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OPERATOR INEQUALITIES FOR 7-CONVEX
FUNCTIONS WITH APPLICATIONS
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(Communicated by Y.-H. Kim)

Abstract. In this paper, we generalize the operator version of Jensen’s inequality and the con-
verse one for the class of /-convex functions. We extend the Hermite-Hadamard’s type inequal-
ity and a multiple operator version of Jensen’s inequality for this class of functions. We also
provide a refinement of Jensen’s inequality for convex functions. In particular, the operator /-
convexity can be reduced to usual k-convexity in some sense and some results for the other
classes of functions can be deduced by choosing an appropriate function /. The superiority of
our results is that our results can recover some known results.

1. Introduction

Throughout this paper, let .7 be a Hilbert space and B(5¢) the algebra of all
bounded linear operators on 7. Let A € B(J#). The operator U € B(57) is the
adjoint of the operator A if (Ax,y) = (x,Uy) for every x,y € 5. The operator U is
denoted by A* and we say that the operator A is self-adjoint if A = A*. The subal-
gebra of all self-adjoint operators in B(.7¢) is denoted by By, (#¢). An operator A in
By (#) is positive whenever (Ax,x) > 0 for all x € 7 and we write A > 0. W denote
by Sp(A) the spectrum of an operator A € B(J¢).

The convexity of functions is an important issue in many fields of science, for
instance in economy and optimization. A function f: I — R, T C R is convex whenever
the following inequality

fAu+(1=2)) <Af(u)+(1=2A)f(v)

holds for all u,v € I, forall A € [0,1] and the function f : I — R is concave whenever
—f is convex.

In 1979, Breckner [2] introduced the class of s-convex functions in the second
sense. A function f: [0,00) — R is s-convex in the second sense whenever

fAut+(1=2A)) <A f(u)+ (1 =A)F(v) (1)

holds for all u,v € [0,00), for all A € [0,1] and for some fixed s € (0,1]. Note that
all s-convex functions in the second sense are non-negative. Hudzik and Maligranda
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(1994) [13] remarked two senses of s-convexity of real-valued functions are known in
the literature. A function f : [0,00) — R is s-convex in the first sense if

flow+Bv) < o f(u)+B°f(v) )

holds for all u,v € [0,00), for all o, 3 > 0 with o* + B* =1 and for some fixed s €
(0,1]. There is an identity between the class of 1-convex functions and the class of
convex functions. Indeed, the s-convexity means just the convexity when s = 1, no
mater in the first sense or in the second sense. For more details and examples on s-
convex functions we refer to see [4,9,11,13,17,18,22].

In 1985, Godunova and Levin (see [14]) introduced the class of Godunova-Levin
functions. A function f: T — R is a Godunova-Levin function on T if

SOu+(1=2A)v) < @+ lffvi 3)

where u,v €I and A € (0,1). Note that all non-negative monotonic and non-negative
convex functions belong to this class [7]. The function f is s-Godunova-Levin type if

FOu+(1 - < o

“4)

where u,v €l and A € (0,1).
In 1999, Pearce and Rubinov [21] introduced a new class of convex functions
which is called P-class functions. A function f:I — R is a P-class function on I if

fOu+ (1 =2A)v) < flu)+f(v), (5)

where u,v €T and A € [0,1]. The inequalities (1) and (2) reduce to P-class functions
when s — 0. Some properties of P-class functions can be found in [7, 8, 16].

In 2007, in order to unify the above concepts for functions of real variable Varosa-
nec [23] introduced a wide class of functions the so called & -convex functions which
generalizes convex, s-convex, Godunova-Levin, and P-class functions. A non-negative
function f: 1 — R is h-convex on [ if

Fu+ (1 =A)v) <h(A)f(u) +h(1=2)f(v), (6)

where £ is a non-negative function defined on the real interval J, u,v € and 4 €
[0,1] € J. For more results and generalizations regarding /-convexity, we refer the
readers to see [1,5,12,20]. For other types of convexity, we refer the readers to see
[3,19].

Jensen’s inequality for convex functions is one of the most important result in the
theory of inequalities and many other famous inequalities are particular cases of this
inequality. An operator version of the Jensen inequality for a convex function has been
proved by Mond and Pecari¢ as follows ([15], [10]):
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THEOREM 1. Let f: [m,M] — R be a convex function. Then,

f({Ax,x)) < (f(A)x,x)

Sor every x € S with (x,x) = | and every self-adjoint operator A such that mI <A <
MI.

