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COMPLETE MOMENT CONVERGENCE FOR WEIGHTED
SUMS OF NEGATIVELY DEPENDENT RANDOM
VARIABLES UNDER SUB-LINEAR EXPECTATIONS

MINGZHOU XU AND ZHENYU XIE

(Communicated by Z. S. Szewczak)

Abstract. By Rosenthal’s inequality for negatively dependent random variables under sub-linear
expectations, we study complete convergence and complete moment convergence for weighted
sums of negatively dependent random variables. The results complement that of Li and Shen [9]
in some extent.

Peng [12, 13] gave the important concepts of the sub-linear expectations space to
study the uncertainty in probability. The works of Peng [12, 13] encouraged many
people to investigate the results under sub-linear expectations space, which extend
the corresponding ones in probability space. Zhang [26-28] got Donsker’s invariance
principle, exponential inequalities and Rosenthal’s inequality under sub-linear expec-
tations. Under sub-linear expectations, Xu and Kong [22] investigated complete gth
moment convergence of moving average processes for m-widely acceptable random
variables. For more limit theorems under sub-linear expectations, the interested read-
ers could refer to Xu and Zhang [24,25], Zhang and Lin [30], Zhong and Wu [31],
Chen [2], Zhang [29], Hu, Chen, and Zhang [6], Gao and Xu [4], Kuczmaszewska [8],
Xu and Cheng [17-19], Xu et al. [20], [21], Xu and Kong [23], Chen and Wu [1],
Xu [15], [14], [16], and the references therein.

In probability space, Li and Shen [9] investigated complete moment convergence
for weighted sums of extended negatively dependent random variables. For references
on complete moment convergence in linear expectation space, the interested reader
could refer to Zhou [32], Ko [7], Hosseini and Nezakati [5], Meng et al. [11], and
the refercences therein. Inspired by the works of Li and Shen [9], we try to investi-
gate complete moment convergence for weighted sums of negatively dependent random
variables under sub-linear expectations, which complements the relevant ones in Li and
Shen [9].
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We organize the rest of this paper as follows. We present necessary basic notions,
concepts and relevant properties, and give necessary lemma under sub-linear expecta-
tions in the next section. In Section 3, we give our main result, Theorem 2.1, the proof
of which is postponed in Section 4.

1. Preliminaries

As in Xu and Cheng [17], we use similar notations as in the work by Peng [13],
Zhang [27]. Suppose that (2,.%#) is a given measurable space. Assume that .77 is a
subset of all random variables on (Q,.%) such that Xi,---, X, € 5 implies ¢(X1,---,X,)
€ J for each ¢ € 6;1;,(R"), where ¢ 1;,(R") represents the linear space of (local
lipschitz) function ¢ fulfilling

[o(x) —o(y)| < C(L+[x[" + [y[")(Ix—¥[), Vx,y eR"

for some C >0, m € N relyingon ¢.

_ DEFINITION 1.1. A sub-linear expectation E on . is a functional E : 7 —
R := [—e0, o] fulfilling the following properties: for all X,Y € J#, we have

(a) If X > Y, then E[X] > E[Y];

) E[c] =c, Ve € R;

(¢) E[AX]=AE[X], VA >0;

(d) E[X+Y]<E[X]+E[Y] whenever E[X]+ E[Y] is not of the form oo —eo or —eo+

oo,

DEFINITION 1.2. {X,,n > 1} is said to be stochastically dominated by a random
variable X under (Q,5¢,E), if there exists a contant C such that Vn > 1, for all non-
negative i € 671;,(R), E(h(X,)) < CE(h(X)).

A set function V : .Z +— [0, 1] is named to be a capacity if
(@ V(0)=0,V(Q)=1;
(b) V(A)<V(B),ACB,ABEZ.

A capacity V is called sub-additive if V(AUUB) < V(A)+V(B), A,Bc Z.

In this sequel, given a sub-linear expectation space (Q,.77,E), set V(A) :=inf{E[&]:
Ih< &, E e}, VA e F (see(2.3)and the definitions of V above (2.3) in Zhang [27]).
V is a sub-additive capacity. Set

Cy(X) = /OwV(X >x)dx+/_0w(V(X > x) - dx.

Suppose that X = (X1,+,X;p), X; € H and Y = (Y1,--+,Y,), ¥i € A are two
random vectors on (Q,57 E). Y is said to be negatively dependent to X, if for
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each y1 € %) 1;p(R™), w2 € 611ip(R"), we have E[y (X)ya (Y)] < E[y1 (X)|E[y2 (Y)]
whenever y1(X) > 0, E[y(Y)] > 0, Ellyi(X)ya(Y)[] < e, El[yr(X)[] < oo,
E[|y2(Y)]] < oo, and either y; and v, are coordinatewise nondecreasing or y; and y»
are coordinatewise nonincreasing (see Definition 2.3 of Zhang [27], Definition 1.5 of
Zhang [28]). {X,};>_, isnamed a sequence of negatively dependent random variables,
if X,y is negatlvely dependent to (Xi,---,X,) foreach n > 1.

