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Abstract. In this paper, we shall present some weighted power mean inequalities: Let aff, b =
1
((1—v)a? +vbP)? . If pe[5,1], 0<v< <1 and m e N*, then we have

(atp )" — (atyb)™ - v(l—v)
(afp.cb)™ — (aficb)™ “r(l1-1)

and

(atpb)™ — (alyb)" - v(l—v)
(alp.cb)" — (aleb)" ~ t(1—1)

for 0 < b < a; and the inequalities are reversed for b > a > 0. As applications, we obtain some
inequalities for operator and determinant.

1. Introduction

Let (H,(-,-)) be a complex Hilbert space and let B(H) denote the algebra of all
bounded linear operators acting on H. A self-adjoint operator A is said to be positive
if (Ax,x) >0 for all x € H, while it is said to be strictly positive if A is positive
and invertible, denoted by A > 0 and A > 0 respectively. A —B > 0 means A > B.
Moreover, let M, (C) be the space of n x n complex matrices and M, ™" (C) be the set
of positive definite matrices in M, (C). In addition, s(A) = (s1(A),---,s,(A)) denotes
the singular values of A € M,,(C), that is, the eigenvalues of the positive semi-definite
matrix |A| = (A*A)%7 arranged in non-increasing order.

In this paper, we define v-weighted arithmetic-geometric-harmonic means (AM-
GM-HM) by

av,b = (1—v)a+vb, afyb=a"""b" and alyb= ((1—v)a ' +vb~ ")
for a,b >0 and v € [0,1]. The corresponding v-weighted operator AM-GM-HM are

AV,B=(1—-v)A+vB, Af,B=A3(A"2BA"2)’A> and AL,B= ((1-v)A~ +vB~ )"
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for A,B >0 and v € [0, 1], respectively. A more generalized v-weighted mean is the
weighted power mean, defined as

apb=((1— v)ap—l—vbp)%

for a,b >0, p#0 and v € [0,1]. As usual, we define the weighted operator power
mean as follows: if A,B>0, ve€[0,1] and p # 0, then

~|—
D=

AfpyB=A3 (1= )I+v(A2BA 3)P)P AL,
The famous Young’s inequality reads
a' ™"’ < (1 —v)a+vb, (1.1)

where a,b >0, and v € [0, 1]. Hirzallah, Kittaneh and Manasrah [3, 7, 8] showed some
refinements and reverses of (1.1) in the following forms

ro(va—vb)* < ((1-v)a+vb) —a' b’ <Ro(vVa— Vb )? (1.2)
and
ri(a—b)* < (1 =v)a+ vb)2 —(a'7"p")? < R3(a—b)?, (1.3)

where o = min{v,1 — v}, Ry = max{v,1 —v} and v € [0,1]. Choi [2] gave the gener-
alizations of (1.2) and (1.3) as

rg ((a+b)" —2"(ab) %) < ((1=v)a+vb)" - (a 1_Vb")m
< RY((a+b)"—2"(ab)?), (1.4)
where a,b >0, m € N*, rg = min{v,1 —v}, Ry = max{v,1 —v} and v € [0,1]. In
2015, Alzer, Fonseca and Kovacec [1] presented the following AM-GM inequalities

v\" _ (aV,b)™ — (at,b)™ 1—v\"
(2) <t taeare < (i) -
|

fora,b>0,0<v<t<1and m> 1. Infact, we can obtain (1.4) by (1.5) when v = 5
and 7= %, respectively. Later, Liao and Wu [9] replicated (1.5) as

»\" < (aV,b)" — (a!,b)™ < 1—v\" (L6)
T (aVib)™ — (alb)™ -7
for a,b >0, 0<v<7<1 and m > 1. The following remark explain (1.6) is a new
Alzer-Fonseca-Kovacec’s type inequalities:

REMARK 1.1. Whena=1,b=2,v=1% 7t=2% m=1, then

1
(aVib)" — (atyb)" _ (@vyb)" = (alvb)"
(i =076 > 064 (o
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Whena=2,b=1,v=1,17=% m=1,then