In this paper, we prove some inequalities for self-adjoint operators on a Hilbert
space including an operator version of Jensen’s inequality and its converse for s-convex
functions. Moreover, we refine Jensen’s inequality for convex functions. We prove
the Hermite-Hadamard’s type inequality and a multiple operator version of Jensen’s
inequality for #-convex functions. In particular, we obtain Jensen’s inequality for non-
negative convex, P-class, s-convex, Godunova-Levin, and s-Godunova-Levin func-
tions by choosing an appropriate function 4. We show that the operator /-convexity
can be reduced to usual Z-convexity in some sense.

2. Mond-Pecari¢ inequality for /-convex functions

We indicate that an operator version of the Jensen inequality for A#-convex func-
tions still holds similar to that Mond-Pecari¢ considered for convex functions.

THEOREM 2. Let A be a self-adjoint operator on a Hilbert space ¢ and assume
that Sp(A) C [m,M] for some scalars m,M with 0 <m <M. Let h:[0,1] =R bea
non-negative and non-zero function. If f is a continuous h-convex function on [m,M|,
then

) <205 ) i )

foreach x € A with ||x|| = 1.
Proof. 1t follows from & -convexity of f that

1(557) H()w=n(3) s ®

for all a,b € [m,M]. By dividing both sides of (8) with % one can reach

£ () 50) 1)

fla) )

Sl
=

forall a,b € [m,M]. Define

Q

£ - h(3) 56)

o := min 10
be[rrlz,M] a—b) (10)
The inequalities (9) and (10) entail that
h(L
a(a—b) < (2)f(a) (11)
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for all a,b € [m,M]. Consider the linear function /(¢) := a(r — b). The inequality
(11) implies /(a) < 27 (%) f(a) for all a € [m,M]. Put g = (Ax,x). So, it is clear that
m < g < M. Consider the straight line /(1) := a(r — g) + f(g) passing through the
point (g, f(g)) and parallel to the line /. The continuity of the function f ensures that

I'(g)>f(g)—¢ (12)

for all € > 0. We now consider two cases:
(i) Assume that '(t) < 2h(3) f(t) for every t € [m,M]. By using the functional
calculus, one has I'(A) < 2h (%) f(A) and consequently

) <203 ) (13)

for each x € 7 with ||x|| = 1. The linearity of the function I’ and the inequalities (12)
and (13) imply

()~ e < 1 (ax) = () <20 (5 ) U,

Since ¢ is arbitrary, we observe that

i <2 (3 ) (. (14)

(ii) Assume that there exist some points ¢ € [m,M] such that I'(¢) > @ f@).
Define the sets T and S as follows:

T .= {z €m,g]:1'(t) >2h (%) f(t)},

S:= {t €lg,M]:I'(t)>2h (%) f(t)}.

Consider tr :=max{t:7 € T} and g := min{zr : 7 € S}. We use two lines passing
through the points (77,0), (g,f(g)) and (z5,0) and (g, f(g)), respectively. Let I7 be
the line passing through the points (77,0) and (g, f(g)) and s the line passing through
the points (f5,0) and (g, f(g)). Define the function L as follows:

L ZT(t)’ re [m,g_],
L) = {ls(t), te g, M.

We prove that the inequality L(t) < 2h () f(t) holds for all ¢ € [m,M]. We consider
the partition {m,tr, g,ts,M} for the closed interval [m,M] and we notice that I7(z) <0
for every ¢ € [m,tr]. Since f(t) >0, we clearly observe that I7(t) < 2h (%) f() for
every t € [m,t7]. On the other hand, we see that

1

I'(t) <2h (5> f(t) (15)
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for every t € (t7,g]; otherwise, there exists 7y € (t7,g] such that '(t9) > 2h (%) f(t)

and so 1y € T and 1y < t7, which is a contradiction. So, it follows from (15) by letting
t tends to f7 from right that

I'(tr) <2h (%) ftr). (16)

Moreover, since 7 is in the closure of the set 7', the reversed inequality holds in (16)
and hence I'(t7) = 2h (3) f(tr). It follows that I’ is the line passing through the points

2)—2n(L
(tr,2h (%) f(tr)) and (g_,f(g_)) and its slope is o = %, where the slope
of the line I7 is o = ff’;; . By the inequality (15) we observe that

1) =0/ (1- )+ () < e~ )+ £&) =10 <203 ) 10)

for every t € (t7,8]. So, L(t) = I7(t) < 2h (3) f(t) forevery t € [m, g].

