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TWO-STEP MINIMIZATION APPROACH TO SOBOLEV-TYPE
INEQUALITY WITH BOUNDED POTENTIAL IN 1D

VINA APRILIANI, MASATO KIMURA* AND HIROSHI OHTSUKA

(Communicated by I. DraZic)

Abstract. We present a new method to determine the best constant of the Sobolev-type embed-
ding in one dimension with a norm including a bounded inhomogeneous potential term. This
problem is closely connected to the Green function of the Schrodinger operator with inhomoge-
neous potential. A minimization problem of a Rayleigh-type quotient in a Sobolev space gives
the best constant of the Sobolev embedding. We decompose the minimization problem into two
sub-minimization problems and show that the Green function provides the minimizer of the first
minimization problem. Then, it enables us to derive a new precise estimate of the best constant
and function for inhomogeneous bounded potential cases. As applications, we give some ex-
amples of the inhomogeneous potential whose best constant and function of the Sobolev-type
embedding are explicitly determined.

1. Introduction

In this paper, L”(R) and W!”(R) denote the real-valued Lebesgue and Sobolev
spaces, and we set H!(R) = W1?(R). For every 1 < p < « and every function u €
WP (R), it is well known to hold the following Sobolev-type inequality:

2] o <C||”||W1~ﬂ(R)7 @)

where [[u[ = [[u][;=(r), and C = C(p) > 0 is a constant independent of u; see [2,
Theorem 8.8] for example. Indeed, we can choose C(p) = pl/ P e!/¢ from an ele-
mentary calculation. We consider a generalization for the case of p =2 and discuss
the corresponding best constant. The Sobolev-type inequality of the form [|ul|zq(q) <
Cllullw1.»(q) has been intensively studied even in higher dimensions with Q C R" un-
der various settings in connection with applications in PDE problems, for example,
[3, 4, 6, 12]. In particular, the best constant for the case with an inhomogeneous poten-
tial is closely connected with the corresponding Schrodinger operator. However, there
has not been much precise analysis of the best constant of the Sobolev-type inequality
when there is a general inhomogeneous potential term.
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Let V € L*(R) with infyeg V(x) > 0 for simplicity. We introduce a norm on
H'(R) = W!'2(R) such as

Julf = [ (w6 + V(o)) d

which gives an equivalent norm to the usual || - [|12(g) from the assumptions on V (x).
We define a Rayleigh-type quotient

vy Ml

and consider a minimization problem of R(u;V) for u € H'(R). More precisely, we
define

m(V):= inf  R(u;V), 3)
ucH! (R),uz0
M(V):={uecH (R); m(V) =R(u;V), u#0}. (4)

We note that m(V)~ 1/2 gives the best constant of the following Sobolev-type inequality

[ulleo < Cllully, (5)

~1/2 the Sobolev best constant of

which is similar to (1). In this paper, we call m(V)
the inequality (5).

Contrary to the precise and detailed analysis of the Sobolev best constant and
function for the homogeneous case V = const ., it is not easy to get the precise value of
the Sobolev best constant and profile of the minimizer, which achieves the best constant
for inhomogeneous potentials. However, the significance of inhomogeneous potential
cases is increasing in connection with various applications. In this research, we focus
on one-dimensional and inhomogeneous potential cases. This paper aims to develop
a two-step minimization approach and establish new criteria to determine the precise
value of the Sobolev best constant and function for (5). We clarify the influence of the
potential V to m(V) and the elements of M(V'), and construct concrete examples using
the obtained new criteria.

The main idea that we employed in our analysis is the reduction of the minimiza-
tion problem in the whole H 1 (R) to two-step minimizations in K, and in a € R, where
K, :={u€ H'(R); u(a) = ||u|| = 1} . In the first minimization in K, , the unique min-
imizer u, coincides with the Green function for the Schrodinger operator — ;722 +V(x)
with the potential function V (x). This fact closely links the Sobolev best constant prob-
lem to the estimate of the Green function and gives one of our strong motivations. In the
second minimization step among the parameter a, we give a necessary and sufficient
condition for the global minimizer regarding the fundamental solutions of the linear

ODE —ﬁu—l-V(x)u =0.

dx?
The outline of the paper is as follows. In Section 2, we decompose the mini-

mization problem (3) to the two sub-minimization problems and prove the equivalency
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between the original minimization problem and our two-step minimization problem.
In Section 3, we first establish precise properties of the minimizer of the first mini-
mization problem in K, and a relation to the Green function. Moreover, by extend-
ing the right and left tails of the minimizer, we construct the fundamental solutions of
—;172214 +V(x)u =0 and give upper and lower estimates for them. Section 4 is devoted
to the second minimization step. In Theorem 4.1, we establish some useful variational
formulae for the minimum value obtained in the first minimization step. Section 5
establishes our main theorem, which gives three new necessary and sufficient condi-
tions for the local minimality in the second minimization step. As an application, we
construct a nontrivial example of the bounded inhomogeneous potential for which the
Sobolev best constant and function are explicitly specified.

