArA; =0.
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Furthermore, there exists an invertible matrix P such that

- [ro] ool
AI_P[OO]P , Az_P[ON}P , (1.2)

where T is invertible, N is nilpotent and Ind (N) = k.

In the above decomposition, we say that A is the core part of A, and A, is the
nilpotent part of A. According to the decomposition, we can obtain

"1 o

—1
o o P

AP =p

Especially, if Ind(A) = 1, we have N =0 and

71 0]

-1
0 0_P .

Af=p

The other one is the core-EP decomposition.

LEMMA 1.2. ([29]) Let A € C"" and Ind( ) =k, then A can be uniquely writ-
ten as the sum ofA1 and A2, ie, A= A1 —|—A2, where

(1) Ind (Xl> —1;
(2) A =0;
(3) AjAy =ArA; =0.

Furthermore, there exists a unitary matrix U such that

~ TSs|,., ~ . foo] .
AIZU[OO}U, Az_U[ON]U, (1.3)

where T is invertible, N is nilpotent and Ind (N) = k.

According to the core-EP decomposition, we can obtain

T-10
D _ *
A _U[O O}U.

Especially, when Ind (A) = 1, we have

[rs), .
A_U[OO]U, (1.4)
and
T-'o
@ __ *
A _U[O O}U. (1.5)

By applying the core inverse, Baksalary and Trenkler [2] introduced the core par-
tial order on CSM.
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LEMMA 1.3.([2]) Let A,B € (CSM, and let A be of the form as (1.4). The follow-
ing conditions are equivalent:

®@
(1) A<B

() B=U B ﬂ U*, where Z € CM.;

(3) ATA=ATB, A2 =BA.

It has become common practice to construct partial orders using matrix decompo-
sition. For example, Hauke and Markiewicz [12] introduced the GL partial order based
on the polar decomposition.

Let AL Be C"", A= A1 +A2 and B = 31 +Bg be the core-EP decompositions
of A and B, respectively. Wang [29] introduced the core-minus partial order:

CM ~ B AN o~ =~
A < B: A <B), Ay <B>. (1.6)

And let A=A; +A; and B = B + B, be the core-nilpotent decompositions of A and
B, respectively. Mitra and Hartwig [21] considered the C-N partial order:

A < B: A < Bl,A2<BQ (1.7)

Mitra, Bhimasankaram and Malik [20] established the S-minus partial order:

S] - #
AgBIAgB,AlgBI. (18)

Based on (1.7) and (1.8), Mitra raised the open problem [20, Problem 16.3.1]: What
are necessary and sufficient conditions under which the S-minus partial order implies
the C-N partial order? Wang and Liu [30] studied the problem.

Furthermore, based on the core-nilpotent decomposition, Mitra, Bhimasankaram
and Malik [20] introduced two new partial orders based on the star and sharp partial
orders, which did not exist before. Let A=A +A, and B = B| + B, be the core-
nilpotent decompositions of A and B respectively. The forms of A; and B are as

shown in the first equation of (1.2). The first is the C-N-star partial order, and is denoted
#,%
as [ < ’7:

A < B: A < Bl, Ay < BQ, Ay,B) € CEP (1.9)
S
The second is the s-star partial order, and is denoted as “ <™
= * # EP
A<B: A<B,AI <By,A,B€C,". (1.10)

#,% &)
Itis easy to see that A < B implies A < B. Obviously, both of these partial orders
are the C-N partial orders. It follows that

* #,% #,— —

5 [S) 5
A<L<B=A<B=A<B=A<B=A<B.
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It should be pointed out that Marovt [16, 17] further discussed the characteriza-
tions and properties of these two partial orders. It is well known that the core-nilpotent
decomposition is applied to study the sharp partial order, and the singular value decom-
position is applied to study the star partial order. The C-N-star partial order and the
s-star partial order are both generated by the combination of the sharp partial order and
the star partial order. An interesting fact about the C-N-star (s-star) partial order is that
constraint A; exists in the set CEP . Tt follows that the two partial orders are established
on a special set of matrices. So, what is this set? Furthermore, how can we establish
a generalized partial order in the set C"*"*? These factors result in the C-N (S-minus)
partial order and the C-N-star (s-star) partial order, although structurally similar, having

different levels of difficulty.
#x ® ®
Although A < B implies A < B, the reverse is not true, that is, A < B does not
#,%
imply A < B. Therefore, Mitra, Bhimasankaram and Malik raised the open problem

[20, Problem 16.3.2]. Let A = A| + A, be the core-nilpotent decomposition of A. The
form of A; is the first equation of (1.2). Furthermore, let us denote

e ={A|A € CEP. A = A + A, is the core-nilpotent decomposition of A € crny.
(1.11)

PROBLEM 1.1. ([20, Problem 16.3.2]) What are the necessary and sufficient con-
) #,%
ditions under which A < B implies A < B?