By the similar methods one can show that L(r) = Is(t) < 2h (%) f(t) for every
t € [g,M]. Note that the lines /7 and Ig are joining at the point along the length of g
and so I7(g) = Is(g) and since f is continuous,

Ir(8)=/(8) =2 /(8)—¢ (17)
for arbitrary € > 0. For the case Sp(A) C [m, g], we have
Al = e <l (an) = @) <20 (3 ) (A,

Moreover, for the case Sp(A) C [g,M], we have
F((Ax,x)) — & < Ir ((Ax,x)) = Is((Ax,x)) = (Is(A)x,x)
<2 (3) )

and consequently one can deduce (7). U

We demonstrate that the constant 2/ (%) is the best possible in (7) such one in the
following example.

EXAMPLE 1. Let h(t) =+/t and ¢ > 0. Define g: [0,00) — R by g(7) = /7. Note
that the function g is h-convex, since

Il
IS
=
+

glox+(1—a)y)
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. (10 1 .
for every x,y > 0 and « € [0,1]. Consider A = (OO) and x = (\/E’\/E) A simple

calculation shows that g({Ax,x)) = g(%) = \/g and (g(A)x,x) = % Therefore,

sllann) =203 ) tetawn).

REMARK 1. Applying Theorem 2 and considering the unital positive linear map
®(A) = (Ax,x) and p =1 in [6, Corollary 3.7], we see that the operator A -convexity
of f can reduce to the usual /-convexity without any condition on the function #.
Note that the operator i-convex functions are #-convex, but the converse is not true in
general.

We now compare the results of this article with the work done by others. We
generally cover all the work done for some specific functions. It is remarkable that the
superiority of our results is that our results can recover the other works.

COROLLARY 1. Let A be a self-adjoint operator on a Hilbert space 7€ and as-
sume that Sp(A) C [m,M] for some scalars m,M with 0 <m <M and x € F with
x|l = 1.

(1) ([15, Theorem 1]) If f is a non-negative convex function on [m,M], then
f({Ax,x)) < (f(A)x,x). (18)
(2) ([16, Theorem 2.1]) If f is a continuous P-class function on [m,M], then

f((Ax,x)) <2(f(A)x,x). (19)

(3) ([17, Theorem2]) If f is a continuous s-convex function on [m,M| in the second
sense, then

F((Ax,x)) <217 (f(A)x,x). (20)
(4) If f is a continuous Godunova-Levin function on [m,M), then
J({Ax,x)) <4(f(A)x,x). 2
(5) If f is a continuous s-Godunova-Levin function on [m,M], then
F({Ax,x)) <21 (f(A)x,x). (22)
Proof. Consider h(t) =t, h(t) =1, h(t) =t*, h(t) = 1, and h(t) = % in parts

(1)—(5), respectively. Then, the coefficient 2h(%) can be calculated in each case and a
simple calculation gets the desired result in each case. [J

We provide a refinement of the Mond and Pecari¢ inequality for convex functions.
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Then,

COROLLARY 2. Let the conditions of Theorem 2 be satisfied and h(%) < %

i) <2 (3 ) (@) < (A @3
foreach x € 7 with ||x|| = 1.

Proof. Note that the function f is mid convex, since i (%) < % and so f is convex.
The first inequality follows from Theorem 2 and the second one follows from the fact
that 2n(3) <1. O

THEOREM 3. Let the conditions of Theorem 2 be satisfied. Then,

(F(A)x,x) < 2 (1> (w

) (T3t fm) + %ﬂm) 24)

Proof. Consider D = (81 ;) and x = A?I/I_’fq . By applying Theorem 2, we
have o
f(t) = f({Dx,x))
<2 (3) (o
~21(3) (o )+ ) ).
Since the operator 24 () (44

(m) + 472 F(M)) — F(A) is positive, we get 24). D

THEOREM 4. Let the conditions of Theorem 2 be satisfied. Let J be an inter-
val such that f(m,M]) C J. If F(u,v) is a real function defined on J x J and non—
decreasing in u, then