2. Two-step minimization approach

Throughout of this paper, we suppose
VelL”R), 0<vo<V(x)<vjae x€eR, (6)

for some constants vy and vy . Then, for u, v € H'(R), we define

1
(%WvﬁiéOﬂﬂV@%HK@MﬂWﬂ%M»|MM?=WMW7 1:V) = ||ulff,
where we abbreviate Z—fC as u'. We remark that (u,v)y defines an inner product on

H'(R), and the correspondmg norm ||u||y is equivalent to the norm of H'(R).
In this paper, without loss of generality, we suppose that u € H'(R) (or more

generally, u € WP (R) for p € [1,0]) always satisfies u € C°(R), since an element of

loc
the function space lef(R) has a continuous representation (Theorem 8.8 of [2]). We
also remark that u € H'(R) satisfies u € L*(R) and limyy_.,u(x) = 0 (Theorem 8.8
and Corollary 8.9 of [2]). These facts imply that, for any u € H'(R), there exists
a € R such that u(a) = ||ul|~ or u(a) = —||ul|~ holds. In our argument below, we
assume the minimizer u satisfies u(a) = ||ull~ = 1 without loss of generality, since
R(ou;V) = R(u;V) for e #0 and u € H'(R) \ {0}.
For a € R, we set

={ueH'(R); u(a) = [|ull. = 1},

and define
F(a):= inf I(u;V).

ucek,
The following proposition establishes a decomposition principle for the minimiza-
tion problem (3). It gives a foundation for the two-step minimization method and en-
ables us to capture the detail of the inhomogeneous potential V.

PROPOSITION 2.1. (decomposition principle) Let V satisfy (6) and set m(V') as
(3). Then, we have

m(V) = inf F(a). (7

acR



336 V. APRILIANI, M. KIMURA AND H. OHTSUKA

Proof. We define (V) := inf,cr F(a). Let {u,}_, be aminimizing sequence to
the infimum of (3). Without loss of generality, we can assume u, € K,,, for some a, € R
and m(V) = lim, . I(1,; V). Taking the limit as n — e in (V) < F(a,) <I(un;V),
we obtain m(V) < m(V).

On the other hand, we choose {a,};,_; C R and {u,}; | C Kq, such that

(V) = lim Flay),  Fan) = fim V).

n—oo

Since m(V) < I(un;V), taking the limit as k — oo, we have m(V) < F(a,). Then,
taking the limit as n — oo, we obtain m(V) < m(V). O

3. First minimization step

We consider the first minimization step:
F(a) := inf |jul|3. 8
(@)= inf [} ®)
THEOREM 3.1. We suppose the condition (0) and fix a € R. Then there exists a
unique minimizer u, € K, to (8), that is,

ug = arg min|[u][f,  F(a) = min [u[§ = [Juf7- 9)
uceky ucky,

Furthermore, u, satisfies
g €EW(R\{a}) and ul(x)=V(x)uu(x) (a.e. x€R\{a}), (10)
and the following properties:
1) For V(x) =V (constant): ug(x) = e vVl
2) For general V(x) satisfying (6):

e VVik—d Sug(x) < e~ Vol—dl (x e R), (1)
Yo il < v\ < VL —wl—al

e <sgn(a —x)u,(x) < e x € R\{a}). 12

o n( )it (x) Yo ( \{a}) (12)

Proof. We define L, := {u € H'(R); u(a) = 1}. Since L, is a closed affine sub-

space of H'(R), there exists a unique u, € L, defined by u, := arg min ||u|? and it is
uel,
equivalent to the orthogonality condition (see Theorem 5.2 and Corollary 5.4 of [2], for

example):
ug €L, and (ug,v)y =0 forall ve H'(R) with v(a)=0. (13)

It implies that u), = Vu, in 2'(R\{a}) holds. As (11) is proven for u, below, we will
find that u, belongs to K, and satisfies (9).
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1) Suppose that V is a positive constant function. Then, a solution of the linear ODE
u”(x) = Vu(x) on R is written in the form:

u(x) = cre¥V* + eV (c1,02 €R). (14)

Hence, in this case, the formula u,(x) = e VVi-dl jg immediately derived from (14).