(aVyb)" — (avb)" ~ _ (aVyb)" — (a!vb)"
(@Veb)" — (ateb)” ~0.929 < 1.125 = (@Veb)" — (@leb)"

In 2023, Yang and Wang [15] improved (1.5) under some conditions: Let a,b >0,
0<v<t<1and meNT. Then

(@V.b)" (@b _ (1)
(aVeb)™ — (af<b)™ - 7(1-1)

(1.7)
for b < a; and the inequalities is reversed for b > a.
Very recently, Ren [10] improved (1.6) under the same conditions as in (1.7), then

(aV,b)" — (al,b)™ < v(l—v)
(aVb)m — (a'h)m =~ (1 —1)

(1.8)

for b < a; and the inequalities is reversed for b > a.

We refer the readers to [5, 6, 11, 12, 13, 14] and references therein for some other
results about Alzer-Fonseca-Kovacec’s type inequalities.

In this paper, we shall present some weighted power mean inequalities, which
extend the inequalities (1.7) and (1.8). As applications, we obtain some inequalities for
operator and determinant.

2. Main results

We firstly show a generalization of (1.7) using the following lemma.

LEMMA 2.1. Let a,b>0, p€[$,1] and 0 <v< 1< 1.
1) If b < a, then

aflpvb —afi,b - v(l—v)

> . 2.1

aflptb—af:hb ~ T(l—1) @1
@) If b > a, then

aflpvb —afi,b < v(l—v)' 2.2)

afpb—ah ~ T(1-1)

MNE
Proof. To prove our results, we set f(v) = (17%# Then f'(v) = ( lz)zg(x),
V—v

where

gx)= (1—v—|—vx”)%71 (% (v—vz) (x”—1)—(1 —2v)(1—v—|—vx1’)>

+(1-2v)x" = (v— v2) xInx.
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So we have
g (x) = (ll? - 1) (1 —v—|—wcp)%_zvpxp_1 (117 (v=v) (" —1)—(1-2v)(1 —v—i—vxp))

+(1- v—i—wcp)%_1 (% (v— v2) pxP~1—(1—=2v) vpxp_1> +v(1—2v)x"!
+ (v2 —v) v’ linx + (v2 —) XL
Thus,

¢ (x) =2 (v— 12" 2Inx+2(1 —v+vxp)%—3xp—2ll) (1—p)(1—v)*(x" —1)(2p—1).

When 0 < x < 1, then g"(x) <0 = g'(x) > g'(1) =0, so g(x) < g(1) =0, that is
f'(v) <0, which means f(v) > f(7). Therefore,

(I=v4+w)r —x" _ (I=t+7xP)? —x"

When x> 1, then g"(x) > 0=g'(x) > g'(1) =0, s0 g(x) > g(1) =0, thatis f'(v) >0
which means f(v) < f(7). Therefore,

1 1
(I—v4+wP)r —x"  (1—147xP)7 —xT
v(lL—v) T(l—1)
Taking x = 2, we can get the desired inequalities. [l

A generahzanon of (1.7) is as follows.

THEOREM 2.2. Let a,b>0, p€[3,1], 0<v<t<1and meN*.
1) If b < a, then

(aﬁp,vb)m - (aﬁvb)m S v(l—v)

(afipcb)" — (at<b)™ ~ (1 —1)

2.3)

@) If b > a, then

(aﬁp,vb)m — (athyb)"™ < v(l—v)
(atp,b)" — (atb)" ~ 7(1—1)

(2.4)

Proof. By computations, we have

(l—v—i—vxp)%—x’w:((l—v—kvx” %— )(2 (I —v+4vxP) " i U).

i=1

Let
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Then
f) :w (i (m—i)(1 —v—l—vxp)mpi‘lx(i—l)V>

(Z -1 —v+vxp)%ix(i_1)v> Inx.