Marovt studied Problem 1.1 by providing some new characterizations of C-N-star
partial order in [16].

In this paper, we apply the core-nilpotent decomposition to study the s-star partial
order, derive several characterizations of the s-star partial order, consider the above

*
Problem 1.1 and get some new conditions under which A 2 B implies A #i B. Based
on the core partial order and the minus partial order, we introduce a new partial order
called the c-minus partial order, get some characterizations of the partial order, and the
relationships between the c-minus and core-minus partial orders.

The structure of the rest of the paper is as follows. In Section 2, we provide
characterizations of the s-star partial order. In Section 3, we study the relationships
between the C-N-star and s-star partial order. In Section 4, we present properties of the
c-minus partial order. Finally, we conclude in Section 5.

2. Characterizations of the s-star partial order on CiF
The EP matrix is a special matrix. In [24], Pearl gave it a nice characterization.

LEMMA 2.1.([24]) Let A € C"™". Then A is EP if and only if there is a unitary
matrix U such that

TO|, .
A:U[OO]U7 @.1)
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where T is invertible.

REMARK 2.1. ([20]) Let A,B € C. It is obvious that A* = AT and B* = BT.
# *
Therefore, A < B if and only if A < B.

Wang and Liu gave a characterization of the i-EP matrix in [31].

LEMMA 2.2. ([31]) Let A€ C"". Then A isi-EP if and only if there is a unitary
U such that

T0]. .
A:U{ON}U, 22)

where T is invertible, and N is nilpotent.

*
THEOREM 2.3. Let A and B be i-EP matrices of the same order. Then A < B if
and only if there exists a unitary matrix U such that

TO

oON

A:U{ 0 By,

]U*, B:U[T O]U*, 2.3)

*
where T is invertible, B4 is i-EP, N is nilpotent and N < Bi4.

Proof. Since A is i-EP, then it is of the form (2.2). Let B be partitioned as the
following form according to the block form of A:

Bi1 Bia| .«
B=U U-. 2.4
[313 314} @4

Since A % B, we have AA* = BA™ and A*A = A*B. By applying (2.2) and (2.4), it
follows that By =T, Bjo =0, Bi3 =0, NN* = Bi4N* and N*N = N*B4. Therefore,

B is the form as in (2.3) and N < By4. Since B is i-EP, then By, is i-EP. Therefore, we
get (2.3).
Conversely, let the forms of A and B be as in (2.3). It is easy to check that

A<B. O
LEMMA 2.4. ([20]) Let A,B € C"™*" have the same block forms,
 [A) 4, “foo
=il o=l

and A4 and By be of the same order. Then A % B ifandonlyif Ay =0, A, =0, A3=0
and A4 i B4.
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LEMMA 2.5. Let CIF and @™" be as in (1.1) and (1.11), respectively. Then
(CLE _ Q:nxn'
Proof. If A € (C;E, applying (2.2) gives that the core part of A is EP, thatis, A €
@< Therefore, CIF C ¢,

If A€ @ then A; is EP. Denote rk(A) = r and let A = A} + A, be the core-
nilpotent decomposition of A. Then, applying Lemma 2.1 gives

[T 0] 4,
AI—U[O O}U, (2.5)

in which U is unitary and T is invertible. Furthermore, let A, be partitioned as
7 (2.6)

in which X; € C"™". Since A =A; +A, is the core-nilpotent decomposition of A, then
A1A; = ArA; = 0. It follows from (2.5) and (2.6) that X; =0, X, =0, X3 =0 and Xy
is nilpotent. Therefore,

~Tol~
A=A1+A,=U ~ | U". 2.7
1+A [0 XJ 2.7

Applying Lemma 2.2 gives that A is i-EP. Therefore, €"*" C CE,
In summary, we have (C;F coincides with ¢"* [