2) Next, we prove (11) for a general potential V with (6). We define ii,(x) :=
e Vik—dl and

w(x) 1= max (uq(x), i, (x)) (x eR), (15)
o :={x € R; uy(x) < iiy(x)} : open. (16)

From Theorem A.1 in Chapter II of [7], w satisfies w € L, and

w(x) =d,(x), wi(x)=i,(x) ae. x€o,
() ae. xeR\w.

We set v:=u, —w, then v € H'(R), v(a) =0, and v < 0 holds.
Juall} — 91} = (s, )v+(W Wy = (wv)y

= [ (/e @+ V@) dx

= [ (@00 () + V@) a

Since o is an open set of R and a ¢ o, it is decomposed to finite or countable con-
nected components: ® = U, co®; where @) = (p,,q;) is an open interval, and A is
a finite or countable set. We remark that v(p; ) = 0 holds for p; # —eo, and v(g;) =0

for q; # eo.

/w/1 i, (x)V (x)dx = [ﬁ;(x)v(x)]z’; —/w/1 @ (x)v(x)dx = —/wl Vg (x)v(x)dx.

This equality is true even when p; = —oo or g; = o=. So, it implies
/ i, () (x)dx =" / LV ()dx ==Y / Vilig (X dx
o AEA AEA
:—/ Vg (x)v(x)dx.
(@)

Hence, we obtain
ol =1 = | (V) = v)au(o)v(e) dx 0.

Since u, is the unique minimizer of (9) and w € L,, w(x) = u,(x) holds for x € R. In
other words, ii,(x) < u,(x) holds for x € R. Another inequality of (11) is also shown
similarly. From (11), we conclude that u, € K, and (9) holds.
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We next prove (12). Let us consider the left interval (—e,a). From u, = Vu, €
L=(—c0,a), ul, € C'(—o0,a) holds. Since u/, € L*(—o,a), there exists a sequence
{ra}> | C (—o0,a) such that r, < —n and |u},(r,)| < 1. Then, for x < a, we have

/ x):u;(rn)+/ u;’(t)dt:u;(rn)+/ V(1 uat) dt
n n
Taking the limit as n — oo,
=/ V(O)ualt)dt  for x € (—oo,a)

holds and, using (11), we obtain

X
v
W () > vo / VTl gy = YO =il

VY1
X
! —volt—al 3, _ V1 —/Volx—al
uy(x) < v1/ e VOITdlidr = — ¢ .
—oo 1/ V0

Similarly, for x € (a,°°), we can derive the inequalities:

Y1 — Agl—al / Yo — /vilx—al
—— Su,(x) < ——=e V" .
Vv S talx) S Vi

Finally, u, € W>*(R\{a}) follows from u” = Vu, in (—o,a)U(a,>) and (12). O

From Theorem 3.1, u,(x) exists for x # a, and u),(a) does not exist. However,
the left and right derivatives at x = a exist. We denote the right and left derivatives of
uy(x) at x =a by

u (at) == lim M.

h—=+0 h
PROPOSITION 3.2. The Green function for the differential operator L := — % +
V is given by
G(x,y) = () = () (x,y €R). (17)

wy(y-) —uy(ye)  wp(xo) —wui(xy)
Proof. For x,y € R, we define

iy (x)
wy(y-) —uy(y+)
Then, gy € H'(R) holds. For all v € H!(R), we have

)
(ol = [ (6 () + VW) s+ [ (605) V) (w)v(o)
/v]{m+ /_yoa (—g;/(x) —|—V(x)gy(x)) v(x)dx
+ [g’yv];o + /yoo (—&y (x) +V(x)gy(x)) v(x)dx

=g (v )v(y) = &) () =v(¥) = 1) (8 ¥) 1 )

gy(x) =
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where 8, € H~!(R) denotes the Dirac delta distribution at y. This equality implies
that Lgy = 8, in H~!(R). Furthermore, we obtain the second equality of (17) from the
following equality for y,z € R:

gz(y) = H(R) <5y7gz>H1(R) = (8y7gz)v = (gmgy)V = H\(R) <5ngy>H1(R) = gy(Z)~ O

PROPOSITION 3.3. (comparison principle of u,) For V,V € L™(R) with 0 < vy <
V(x) < V(x), ull3, then uy(x) > iiq(x)
uck, uek,

holds for a € R and x € R.