F((f(A)x,x), f((Ax,x)))
< mox 7 (23 ) (s o)+ o)) 50
= max F
0€[0,1]

(26(3) (0m+1=o)00). rt0m -+ (1~ om0 )

(25
Proof. Since g = (Ax,x) € [m,M], by the non-decreasing character of F and The-
orem 3, one has

F({f(A)x,x), f((Ax,x)))
<F <2h (%) (Z—:if(m) + %f(M)) 7f(g))

< tg[ln%F <2h (%) (3__21]”('%) + A;__rfnf(M)> ,f(t)> :




202 1. NIKOUFAR AND D. SAEEDI

The second form of the right side of (25) follows at once from the change of variable

0 ==L sothatr=60m+(1—0)M,with0<6<1. O

DEFINITION 1. The function f is piecewise continuously twice differentiable on
[m, M] whenever the following conditions fulfil:

(1) f is continuous on [m,M],
(2) there exists a finite subdivision {xo,...,x,} of [m,M], xo = a, x, = b such that

(2.1) f is continuously twice differentiable on (x;_1,x;) forevery i € {1,...,n},

(2.2) the one-sided limits lim, . Sf(x) and lim, - f(x) exist for every
ie{l,...,n},

(2.3) the one-sided limits lim,_ .+ f"(x) and lim,_ - " (x) exist for every
ie{l,...,n}.

We provide a converse inequality in Theorem 2.

THEOREM 5. Let the conditions of Theorem 2 be satisfied. Moreover, let f be
piecewise continuously twice differentiable on [m,M].

(i) There exists o« > 1 such that

(f(A)x,x) < f({Ax,x)).

(ii) There exists 3 > 0 such that

1
2h(3)

<f(A)xvx> - ﬁ < f((Axvx>)'

Proof. (i) Suppose R = {x¢,x1,...,x,}, Xo =m, x, = M is a finite subdivision of
[m, M] such that the conditions of Definition 1 fulfils. Consider F(u,v) =%, J = (0,e0),
ou(t) = 21 (}) @i(t) for every 1 € [x;1,x1], where (1) = S, Li(r) = f(xi1) +

() —f(xi1)

wi(t—x;i—1) and W; = ! . According Theorem 4 we have

Xi—=Xi—1
(f(A)x,x) 1
A S =2h| 5 i (). 2
f((Ax,x)) ten[}ixM] (Ph(l) h 2 112?<Xnteg}fl§x,-](p(t> ( 6)
Now ¢ (1) = ?('t(;z) ,where G;(t) = w;f(t)—Li(¢)f(¢) forevery t € [x;—1,x;]. If u; #0,
then '

Gi(t) = —Li(t) f"(1).
If w; =0 and #; € (x;_1,x;) is a unique solution of the equation f’(z) = 0, then we

consider
1Y f(xi1)

A= max t)=2h| = ——.
te[xi—hxi](ph() <2> f(t)
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Define

A={i: lim f"(z) >0, lim f"(t) > 0,f"(r) > 0,t € (xi—1,x:)},

taxii 1 —X;

B={i: lim f(2) <0, lim f"(1) <0,f"(t) < 0,1 € (x;—1,%)}.

[H)Cl-il —>xl-

Suppose ¢ € [m,M]. Then, there exists i € {1,...,n} such that 7 € [x;_1,x;].
()If i € A, then Gi(r) <0 and so G; is decreasing on [x;_y,x;|. So,

Gi(xi—1)Gi(xi) = — f(xi—1)f (i) (i — f (xi-1)) (f () — i) < 0.

This indicates the equation G;(7) = 0 has a unique solution at #; € (x;_1,x;) and so the

. . . _ xi—1 0
equation @/(r) = 0 has a unique solution at #; € (x,_1,x;). Let D; = < 0’ ! x-) and
1
X;i—1
Xx= ( );"__;i’ll ) . Since i € A, the function f is convex on [x;_1,x;|. So, by Theorem
Xi—Xi—|

1, for the convex function f on [x;_j,x;], one can reach

f(t) = f((Dix,x))
<UD ) = 2 p )+

Xi—Xi1 Xi—Xi1

Consequently, Lf’(—([t)) > 1 forevery ¢ € [x;_1,x;] and

@u(t) = 2h (%) ?((tf)) > 2 (%)

forevery t € [x;_1,x;] where the equality occurs at x;_; and x;. Note that the maximum
value of ¢; is attained in #; € [x;_1,x;], since @/ (#;) < 0. We consider