S
THEOREM 2.6. Let A and B be i-EP matrices of the same order. Then A < B if
and only if there exists a unitary matrix U such that

T 0 O T 0 0
A=U|0N,Na|U*, B=U|0OT 0|U", 2.8)
0 N1z Nig 00M

where T and Ty are invertible, Ni4 and N, have the same order, [NH le] and N,

Ni3 Nia

. Nyt Np| = |T7 O

are nilpotent, and < .
P [N13 N14:| [0 N

Proof. Let A € (CLE. Applying Lemma 2.2, we have the decomposition of A,
A=A|+ A, in which

TO|. . 00/,
Al = Ul |:0 0:| Ul? A2 = Ul |:O N:l Ul? (29)

U, is unitary, T is invertible and N is nilpotent.
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*
Since A < B, applying Theorem 2.3 gives that

T 07,
B=U, [0 BM] uU;, (2.10)

%
where N < By4 and Byy is i-EP. Furthermore, applying Lemma 2.2, we have the core-
EP decomposition of B4

T O «
Bl4=U2[01NJ U, (2.11)

in which U, is unitary, 77 is invertible, and N, is nilpotent. Substituting (2.11) into
(2.10), we have

T 0
B=U, 7,07, .U (2.12)
It follows from (2.12) that
T 0 0 .
B=U, [I‘k(g” g] 0T, 0 [I‘k(g” g] U;. (2.13)
dloomn 2
Denote
1 0 Ny N
U=y, "™ W12 N, 2.14
1[ 0 U Ni3 Nia 22 @19

Applying (2.9), (2.13) and (2.14), we have (2.8).
. Nyt Np| = |T7 O
Conversely, let A and B have the forms as in (2.8) and < ,
4 (2.8) [Nn N14} [0 Nz}
A =A|+ A, and B = B| + B; be the core-nilpotent decompositions of A and B, re-

spectively. Then

[T00 00 O
Ar=U1000 Ay =U |0 Ny Nyp | U, (2.15)
(000 0 Ni3 Niy
00 000
Bi=U 0 T 0|U* B,=U|00 0 |U". (2.16)
1000 00N,
Applying (2.15) and (2.16), we have A < 31 and A < B Therefore, A 0

S
THEOREM 2.7. Let A and B be i-EP matrices of the same order, then A < B if
*
andonly if A< B
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. S *
Proof. Let A,B € (C;,E. If A < B, from (1.10), it is obvious that A < B.

*
Conversely, if A < B, then A and B have the forms as in (2.3). Since Bi4 is i-EP,
then there exists a unitary matrix U; such that U;B4U{ can be partitioned as

. [no
U1B U} = {01 NJ .

Obviously, UiNU/ is nilpotent. We write Ui NU| =

®
rem2.6that A< B. [

[Nu Niz

. It follows from Theo-
Ni3 N14]

Marovt[16] gave a characterization of the C-N-star partial order in proper *-rings.
In particular, the set C"*" is one special case of proper *-ring.

#,%
LEMMA 2.8. ([16]) Let A and B be i-EP matrices of the same order. Then A < B
if and only if there exists a unitary matrix U such that

T0 0 T0 0
A=U|00 0 |U*, B=U|0T, 0|U", (2.17)
00 Ny 00N

*
where T and T are invertible, N4 and N, are nilpotent of the same order, and Ni4 <
N.

3. Relationships between the C-N-star and s-star partial orders on CLE

In this section, we consider the relationships between the C-N-star and the s-star
partial orders.
01 01
Let A= 0ol B= Lol and Ind(A) =2, Ind(B) = 1. Then we get the core-
nilpotent decompositions of A and B, A =A| +A; and B = B; + B,, in which

00 01 01 00
w=loo] a=lao] m=[lo]. m=[og]
Then,

 _pax_ |10 w1 axp_ |00
AA_BA_[OO]’ AA—AB—[OJ,

00 00

AIA’T:BlAT:[O 0}, A?AleTBlz[OO],
. _[to . _[oo
A2A2_ |:O 0:|7éB2A2_ |:O O:|a

* 00 " 00
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S #x ®
It can be seen from the above equation that A < B, butnot A < B. It follows that A < B

#,% #,%

®
does not imply A < B. So, in what condition(s) does A < B=-A < B? This is also
Problem 1.1. Marovt discussed this problem on the ring and gave some conclusions in
[16]. Here we present some new results.