Proof. We define w(x) and @ by (15) and (16). Then, in a similar way to the
proof of Theorem 3.1, we can derive

leall = [l = /w(V(X) =V (x))da(x) (ua(x) — w(x)) dx > 0.

Since u, is the unique minimizer of (9) and w € K, w(x) = u,(x) holds for x € R. In
other words, i, (x) < u,(x) holds for xe R. [

LEMMA 3.4. Suppose (6). For a < b, u, and uy, defined by (9) satisfy

_ () a), up(x :ua(x) x>a
uu(x)_ I/Lb(ﬂ) < )7 h( ) I/La(b) ( 2 )
Proof. We define
tp () x<a
fig(x) == uh(a)( <@,
uq(x) (x> a).
Then, ii, € K, and, for v € H'(R) with v(a) = 0, it satisfies
~ l “ / /
(108 = s [ (0V)+V (0 (2)e() d
+ oc)(u;( )v'(x)—l—V(x)ua(x)v(x)) dx
1 a

= | () + V(6 (x)) v(x) dx

* / (—al(0) 4 V (3 0)) () =

Since i, satisfies the orthogonality condition (13), &, = u, holds. In other words,
ua(x) = up(x)/up(a) holds for x < a. The other relation, up(x) = u,(x)/u,(b) for
X > a, is similarly proven. [

From Lemma 3.4, we have
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These expressions of u/,(a.) also imply that
[a— i (as)] € WL (R). (18)

loc

THEOREM 3.5. Under the condition (6), ¢+ € Wli:’(]R) uniquely exists such that

PL(x) =V(x)pL(x)  (ae xeR),

¢+ (0) =1, (19)
lir:}:l (pi(x) =0.

Furthermore, they satisfy the following inequalities:

V_Oe—max(\/%x,\/v—lx) <. (x) < v_le—min(\/%x7\/ﬁx) (x c R), (20)
V %1 V Vo

Y0 gmin( 70T < g (x) < | LIV (x € R). @D
Vi Vo
Moreover,
¢-(x) (x < a)
_Jo-(a)
a(x) = (22)
(NS ()C) ()C > (1)
¢+ (a) g

holds for a € R.

Proof. We set my := u((0+). We consider the following initial value problem of
linear ordinary differential equation:
0" (x) = V(x/)(p(x) ae. x€R, 23)
@(0) =1, ¢'(0) = m-.

Since the coefficient V may not be continuous, we consider a mild solution for (23):
peC®), 00)=1, ¢W=mi+ [ Ve xeR). @4

It is well known that there exists a unique mild solution @+ € C!(R) of (24) as it is a
linear ODE with bounded coefficient V € L*(R). Moreover, from (24), ¢+ € Wl?:(R)
also holds.

We can show that the function defined by the right-hand side of (22) satisfies the
condition (13) for all @ € R, similar to the proof of Lemma 3.4. So, we conclude (22).
Then, from the estimate (11), we find that ¢ satisfy the initial value problems of (19).

Next, we prove the estimate (21). Since ¢_(x) = up(x) for x <0, (21) for x <0
follows from (11). For x > 0, we first remark that ¢_(x) > 0 holds from (24). If
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¢@—(x0) =0 and ¢@_(x) >0 for 0 < x < xp, then there should be an x; € (0,xp) such
that @’ (x;) < 0, but it is impossible from (24). We define y(x) := ¢’ (x) +/Vo—(x)
for x > 0. Then, we have

= @” (x) + 09l (x) = Vol (x) +V (x)o—(x)
> V09! (x) +vo- (x) = /voy(x).

Solving this differential inequality, we obtain y(x) > y(0)ev*0*. Since y(0) = m_ +
/Yo, this is equivalent to

0L (x) + Vo9 (x) > (m + /ig)eV™

We solve this differential inequality as follows:

Y (%)

(V™0 () = e/ (¢! (x) + V300 (1)) > (m—+ /i) V™"

!
_ (m +\/%62\/%x) .
2%

Integrating the above inequality on the interval (0,x), we have

N s MV (om0 (g
/() —1> 75 (e 1) > VI(e 0, ey

where the last inequality follows from m_ > vo/ \/v1 by (12). From (25), we get

(pi(x) 2 Eemx_F (1 _ V_O> ei\/%x 2 V_Oemx’
V1 Vi Vi

which gives the lower bound estimate in (21) for x > 0.
For the upper bound estimate in (21), we define y(x) := ¢’ (x) +/vi¢_(x) for
x > 0. Then, we have

Y (x) = @ (x) + Vil (x) = yvigl (x) + V(x)@- (x)
< VIO (x) +vi9-(x) = Vviy(x).