Ai= max @ut)

r€[x; 1]

The last equality comes from the fact that G;(;) = 0.
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(2) If i € B, then define D; and x as the part (1) and apply Theorem 1 for the

concave function f on [x;_1,x;]. So, l#(tt))

0< @u(t) =2h (%) I}((t’; <2k (%)

for every ¢ € [x;_1,x;] wWhere equality occurs at x;_; and x;. We consider

< 1 and this inequality yields

Ai = max (Ph(t)=2h<l>.

t€lx 1, 2

It follows from the cases (1) and (2) in the part (i) that

2 (3) L =0, i€ {I,...,n}\AUB,
= 2h(3) s, A0, iea,
2h (%), ui #0, i€B.

Define A = max;<i<yA;. Then, A =2k (%) o, where

oc:max{ max f(xiil),max “i, 7l}.
ic(auB)c f(t;) i f'(t;)

By virtue of (26), we deduce

(F(A)x.) (1
f«Aa@)grﬁﬁﬁﬂ%“>‘2h<E>“'

(ii) Consider the sets R, P, A, and B as the part (i) and define F(u,v) = u—

2h (%) v, J =R and @,(t) =2h (1) @i(t) forevery 1 € [x;_1,x;], where @;(t) = Li(t) —
Sf(r) and L;(r) defined in the part (i). By virtue of Theorem 4 we yield

(F(A)xx) — 20 (%) Fl{Ax,x)) < max @)

1€[m,M)
—2h ! max max @;(t) @7
- 2 ) I<i<nielx_yx] o

If w; # 0, then ¢! (r) = —f"(¢) and if w; =0 and #; € (x;_1,x;) is the unique solution
of the equation f’(¢) = 0, then we define

1 _
=, max_anlt) =20 (3 ) (Foi-0) - ).
1€ 1.x;] 2
Suppose 7 € [m,M]. Then, there exists i € {1,...,n} such that 7 € [x;_1,x;].
(1) If i € A, then @/'(r) < O for every ¢ € [x;_;,x;] and so @] is decreasing on
[xi—1,xi]. On the other hand, the equation @/(¢) =0 has a unique solution at t = #; €
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[xi—1,xi], since @/ (x;_1)@!(x;) < 0. Clearly, ¢/ (#;) <0 and so the maximum value of
@; is attained in 7;. We define

Ai= max @(t)

1€[xi—1.xi]
=2h ! max  @;()
B 2 ] texiy.x) @

2h (%) @i (1)

o (%) (Li(@) — £(&)

=20 (3 ) (Fs-1) i —1-0) D),

(2)If i € B, then f”(¢) <0 forevery ¢ € [x;_1,x;]. This means that f is concave on
[xi—1,x:] and so f(¢) > Li(¢) forevery t € [x;_1,x;]. This ensures @;(¢) = L;(t) — f(¢) <
0 and this inequality entails

max @;(1) <0.
1€[xi1 ]

Since @;(x;) =0 = @;(x;—1), ¢; attains its maximum value and the maximum value is
0. So that

b= max o) =203 ) max 00 = ) =0.

»
t€lx 1, €1,

Consequently, it follows from the cases (1) and (2) in the part (ii) that

20 (%) (F(xio1) — £(&)), w=0, ie{l,....n}\AUB,
A= 9 20 (3) (f(vier) + i = xi1) = (7)), Wi #0, i €A,
0, wi#0, i€B.

Define A = max;<;<, A;. Then, A =2k () B, where

B = max{ max (f(x,-_l)—f(t?)),gleax(f(xi—l)+Mi(5—xi—1)—f(5))a0}~

i€(AUB)*

In view of (27), we deduce

1
) =20 (3 ) FAre) < max

1
on(t)=A =2h <§) pg. O
COROLLARY 3. Let the function f be a piecewise continuously twice differen-
tiable on [m,M] and A a self-adjoint operator on a Hilbert space 7. Assume that
Sp(A) C [m,M] for some scalars m,M with 0 <m <M and x € 7 with ||x|| = 1.
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(1) If f is non-negative convex on [m,M], then
(i) there exists oo > 1 such that

Ly < fiaxy),

(04

(ii) there exists B > 0 such that
<f(A)x7x> - B < f((Ax7x>)
(2) If f is P-class on [m,M], then

(i) there exists oo > 1 such that

1
20

(f(A)x,x) < f((Ax,x)),
(ii) there exists B > 0 such that
LU A~ B < f((Ax ).