THEOREM 3.1. Let A,B € CF, k = max{Ind(A),Ind(B)}, A=A, +A, and

©
B = B + Bj be the core-nilpotent decompositions of A and B, respectively. If A < B,
then the following conditions are equivalent:

#.x
(1) A<B;
(2) BBPA =ABBP, BPA = APA;
(3) BB®A =ABB®, BPA = ADA.
#%

Proof. (1)=(2)-(3): Let A,B € CE and A < B, then the forms of A and B are
as in (2.17). It follows that

[T-100 T 0 0
AP=u| 0 oo0|U*, B°=U| o0 17'0|U",
| 0 00 0 00
. () 00 ” L) 00
BPA=U| 0 o0|U*, APA=U| 0 00|U",
| 0 00 0 00
[lery 0 0] [T0 0] [T 00]
BBPA=U| 0 Iy 0| |00 0 |U*=U[000|U",
L 0 0 0] [00Ny] 1000
(70 0] Irk(T) 0 O] [T 00]
ABBP=U (00 0 0 Iyr)0|U =U|000|U",
(00N [ 0 0 O] 1000
[T7=100] [T-1 0 0
A®=U| 0 00|U*, B®=U| 0 17'0|U",
| 0 00] 0 00
[L(r) 00 L) 00
B®A=U| 0 00{U*, A®A=U| 0 00|U",
| 0 00 0 00
Iy 0 0] [T0 0] T 00]
BBPA=U| 0 Iz 0| |00 0 |U*=U|000|U",
L 0 0 0 [00Ny [1000]
[T0 0 Irk(T) 0 O] [T 00]
ABB®=U {00 0 0 Iy O|U*=U[000|U".
10 0Ny 0 0 0] [1000]
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Applying the above results and (2.17) gives (2)—(3).
S .
Next, let A< B and A,B € CIE. Then the forms of A and B are as in (2.8). It is

easy to check that

187

TF 0 0
Bf=uU|o0 TFo| U (3.1)
0 00
(2) = (1): Applying (2.8), we have
[lary 0 O] [T 0 0] [T 0 0
BBPA=U| 0 Iy 0| |0 Ny Np|U=U |0 Ny Nio| U,
i 0 0 0] [0 N3 N14_ _0 0 0
[T 0 0] [lxry O O] [T 00
ABBP =U | 0 Ny| Ni» 0 Iyr) 0| U =U|{0N; 0| U,
|0 Ni3 Ny 0 0 0 [0 N30
Ly O 0 L1y 00
BPA=U| 0 T7'Nyy T !N | U, APA=U| 0 00|U".
| 0 0 0 0 00

Since BBPA = ABBP, then N =0 and N;3 = 0. Since BPA = APA, then N;; =0

and N = 0. Therefore,

TO O TOO 00 O
A=U|00 0 |U*, A =U|000|{U", A,=U|00 O [U". (3.2)
00Ny 000 00 N4
00| =1|T7 0 * .
From Theorem 2.6, we have < , S0 Nia < N,. Therefore, applying
0 Ny 0N
#,%
Theorem 2.8 gives A < B.
(3) = (1): Applying (2.8), we have
_Irk(T) 0 0][7T 0 0] T 0 0
BB®A=U| 0 Lir) 0] |0 Niy Niz U*=U |0 Ny Np| U*,
| O 0 0] [0 N3 N14_ _0 0 0
[T 0 0 Lyry O 0] T 0 0
ABB® =U | 0 Ni1 Npa 0 Iy 0 U'=U|0N; 0| U,
|0 Ni3 Nig 0 0 0] [0 N3 0
[Ty O 0 Ly 00
BPA=U| 0 T;'Ny T, 'N|U*, APA=U| 0 00|U".
| O 0 0 0 00

Since BB®A = ABB®, then Nj; =0 and N;3 = 0. Since BPA = A®A, then N;; =0

#,%
and Ni; = 0. From Theorem 2.6 and Theorem 2.8, it follows that A < B. [



188 Q. LING, X. HUA, H. WANG AND S. L1U

4. Characterizations and properties of the c-minus partial order

By Lemma 1.3 and (1.6), we see that the core-minus partial order and the core
partial order coincide in C$M. Wang [29] used the core-EP decomposition to give the
characterization of the core-minus partial order, as follows:

cM
LEMMA 4.1. ([29]) Let A,B € C"™", then A < B if and only if there exists a
unitary matrix U such that

T1S1 S2 TISI S2
A=U|0 0 0|U", B=U|0T S;|U", (4.1)
0 0N 00M

where Ty and T, are non-singular, Ni and N, are nilpotent, satisfying N < N;.