We cite results below.

LEMMA 1.1. (cf. Theorem 2.1 (a) and (b) and their proof of Zhang [28]) Assume
that {X,,n > 1} is a sequence of negatively dependent random variables with E(X,,) <
0, n > 1, in the sub-linear expectation space (Q, 5 E). Then there exist a positive
constant C = C), relying on p such that

+\ P n p/2
E (( X,)) <C Y E(IX517) + (ZEX) , for p=2,(1.1)

Al

LEMMA 1.2. (cf. Lemma 2.1 of Xu and Cheng [17]) Suppose that Y is a random
variable in the sub-linear expectation space (Q,5€,E). Then for any oo >0, y >0,

B>-1,
Q) feubCy (IY)#1 (Y] > u’))du < ccV(m (B+1) Y+a)

(i) J5 uPIn(u)Cy ([7|*1(|Y] > u?))du < CCy (\Y\ BHD/r+en(1+ \Y\)) .

=

~.
Il M:
—_

M=

+\ P
X,-) ) <C{2E(Xj1’)}, for1<p<2. (1.2)
1 j=1

LEMMA 1.3. (cf. Lemma 4.5 (iii) of Zhang [27] or Lemma 2.3 of Xu and Cheng
[17]) If E is countably sub-additive and Cy (|X|) < o, then

E(|1X]) < Cv (|X]).
In the paper we assume that [E is countably sub-additive, i.e., E(X) < ¥, E(X,),
whenever X < ¥ | X,, X, X, € 5, and X 20, X, >0, n=1,2,.... Let C stand

for a positive constant which may change from place to place. I(A) or I represent the
indicator function of A.

2. Main results

Our main result is the following.

THEOREM 2.1. Supposethat B> —1, r>1, 1<g<rA\2. Assume that {X,,n >
1} is a sequence of negatively dependent random variables with E(X,) = E(—X,) =0,
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n > 1, in the sub-linear expectation space (Q,7 ,E) and {X,,n > 1} is also stochas-
tically dominated by X . Suppose that {ay; ~ (%)B (1/n),1 <i<nn>1}. Assume
that
Cy { |V <o 1< B< -1/
Cy{[X["log(1+|X[)} <eo,  B=—1/r; 2D
Cu{[X]"} <ee, B>—1/r.
Then Ve >0,
- " +\ ¢
N ' ?E (( Y aniX; —e) ) < oo, (2.2)
n=1 i=1
and

i n v {

n=1

n
Y aniX;
i1

> 8} < oo, (2.3)

3. The proof of the main result

Proof of Theorem 2.1. We first prove (2.2). By C, inequality,

()
i-1
<E ((iam’Xi—£> +< (—aniXi)—8> )
i=1 i=1
., 4 ., 4
) V) ))
i=1 i=1

we only need to prove

oo n +\ 4
2 l’lr72]E ((2 aniX; — 8) ) < oo, Ve > 0.
n=1 i=1

For 1 <i<n,n>1,denote

M=

N

AniYni = —I(am-X,- < —1) —|—a,,,-X,-I(|aniX,-\ < 1) —l—I(am-X,- > 1),

aniZni = (aniXi + DI (aniXi < —1) + (aniXi — 1) (aniXi > 1),
ani¥y = —I(anX < —1)+anXI (|apX| < 1) +1(anX > 1),
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ApiZn = (am-X + l)I(am-X < —1) + (Clm'X — l)I(am-X > 1)

Note E(X,) = E(—X,,) =0, aniX; = ani(Ysi + Z,;) . By Proposition 1.3.7 of Peng [13],
we have E(a,iYni) = E(—a,iZyi) = anilB(—Z,;) . We see that

n n n
zanixi - zani (Ynl_E(Ynl))+2anl (Zni m +2am m +E( ))
i=1 i=1 i=1

3.1)
By C, inequality, we see that

oo n +\ 9
2 n" R < (Z aniXi — 8) )
n=1 i=1
oo +\ 4
gcznr—ZE ((Zam ni — m)) 8) )
n=1
4\ 4

YR ((z Zi - m>>>>
n=1

) q
+2nr2E{ <2am m +]E( ))) } = L1+L2+L3-
n=1

Hence, in order to establish (2.2), it is sufficient to establish L; < oo, L) < oo, L3 < oo,