(3) If f is s-convex on [m,M] in the second sense, then

(i) there exists oo > 1 such that

1
2l=sy

(f(A)x,x) < f((Ax,x)),

(ii) there exists B > 0 such that

S A B < F((Ax ).

(4) If f is Godunova-Levin on [m,M], then
(i) there exists oo > 1 such that

1
4o

(f(A)x,x) < f({Ax,x)),
(ii) there exists 3 > 0 such that

(f(A)x,x) = B < f({Ax,x)).

EN

(5) If f is s-Godunova-Levin on [m,M], then
(i) there exists oo > 1 such that

1
21+.\'a

(f(A)x,x) < f((Ax,x),
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(ii) there exists B > 0 such that

S U Aa) = B < F((Ax ).

Proof. Consider h(t) =1, h(t) =1, h(t) =1*, h(t) = 1, and h(t) = % in parts

té
(1)-(5), respectively and calculate the coefficient Zh(%) . According Theorem 5, we get
the desired result in each part. [J

3. Applications

In this section, we obtain the Hermite-Hadamard’s type inequality for /-convex
functions. Moreover, we obtain a multiple operator version of Theorem 2 for & -convex
functions. In particular, one may reach a result for the convex, P-class, s-convex,
Godunova-Levin, and s-Godunova-Levin functions.

COROLLARY 4. Let the conditions of Theorem 2 be satisfied and let p and q be

non-negative numbers, with p 4+ q > 0, for which
(Ax,x) = pm+gM
P+q

Then,

1 pm+qgM

pf(m)+qf(M)
i’ (o I

P+q

) < U <28 (%)
Proof. By virtue of Theorems 2 and 3 we reach
PP — para <20 (3 ) (@)
< <2h (%))2 (MI_W<_Afn’x> F(m) + <AZ’?;mf(M))
() s

We may consider a multiple operator version of Theorem 2 as follows and obtain
some interesting corollaries.

COROLLARY 5. Let A; be self-adjoint operators with Sp(A;) C [m,M] for some
scalars m <M and x; € A, i € {1,...,n} with Y1 ||xi|[> = 1. If f is h-convex on

[m,M], then
7( X Am)) <2 ()i o)

i=1
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Proof. We define
A -0 x1
A= - and :
0 - A, X

=
Il

So, Sp(A) C [m,M], ||x|| =1, and

(A2 = P (A,

In view of Theorem 2 the result follows. [

We obtain a complementary inequality in Corollary 5 as follows.

COROLLARY 6. Let the conditions of Corollary 5 be satisfied.

(i) There exists o > 1 such that

M=

1 n
(1Va; 1<f(Ai)xi,xz-> < f(<l_:§',lAixi,xi>)~ (28)

(ii) There exists 3 > 0 such that

1
21(3)

M=

(f(Ai)xi,xi) — B < f((}n‘,Aixi»xO) (29)
i=1

—

Proof. Consider A and % as in the proof of Corollary 5 and apply Theorem 5. [

COROLLARY 7. Let Ay,...,A, be self-adjoint operators with Sp(A;) C [m,M],
i€{l,...,n} for some scalars m < M. If f is h-convex on [m,M| and p; > 0 with

St pi=1, then
f <2pi<Aix»x>> <2h (%) Y pilf(Ai)x,x)
i=1 =

forevery x € A with ||x|| = 1.

Proof. By using Corollary 5 and setting x; = /pix, i € {1,...,n} we can reach
the result. [J
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4. Conclusions

We obtained a Mond-Pecari¢ and Hermite-Hadamard type inequalities for the class
of h-convex functions and refined Jensen’s inequality for convex functions. We proved
some multiple operator versions for this class of functions. In particular, we discovered
that the operator /-convexity can be reduced to the usual Z-convexity in some sense.
Moreover, we showed that some results for the other classes of functions such as the
class of convex, P-class, s-convex, Godunova-Levin, and s-Godunova-Levin functions
can be deduced by choosing an appropriate function /.
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