In this section we introduce the c-minus partial order, and consider the relation-
ships between the c-minus partial order and the core-minus partial order.

DEFINITION 4.1. Let A, B € C"*", A :Xl +A22 and B = El +§2 be the core-
];P deconositions of A and B, respectively, where A; and B; are core-invertible, and,
A; and B are nilpotent. Then A is below B under the c-minus order if

By.

VAC,

B, A,

N

A
. . © . "
Whenever this happens, we write A < B. Since the core-EP decomposition of a
given matrix is unique, and the core order and the minus order are both partial orders,
it is easy to get the following theorem:

)
THEOREM 4.2. The c-minus order A < B is a partial order.

©
THEOREM 4.3. Let A, B€ C"™". Then A < B if and only if there exists a unitary
matrix U such that

T1 S1 S2 Tl Sl S2
A=U|0 Ny Np| U, B=U|0T 8| U, (4.2)
0 N3z Niy 00M

where T\ and T, are non-singular, [N“ le} and N, are nilpotent, and [NH le] i

Ni3 Nig Niz Ny
T, S5
0N

Proof. Let A € C™" and the core-EP decompositions of A be as in (1.3). And
let B = B1 + B be the core-EP decomposition of B.
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Let A< B Then A 1 < 31 It follows from Lemma 1.3 that

R T1 Sl S2 N Tl Sl S2
Ai=U1[0 0 0[{U", Bi=U|0TSU" 4.3)
000 000
Therefore,
R 000
B,=U ({00 0 | U*,
00N,
R 00 O
in which N, is nilpotent. Furthermore, write Ay = U |0 Ny Niz | U*, in which
0 Ni3 Ni4
Ni1 Nz S ni . )
s nilpotent. Then A is the form as in (4.2).
Ni3z Nig

Since A < B then A < B, that is, tk (B—A) =1k (B) —rk(A). It follows that

N Niz| I T3\ |Nu N
tk (T2) + 1k (N2) —rk [NB N14] —rk<[0 Nz] [NB N14]>'

Therefore,
Ny Niz < Ty Ts
NizNia| = [0 Mo

~ @ ~
Conversely, let the forms of A and B be as in (4.2). Obviously, A < By, since

NuNp| Z [T T3
< , then tk(B—A) =rk(B) —rk(A), that is A < B. Therefore,
e <G (B 4) =tk (B) — ik (4),

®©
A<B. 0O

From (2.8) and (4.2), we can see the relationship between the c-minus partial order
and the s-star partial order.

REMARK 4.1. The s-star partial order coincides with the c-minus partial order on
CiE |

From Lemma 4.1 and Theorem 4.3, it is easy to check that the core-minus partial
order implies the c-minus partial order, and the c-minus partial order implies the minus
partial order, that is,

CcM © —
A< B=A<B=A<B.

But the c-minus partial order does not imply the core-minus partial order. This can be
verified by the following example.
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01 01
EXAMPLE 4.1. Let A = {0 0} , B= [1 0

sitions of A and B as A :Zl +A, and B = B 1 +§2, respectively, where
~ 00 ~ 01 ~ 01 ~ 00
A= o) 2=[ao]- m= 1] &= [5)

_ B N N
Obviously, we can know that A < B, A| < By, and A; is not below B under the minus

© cM
order. Thatis A < B,butnot A < B.

] . We can write the core-EP decompo-

Under what condition(s) is the c-minus order equivalent to the core-minus order?
We aim to answer this question with the following results.

THEOREM 4.4. Let A, B € C"", and A and B be the forms as in (4.2). If
® cM
Ni1 =0, Nia =0 and Ni3 =0, then A < B is equivalentto A < B.

cM _

Proof. Let A < B, A and B be the forms as in (4.1). Since N; < N,, then

tk (N, — Np) =tk (N2) —rk(Ny). It follows that tk (B —A) = rk(B) —rk(A). Then
A ; B. Therefore, A 2 B.