Firstly, we prove Lj < eo. For n > 1, we see that {Y,; — E(Y,;),1 <i < n} are
still negatively dependent random Vanables under sub-linear expectations. Hence, for
p > 2,by Lemma 1.3, Lemma 1.1, Markov’s inequality under sub-linear expectations,
Jensen’s inequality under sub-linear expectations (cf. Lin [10]), and g < 2 < p, we see

that
+\ 4
ani(Yni_]E(Yni))_8> )
<Ci / {Zam Yi—E ))>t1/q+€}d
n=1

L { \ 7
gc%n 2/0 mﬂ«: ((2% i — m))) ) di

n

M=

L < cinHCV ((

n=1 1

" p/2
2E|am-Ym-|2] =K+ K.
i=1

oo n oo
<C 2 nr—2 ZE‘am’Ym’W +C Z nr—2
n=1 i=1 n=1
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Obviously, by the definition of Y,,;, and Lemma 1.3, we obtain
K <C 2 n2 Z]E‘aniYnV? <C 2 n2 ZCV{‘aniYnV?}
n=1 i=1 n=1 i=1
oo n 1
<cY a2 2/ V{1 -1{|awX| > 1} > x} dx
n=1 i=17/0
oo n 1
e 2 = 2/ V {lanX P {|aniX| < 1} > x} dx

||
\Mz

22V{\amX|>1}+c2nr 22/ V {lanX |P1{|aniX| < 1} > x} dx
K11+K12

Next, we first prove Kj; < eo. By the proof of Lemma 2.2 of Zhong and Wu [31], and
(2.1), we see that

K < czn’22V{\x\>cn1+B -+
~ C/wx’_zdx/xV{\X\ >Cx1+ﬁy_ﬁ}dy
1 1

<letting u=x"*Py Py = y)

C/ du/ [+ Br=D/U+B)y {|X| > Cu}dv
cJ’ Wt V{\X\>Cu}du, —1<B<—1/r
~QC [ u og(w)V{X| > Cu}du, B=-1/r
C[Zu'V{|X|> Cu}du, B>-—1/r
r—1
Co {IX|} <o, 1<B<—1/r
S\ CrilXlog(1+ X )} <eo, B=—1/r (3.2)
Cy {|X|"} <o, B>—1/r.

And we choose p large enough such that (r—1)/(1+8)—1—p<—1,r—1—p<—1.
By the proof of Lemma 2.2 of Zhong and Wu [31], and (2.1), we see that

ki€ v [ay [y (i) < o b8} s ety e ae
u r=2-p (-0
NC/ du/ u Py aa dv/ V{IX|PI{|X| < Cu} > CuPz}dz
(setting u=x"Py P = y>

r—1
C 7w du [LV{|X|PI{|X| < Cu} > CuPz} dz, —1<B<—1/r;
~ 1 C 7w Nog(u)du fy V{X|PI{|X| < Cu} > CuPzydz, B =—1/r;
C [y u = du [} V{|X|PI{|X| < Cu} > CuPz}dz, B>—1/r
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r—1
C [ u ™~ du [S V{|X|PT{|X| < Cu} > z}uPdz, —1<B<—1/r;
C 7w og(u)du [C V{X|PI{|X| < Cu} > 2}uPdz, B =—1/r;
CIrw " du [E V{|IX|PI{|X| < Cu} > z}uPdz, B>—1/r

Q

=1 _q_
J5 VX > 2hde 73 ey, —l<p<-1/n
Jo V{Ix|? >z} dzf;ov(c/zl/zi) w"Plog(u)du, B=-1/r;
f(;OV{|X|p > Z}dszo\/(c/zl/p) ur_l_pdu7 ﬁ > —1/7‘
r=1
ChvixP > )ra, —1<p<ir

I V{x|P > z}z’/p‘llog(z)dz, p=-1/r
VP > s, B>-1/r

N

N

u
CCV{|X|'+ﬁ}<oo, “1<B<—1/r
CCv {[X[Tog(1+[X|)} <o, B=-1/r;
CCu{IXI'} <, B>—1/r

N

Next, we will prove K, < e=. By the definition of Y,;, C, inequality, we see that

B n p/2
V(|am-X| > 1) + 2 Cy { \a,,,-X|2I{|am-X| < 1}})

= i=1

KzﬂCinr2<

n=1 i=1

i=1

- n p/2
+c2n’—2< Cy {|anX P 1 {|anX| < 1}})
n=1 =1

=:Ky +K»». 3.3)

r/2
V(|aniX| > 1))

/N
a
DM s
:‘ﬁ
[\\)
—
M:

1

We choose p sufficiently large such that r —2 — pr(1+)/2 < —1 and r—2 — (r —
1)p/2 < —1. By Markov’s inequality under sub-linear expectations, Lemma 1.3, Lemma
1.2, and (2.1), we have

n=1 i=1 i=1

0o n p/2 oo n E|X|r p/2
Ky <CY w2 <ZV(|X| >Cn1+ﬁi—ﬁ)> <cYn? (2 m)
n=1

- " p/2
< C 2 nr—2 (Cv{XV}n_r(H_ﬁ) 2 lrﬁ)

n=1 i=1

Cyr  n =27 PrHB)/2 < oo, —1<B<-1/r
<Oy w2 P02 (logn)P? <o) B=—1/r;
CZ;’;’Zln’_z_p(’_l)/z<<><>7 B>—-1/r

In order to get Ky < o=, we investigate the following two cases.
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(1) When 1 < r <2, choose p large enough such that r—2 —pr(1+p)/2 < —1,
r—2—(r—1)p/2<—1.By Cy{|X|"} < e, we obtain

o n p/2
Kn<CYn? (Z Cyv {|anX|"T{|anX| < 1}})

n=1 i=1

- n p/2 - " p/2
< Cznr—Z (Zani|r> zCznr—2 (Z r(14+B) "ﬁ)

n=1 i=1 n=1 =1

CYr =2 PrHB)/2 < oo ~1<B<—1/n
<Oy w2 P02 (logn)P? <o) B=—1/r;

CYr w21/ <o B>-—1/r.

(2) When r > 2, note that (2.1) implies Cy {|X|?} < eo. Choose p large enough
such that r—2 — p(1 +[3) <—1,r—=2—p/2 < —1. We conclude that

o n p/2 p/2
K» SCZan <2am_|2> chnr 2 (211 (148) 2B>
i=1

n=1

Cye 2 PUHB) < oo —1<B<—1/2
< CEm 2P 2 (logn)P /2 < oo f=—1/2;

CYo 0 2P < oo B>—1/2.

Next, we establish L, < oo. We note that {a,iZ,; — anE(Z,;)} are still negatively
dependent random variables under sub-linear expectations. By Lemma 1.1, C, inequal-
ity, Jensen-inequality under sub-linear expectations (cf. Proposition 2.1 of Chen et
al. [3]), Lemma 1.3, we see that

n
L, < 22E‘am n — Qni ( nz)|q<Cznr_22(E‘am’Zn‘q+|E(anizn)|q)

ang

N

C —2215\51,”-2,,\4 chn’—22cV{\a,,izn|q}

=1 i=1 n=1

8

cY n~ 22V{\an,X| > 1}+c2 n'- 22CV{\amX\ql{\amX| >1}}

n=1 i=1 n=1 i=1
=: H|+H,.

N

By K} <o, we get H] < oo. Next we establish Hy <. By Lemma 1.2, 1 < g <
rA2,and (2.1), we obtain

CZn" 2271 q(1+B) lqﬁCV{‘X‘ql{‘X‘>Cnl+B B}}

Nc/ ’2dx/ aPyab ey Lxpor{ x| > cxtty 1 b ay
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o0 u r=2-f —q (r—1)B
gc/ du/ W TN T Cy {IX[9T{|X| > Cu)}dv
1 1
(setting u=x"*Py B = y)

r—1
C[ru™ Tiey {IX | {|X| > Cu}} du, “1<p<-L
~ 4 C 7w " og(u)Cy {|X [T {|X| > Cu}ydu, B =—1;
C [T w190y {|X |91 {|X| > Cu}} du, g>-1

L
r—1
CCV{\X\W}<<>°7 “1<B<—1
S CCy{IX["log(1+|X|)} < oo, B=—1;
cCy (X'} <, B>t

Hence L, < oo,
Finally, we prove L3 in two cases. When 1 < g <rA2,by E(X,) =E(-X,) =0,
Lemma 1.3, we see that

Cznr 2(
= Cilnr_2 (iEam’Zn> < Cin (icvﬂamz })

IM=

q i n q
am n1)+E( Api. nl)}) gcznr—Z <Z]Eanizni|>
n=1

i=1

Shd 1"’2<2f1[\am|”5cv{ W) —r<p<-k
S CSman 2 (S el Cr (X)) b=t
CEan ™ (S [lanl Cy (X 1)), B>-1
Cyp n2ar-l < —1<p <-4
< QT “aog( i<, B=—k:
Cxy 2D < B>-L

When g =1, by Lemma 1.3, the similar proof of III on page 11 of Xu and Cheng [17],
and (2.1), we see that

8

Ly =CY 0" 2 Y ElanZ,| <C Y. n" Y Cy {|aniZ|}
n=1 i=1 n=1 i=1

<c; lnrzizn:ln(HB)iBCV{XI{X > cn1+ﬁrﬁ}} <

Next, we establish (2.3). Obviously, we see that Ve > 0,
N
Xi| > 28} .
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By (2.2), we prove (2.3). This completes the proof. [
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