(i) When 0 < x < 1, we have &1 - D <0 and Inx <0, so f(v) €0, which means

;((_r) > 1. Therefore,
1
(1—v+vxP)? —x™ <1—V+pr” x")f(v)
(1 -7+ 1xP) %—x"” <l—r—|—rx1’% x’) (7)

(ii) When x > 1, we have (pr_l) >0 and Inx > 0, so f'(v) > 0, which means
% < 1. Therefore,

—

(1—v—|—vx1’)p—x ( (1=v4w?) E_xv>f(")
(1 -7+ 1xP) f’ —xmt < (1—7+7xP)P —xf>f(r)
<!

v

I—v+ vxp)% —Xx
(l T+ Txl’)% X7
V(l )
by (2.2)).
Taking x = 2, we can get the desired results. [

Following the ideas as above, we now show a generalization of (1.8).

LEMMA 2.3. Let a,b>0, pe 5, 1] and 0<v<T< 1.
1) If b < a, then
afipvb—alyb - v(l—v)
atpb—alh ” t(1—1)

(2.5)

@) If b > a, then

afipvb—alyb - v(l—v)
atpb—alh ~ T(1—1)

(2.6)
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. (1—v+vx1’)%—(l—v+vx’1)7l

Proof. Let f(v) v(1-v)

. Then we have f'(v) = (Vizz)zg(x)7

where

) = (1) (2= 60 ) (v ) P )
—(1-2v) ((l—v—f—vxp)% — (l—v—l—vx_l)_l).

So we have

V2 1
g x)= ;xpfl(l —vt )P 2 (1=v) (1= p) (" — 1)+ p (1 — v 4 1xP))

+vix (1 - v+vx*1)_3 A=) (=1 = (1—v+wu")).
Thus,
L 212
g' (x) = (1—V+pr)r3;x”_2(2p—1)(xp—1)(1—l?)(1—V)2
+6(1 —v+vx_1)_4v2x_4(x— 1) (1—v)%.

When 0 < x < 1, then g’(x) <0=g'(x) > ¢'(1) =0, so g(x) < g(1) =0, that is
f'(v) <0, which means f(v) > f(t). Therefore,

1 _ 1 —
(1—v+wP)p — (1—v+wx)) 1> (I—t4+xP)r — (1— 7+ 1) !
v(l—v) - T(l—1)

When x> 1, then g"(x) > 0=g'(x) > ¢/ (1) =0, s0 g(x) > g(1) =0, thatis f'(v) >0,
which means f(v) < f(7). Therefore,

| _ 1 _
(I—v+w)r — (1 —v4wx ) ! - (I—t4+x)r — (1 -7+ 1) !
v(l—v) h T(l—1)

Taking x = , we can get the desired inequalities. [
THEOREM 2.4. Let a,b>0, p€[$,1], 0<v<t <1 and meN*.
1) If b < a, then

(atpvb)™ — (alyb)™ - v(1—v)
(afpb)" — (a'eb)" ~ t(1—1)

2.7)

@) If b > a, then

(atpb)" — (alyb)" o v(l—v)

(atpob)" — (a'eh)™ ~ t(1—1) (2.8)
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Proof. By computations, we have

(1—v+wxP)? — (1—v+w H™

= ((1 _V“‘pr)% —(1 —v+vx_1)71> (i (1 —v—l—vxp)ml_:i (1 —v—i—vx_l)(il)) .

i

Il
-

Let

flv)= (xP —1) (i<m_i>(l_v+vxﬁ)mpi1(1_V+Vx1)(i1)>

|
&)
—_
=
AR
b4§

(i~ 1) (1 =) 7 1 —v+vx1)_(i_1)_l> |

(i) When 0 < x < 1, we have @ <0and (x'—1) >0,s0 f/(v) <0, which

means % > 1. Therefore,

m 1 N
(I—v+wP)r — (1—v4vx~ )_m (1_V+pr ”_(I_V+"x Y )f(")
(1—t4 1) —(1—747x1)" ( (1 -1+ 1xP) , —(1—74+wx 1) 1)f(r)

(1—v—|—vx”)%—(l—v—i-wc’l)f1
(1—'5—1—'cxl’)5—(1—'5—1—'cx*1)_1
v(l—v)
> by (2.5)).
“1=7) (by (2.5))
(i) When x > 1, we have @ >0and (x'—1) <0, s0 f/(v) >0, which
means % < 1. Therefore,

m 1 N
(1_V+VXP)F—(1—v+vx )*m ( l—V—i-pr p—(l—v—|—Vx 1) )f(v)
(1—t+7x)7 — (1 — T+ 72 1)" ( (1—7+7xP P——(l—-r4—rx—1) 1)f(r)