Solving this differential inequality, we obtain y(x) < y(0)ev"1*. Since y(0) = m_ +
\/v1, this is equivalent to

' (x) + 1o (x) < (m_ + )eV™,

We solve this differential inequality as follows:

(™)) =/ (¢! (x) + i ()

/
< 2\/vix m- + vad! 2,/vix )
< (m—++/vi)e <72\/W e
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Integrating the above inequality on the interval (0,x), we have
eﬁx(p_(x) —1< m <62ﬁx_ 1) < 3 <e2x/Wx_ 1) , (26)
2\/v1 Vo
where the last inequlity follows from m_ < v;/,/vg by (12). From (26), we get

- (x) < | LoV 4 (1 - /V_1> e VI [ e
Vo Vo )

which gives the upper bound estimate in (21) for x > 0. The estimate (20) can be
proven smilarly, and we omit it.

Lastly, we prove the uniqueness of the boundary value problems (19). We prove
it for ¢_, since we can prove it for ¢, similarly. Let ¢! and ¢? be two solutions of
(19). Setting @g := @' — @?, it satisfies

o) =V©e()  (ae xeR),

®0(0) =0,
lilzl QD()()C) =0

Since a pair of ¢ and @_ consists a basis of the solution space of the second order
linear ODE ¢"” +V (x)¢ =0, there exist ¢+ € R such that @y (x) = ¢4 @4 (x) +c_@_(x)
holds for a.e. x € R. The condition limy_._ ¢p(x) = 0 implies that ¢, =0 and
c—=c_p_(0) = @p(0) =0 follows. Hence, the solution of (19) is unique. I

4. Second minimization step

Based on (7), this section considers the second minimization problem inf,cg F(a).
Thanks to Theorem 3.5 we established, surprisingly we are able to represent the deriva-
tives of the function F'(a) in terms of the information of the singularity of the minimizer
ug; the right and left derivatives at x = a of u,, as shown in the next theorem. Some

\
\

1
)
(W)

F'>0

W\

The minimizer of F(a) — @

Figure 1: Profiles of the minimizers u,(x) for three different values of a for an inhomogeneous
V(x). The left, middle, and right curves are the cases with F'(a) <0, F'(a) =0, and F'(a) >0,
respectively. The middle one is the minimizer of F(a).
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typical profiles of the minimizer u,(x) for some a are illustrated in Figure 1. The rep-
resentations of F(a), F'(a), and F”(a) given in the next theorem enable us to handle
the second minimization step.

THEOREM 4.1. We suppose (6) and define F(a) by (8). Then, F € Wlicw(]R) and
the following estimates hold:

Fla)=i,(a ) —ifa;) (a€R), @7)
F'(a) = i (a:) ~ i (a- )P (a€R), (28)
F'(a) = 2F (a) (i (a) P+ (@ ity (@) + u(a-) P~ V(@) (ae. a € R), (29)

where ul,(ay) and vl (a_) are the right and left derivatives of u,(x) at x = a, respec-
tively. Moreover, if V is continuous on R, F € C*(R) holds.

Proof. From Theorem 3.5, we have

Fla) = [ (P +V ) ua(P) st [ (0P + V() ua)) v
[ (0P + ) e [ (0P + 0 0)

= [ (wae0) dxt [ (ol )

—oo

= [aih 0]+ [uali ()]

- a
= ug(@)ug(a-) — ua(@)ug(ar) = ug(a—) —ug(a+).

From this formula and (18), we also obtain F € Wli:(R) Using Theorem 3.5, we

obtain

=V(a) — |up(as)P,

_d (9@ _ ol(a)es(a) —|9L(a)
)= % (qvi(a)) - [0 (@)]?
and (28) follows. We also have
F'(a) = (uas) —uy(as)) (uhlas) +u(a-)) = —F(a) (uy(ay) +ua-)).