©
Conversely, let A < B, Ni; =0, Njp =0 and Nyj3 = 0. Then from Theorem 4.3,

there exists a unitary matrix U such that

T1 Sl S2 Tl Sl S2
A=U|00 0 |U", B=U|0T S;|U",
0 0 Ny 00N

0 Ny 0N
Since A % B, then 1k (N, — Ni4) = 1k (N2) — rk(Ny14), that is, Ny ; N, . Therefore,
cM
A<B. O

where T} and 75 are non-singular, Nj4 and N, are nilpotent, and [0 0 ] i [Tl Tﬂ .

©
THEOREM 4.5. Let A, B € C"™" and k = max{Ind (A),Ind(B)}. If A < B, then
the following conditions are equivalent:

CM
(1) A < B;
(2) BBPABK = AB*, BBPA = AA®A;
(3) AA® = AB®, APA = BPA;
(4) BPA=APB, AA® = AB®;

(5) AA® = AB®, BBPA = AA®A.
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Proof. (1)=(2)-(5): LetA B A and B be the forms as in (4.1). Then

(TF T T

B'=U|o 1| U, (4.4)
(000

(77100

A®=U| 0 00|U", (4.5)
0 00

17 17T, o

B®=U| 0 ! 0| U*, (4.6)
0 0 0

— o~ o~
where T, T, T, T' are some suitable matrices. It follows that

[Ty T'S1 T S)
APA=U| 0 0 0 |U*=B®A=A%B,
|0 0 0
rk(Tl) 00
AA®=U| 0 00|U*=AB®,
| 0 00
[T1 S1 S>
BBPA=U |0 0 0| U*=AA®A,
(000
[T LT + 8 TF LT +8,T'
BB®AB*=U| 0 0 0 U* = AB,
|0 0 0

So (2)—(5) are obtained.

®
Let A< B and A, B be the forms as in (4.2), then B¥, A? and B® are the forms
asin (4.4), (4.5) and (4.6). It is easy to check that

[T T+ 81T TiT + i7"
BB®AB*=U| 0  NuTf  NyT' |U", 4.7)
L0 0 0 |
[T T+ 81T TV T + i7"
ABE=U| 0 N T} NuT' | U, (4.8)
| 0 N13T2k NizT’ ]
(T S1 S, Ty S1 S
BB®PA=U |0 Niy Ni»| U*, AA®PA=U1|0 0 0|U", (4.9)
00 0 000
(7, 00 bry 0 0
AA®=U| 0 00|U", AB®=U| 0 N;T,'o0|U", (4.10)
0 00 0 Ni3T,'0
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_Irk(Tl) TflSl Tl_lSz
| O 0 0
_Irk(Tl) T17181 - T171S1T271N11 TflS2 - T17131T271N12
B®A=U 0 T2_1N11 T2_1N12 Ut (4.12)
L 0 0 0
[Tar) T, 'S0 T7'S2
ATE=U1 000 U (4.13)
0 0 0

(2) = (1): Since BBPAB* = AB*, BB®A = AA®A and T; is non-singular, from

(4.7), (4.8) and (4.9), we have N1; =0, Nj» =0 and Nj3 = 0. Applying Theorem 4.4
cM

gives A < B.

(3) = (1): Since AA® = AB® and A®A = B®A, from (4.10), (4.11) and (4.12),

M

we have Nj; =0, N =0 and Nj3 = 0. Therefore, A < B.

(4) = (1): Since B°A = A®B and AA® = AB®, from (4.10), (4.12) and (4.13),

cM
we have Nj; =0, Nj» =0 and N3 =0. Therefore, A < B.

(5) = (1): Since AA® = AB® and BB®A = AA®A, from (4.9) and (4.10), we
M
have Ni; =0, Ni» =0 and Ny3 =0. Therefore, A < B. [

5. Conclution

This paper provides several characterizations of the s-star partial order, explores
the relationships between the C-N-star partial order and the s-star partial order, and
provided further characterizations of problem 16.3.2 in [20]. Furthermore, this paper
introduces a new partial order, the c-minus partial order, which generalizes the core-
minus partial order. The s-star partial order implies the c-minus partial order on CIF
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