(1—v—|—vxl’)%—(l—v—l-wc’l)_1
(1—'5—1—'cxl’)5—(1—'5—1—'cx*1)_1
v(l—v)

< by (2.6)).
17 (by (2.6))

Taking x = 2, we can get the desired results directly. [J
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REMARK 2.5. It should be reminded readers that replacing v,7,a,b with 1 —
7,1 —v,b,a, respectively, in the first inequalities of Lemma 2.1, Theorem 2.2, Lemma
2.3 and Theorem 2.4, then we can also obtained the second inequalities of them.

REMARK 2.6. When p = 1, we can get inequalities (1.7) and (1.8) by Theorems
2.2 and 2.4, respectively.

Next, we give some operator inequalities as promised.

THEOREM 2.7. Let A,B € B(H) be strictly positive, 0 <v<T<land p € [%, 1].
(1) If B<A, then

v(lL—v)
Af,B—Af,B > =0 (Aflp,cB —Af:B) (2.9)
and
v(l—v)
Aff, B—ALB > m (Af,B—Al:B). (2.10)
(1) If B> A, then
v(lL—v)
Aff, \B—Af,B < m (Aflp,cB —Af:B) (2.11)
and
v(lL—v)
Aff, B—ALB < m(Aﬁp7rB—A!rB)~ (2.12)

Proof. By a standard functional calculus in the inequality (2.1) and (2.5) with
a=1and b= A’%BA’% , respectively, we obtain
1
((1 - v)1+v(A%BA%)”) T (ATrBATY) 2.13)
1

> % (((1 -0+ r(A%BA%)”> " (AéBAi)f)

and

((1 —v)1+v(A—%BA—%)P> ’ _ ((1 —v)IJrv(A—%B/r%)‘l)_l (2.14)

% (((1 — D)+ r(A—%BA—%)”) - ((1 — )l + r(A—%BA—%)‘l)_l).

Multiplying A% to both sides of (2.13) and (2.14), we can get (2.9) and (2.10), respec-
tively.

WV
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Similarly, we can obtain (2.11) and (2.12) by (2.2) and (2.6), so we omitit. [J

At the end of this paper, we give some determinant inequalities using the following
lemma.

LEMMA 2.8. [4] Let a=a;], b=[bj], i=1,2,---,n be such that a;,b; positive

real numbers. Then
1 1 1
n n n n n n
(Hm) + (H bi) < (H (ai+ bi)) .
=1 i=1 i=1

THEOREM 2.9. Let A,B € M,*" (C) be such that A>B. If 0<v<71<I,
p € [3.,1] and m € N*, then we have

m
n

m m 1 —
det(A#,,B)" — det (A#,B)" > VA=) oy (Afp<B—At.B)

T=1) (2.15)
and
m mo v(l—=v) m
det (Aﬁp7vB) n —det(A!,B)" > -1 det (Atip?fB —AlB)". (2.16)

Proof. We denote the positive definite matrix 7 = A"3BA7Y. By the inequality
(2.3), we have

(Lpysi (T)" = (Ui (T)" _ v(1 =)
(Upesi (T)" = (Lgesi ()" ~ 1(1—17)

Since the determinant of a positive definite matrix is product of its singular values.
Thus,

i=1,2,-,n. (2.17)

= 11 |::8 :‘;)) ((lﬁp 78i (T))m — (zsi (7)) )} n _|_ilf[l(lﬁvsi (T))" (by Lemma 2.8)
v(l—v) £ N .

> gy LI nesi(T) = Ltesi M)F + T (1 (7))
v(l—v) .

= det (It T —ItT)" +det (I, T)

)
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where the last inequality is by the fact a” —b™ > (a—b)" fora>b >0 and m € N*.

m
n

Then multiply both sides of the inequalities above by (detA%) , we complete the
proof of (2.15).

Using the same method, we can get (2.16) by (2.7). U
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