This formula implies F € W27 (R). Then, differentiating F’(a), we obtain

loc

F"(a) = —F'(a) (u(a+) + ug(a-)) = F(a) (2V (a) = [u(ar)|* — |up(a-) )
=2F (a) (Jug(a+) * + ug(ar Jug(a-) + |ug(a-) = V(a)) (30)

fora.e. a € R. Moreover, if V € CO(R), F € C?(R) holds from (18) and (30). [
THEOREM 4.2. Under the condition (6), it holds that

)40 Vi
2— <m(V) <2——.
v V1 ( ) 1/ V0
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Proof. From the estimate (12), we have vo/\/vi < Fuj(a+) <vi/\/vo for a e R.
Then, from (27), 2vo/\/vi < F(a) < 2vi//vo holds. Since m(V) = inf,cg F(a), we
conclude the assertion of the theorem. [J

When V € C°(R), if F(x) has a local minimum at x = a, then the following
condition holds:

F'(a)=0,  F"(a)>0. 31)

So, we define
N(V):={a€R; F'(a)=0,F"(a) > 0}.

Then, as a consequence of Theorem 4.2, we obtain the followmg theorem.

THEOREM 4.3. We suppose (6) and V € C°(R). Then,

m(V) = min <li;ning(a),a€i]{/1(fv)F(a)> , (32)
M) ={cuq; c e R\{0}, F(a) =m(V)}. (33)

In particular, M(V)) = 0 holds if and only if
liminfF(a) < F(b) forall beN(V). (34)

|a|—oo

Proof. Since V € C°(R), F € C?(R) follows from Theorem 4.1. Then, (32) holds
from Proposition 2.1. We set

M(V) = {cuy ; c € R\{0}, F(a) =m(V)}.
If M(V) #0, for any u € M(V'), we choose a € R such that |u(a)| = ||u||- and define
ii(x) :=u(x)/u(a). Since i € K,, we obtain
m(V) < F(a) <1(@V) = R(@V) = R(w; V) = m(V).

Hence, I(i1;V) = F(a) = m(V) follows. From Theorem 3.1, we have & = u, and it
implies M(V) = M (V). Itis also obvious that M(V) =@ if M(V) = 0. So, we obtain
(33).

When M (V) =0, since m(V) =liminfF (a) and m(V) < F(b) forall b € N(V),

la| —e

(34) holds. Conversely, (34) also implies M(V) = 0, since m(V) < llefF( a). O

We immediately obtain characterizations of m(V) and M (V') for the case of con-
stant potential as a corollary of Theorem 4.3.

COROLLARY 4.4. Let V be a positive constant: V > 0. Then it holds that
m(V)=2VV, M(V)={cus; c € R\{0}, a € R}, (35)

where u,(x) = e~ VVldl,
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Proof. Since vy =v; =V, from Theorem 3.1 and Theorem 4.2, we obtain u,(x)
e~VVlk—al and m(V) = 2y/V, respectively. As F(a) = |luq||? is constant, N(V) =
and (35) follow from Theorem 4.3. [

We also give characterizations of m(V) and M (V) for the case of nondecreasing
potential as follows.

R

THEOREM 4.5. We suppose (6) and V is a non-decreasing function with
lim V(x)=vp >0, limV(x)=v.

Then, it holds that
m(V) = lim F(a)=2/vo.

a——oo

Furthermore, if vo < vy, then F is a strictly increasing function and M(V) = 0.

Proof. For uc H'(R)\{0}, since V(x) > vo, we have R(u;V) > R(u;vg) > m(vo).
Taking the infimum of R(u;V) with respect to u, we obtain that m(V') > m(vg
We put v, (x) := e~ V04l for ¢ € R. We also obtain

m(vo) <m(V) < F(a) <I(vg;V)
=1(vg;vo) + (U(va; V) —I(va;vo))
=m(vo +/ X)—vp)e e~ 2Vol—al gy

~

Using the following estimate for R > 0 and a € R,

o</°° (V (x) — vo)e~ 2Vioh—dlgy
—/ x) — vp)e 2V “ldx—I—/ x) — vo)e 2VIR—al gy

< sup (V(x)—VO)/ e_zm‘x_“ldﬁ-(vl—vo)/ e 2Pkl gy
x<a+R —oo a+R

1 Vi—Vo _» R
=—— sup (V(x)—vg)+ —=——¢ m7
VYo xéuER( ( ) ) 2\/ V0

we obtain

lim (V(x) — vo)e 2V0h—dlgy — 0

a——oo | _o

and m(vo) < m(V) < limy—._o. F (@) = m(vp) . Hence, it holds that
m(V) = lim F(a)=m(vy) =2+/v.
a—>—oo

Furthermore, for b < a, we set u, € K, by (9) and define w;, € K}, by wy(x) :=
us(x—b+a). Then, if vy < v;, we have

oo

F(b)—F(a) <I(wp;V) —I(ug;V) :/_w(V(x—Fb—a) — V(x))|ua(x)|?dx < 0.

This estimate implies that M(V) =0, if vo <v;. O
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5. A representation formula of the potential and its application

We study the condition (31) to investigate m(V) and M(V) in detail. Surprisingly
enough, we are able to express the given potential V in terms of ¢4, where @4 are
the functions defined by Theorem 3.5. In this section, we observe this fact and use it to
construct an example of V, for which m(V) and M (V') are obtained explicitly. We set

hi(x) =@ (x), Lo(x) :=log@y(x),

o= g 0= g

where Hy(x) are well defined from the estimate (20) and (21). Then, we have the
following proposition.

PROPOSITION 5.1. We suppose (6) and set W := ¢’ (0) — ¢! (0) > 0. Then, the
following equalities hold:

ey = $EO)
i) =22 ) em) 66)
¢=(x) =Wor(x)H(x) (x€R), 37
V(x)=lL(x)+ 0. (x)* (ae xeR), (38)
F(x)=0_(x)—{t (x) (x€R), (39)
F'(x)=—Fx)({ (x) + 0 (x)) = —M(h/ (x)HL(x)+1) (xe€R), (40)
- - P+ (0)p-(x) 7
F"(x) = =2F (x){"-(x) =2F (x){".(x) (a.e. x€R). 41)

Proof. The equality (36) immediately follows from (22) and the definition of /. .
Then, (39) and the first equality of (40) follow from Theorem 4.1 and (36). Also, from
(36), we have

"y x) — o (x 2
(%) = PL( )‘P(ﬂ;i(l)z(l’i( ) —V(x) - (x)?,

for a.e. x € R, which implies the formula (38).
We define the Wronskian, W := ¢ (x)¢’ (x) — ¢/ (x)@_(x). Then, since

W (x) 1= @1 ()9 (x) — @ (X) 9 (x) = @1 (x)(V (x) 9 (x)) — (V (x) - (x)) o (x) =0,

holds for a.e. x € R, we obtain that W is a constant and W = ¢’ (0) — ¢’_(0) > 0 holds.
Then, we obtain

da ((P:F(x)) _ 9L (0) ()9l (x) W

ax \ox(x) o) = VHW-
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Integrating this equality, we obtain @+ (x)/ @+ (x) = WH4 (x), since limy_ o H1 (x) =0
and limy_~e @5 (x)/@+(x) = 0. Hence, (37) holds.
From (37), we obtain ¢4 (x)¢_(x) = Why(x)Hy(x) and

§§<¢+co¢_cw>::wwh;cwfuxxw+hicwfﬁxx» W (hy (x)He(x) £ 1), (42)

where we used the relation H’, (x) = 4-h. (x)~'. On the other hand, we have

d

(0 (1) (%) = ¢ (X)9-(x) + ¢+ (x)9” (x)

—outo-() (04 21
=01 () (x) (¢, (x) + L (x)). (43)

From (42) and (43), we obtain

W (K, (x)He(x) £ 1)
@+ ()9 (x)

O (x)+ 0 (x) =

)

which implies the second equality of (40).
Lastly, we show (41). Differentiating (39), we have F’'(x) = ¢ (x) — ¢/ (x) for a.e.
x € R. So, it is equivalent to

OL(x)+ 0" (x) =200 (x) £F'(x) (ae. x€R). (44)
Hence, from the first equality of (40) and (44), we obtain (41) as follows:

— F) (¢} (x) +£7 (x))
x) (204 (x) £ F'(x))

= —F ()l () + 0 (x iF(x))_ F(x)lZ(x)

F'"(x)=—F'(x)(¢/, (x)+ " (x

Thus, the necessary and sufficient condition for satisfying condition (31) is ob-
tained as the following theorem.

THEOREM 5.2. We suppose (6) and V € CO(R). Then, each of the following
conditions is equivalent to (31):

1. =l (a)="0"(a) = /V(a).
2. W (a)Hi(a)=—1 and (' (a)<0.

3. W (a)H-(a)=1 and (" (a)<0.
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Proof. From (29) and (36), we obtain
F(x) = 2F (x)0' (x)(€, (x) + £ (x)) + 2F (x) (¢ (x)* =V (x)). (45)

From (45) and the first equality of (40), we conclude that condition 1 is equivalent to
(31). The equivalency of condition 2 or 3 to (31) is shown from (40) and (41). O

Using the new criterion which we obtained in Theorem 5.2, we give a nontrivial
example of the bounded inhomogeneous potential for which the Sobolev best constant
and function are explicitly specified.

EXAMPLE 5.3. For A >0 and B > 0, we set

A —Bx

Then, @4 (x) > 0 and we have

1
0. (x) :=log @4 (x) =logA — Bx— 3 log(x? +A?),

X B(x* +A%) 4 x
l(¥)==B-—5——5=— ( 2 % ’
x-+A x-+A
2 42 2 _ 42
" (x*+A%) —x(2x) x—A
=— = . 47
£ ) (2 Az2 (2 Az “7)

Then, from (38), we obtain

s (B(x>+A%) +x)?+x2— A2
- (2 +42)2 ’

V(x) =01 (x)+ 2, (x)

and V € L*(R) holds. We choose A and B as V satisfies (6). Since

2Bx 2% — A2

VO=B 4 g mt (2 A%
> B% + min 2Bx + min 20 — A2
xeR X2+ A% xeR (x2 4 A2)2
g B 1 (AB)> —AB—1
A A2 A? ’

if AB > (14++/5)/2, then V(x) > (A’B> — AB—1)A~2 > 0 holds. It is easy to check
that @ defined by (46) satisfies the condition (19) for the above V (x).

Since
() AZe 2B @ 247 {B(x* +A?) + x}e 2B
X)=—> X)=—
- 2HAT (x2+A2)? ’
| (2B%x* —2Bx+2A’B? + 1 )&%
H(x) = E/_w(x +A%)e M dx = 4A2R3 )



TWO-STEP MINIMIZATION TO SOBOLEV INEQUALITY 349

using the formula (37), we have

O (x) =W (x)Hy(x)
W (2B%x? — 2Bx+2AB? + 1)~
4AB3 /x> + A2
A(2B%x* — 2Bx+2AB? + 1)~
(2A2B2+1)Va2 +A2

where the last equality follows from the condition ¢_(0) = 1. Then, we have

A 2.2 2n2 1 2 2

l_(x) ZIOgi(ZAsz—i— 0 +log(2B“x” —2Bx+2A°B° 4+ 1) — Elog(x +A%) + Bx,
4B%x —2B X

0 (x)= — B.

Sy >y ey vy Ry

From (39), we obtain

|1|im F(a)= |1|im (¢ (a)—{'(a)) =2B,
a|—° a|—roo
since ¢/ (x) — FB as |x| — .
Let us check the condition 2 of Theorem 5.2. From (47), the condition ¢/ (a) <0
is equivalent to |a| < A. Using the identity:

{B(x* + A%) +x}(2B** — 2Bx+2A%B*> + 1)
2B3(x2 + A2)2

W, ()H (x) = —

_Bl—x—A’B
C2B(x24A2)2

we obtain that the other condition 7/, (a)H.(a) = —1 is equivalent to Ba*> —a—A’B =

0, namely
1—+V1+4A%B?
a=aj:= —————¢€(—A,0)
2B
or

1++v1+4A2B2
——5 > A

Hence we have N(V) = {a;}. We check that the condition (34) does not hold. Since

a=day .=

F(al) = —26;((11) =2 <B+ (al);lﬁ)

1
—2B(1— ———
( \/1+4A2B2>
<2B= lim F(a),

la| —e
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we conclude that

1
m(V) =2B (1 - W) . M) ={cuq; c € R\{0}}.

The profile of V(x) and the positions of x = a; and x = a, are illustrated in Figure 2.
The function F(a) has a global minimum at a = a;, which is close to the minimum
point of V(x) but not same.

Figure 2: The profile of the potential V (x) of Example 5.3 with A=1 and B =2 and the values
ofay and ay.

6. Conclusion

We developed a new variational approach to determine the best constant of the
Sobolev-type embedding inequality in one dimension with a bounded inhomogeneous
potential term. We adopted two-step minimization method. In the first minimization

. . . 2
step, the Green function of the differential operator —;7 + V(x) was captured as the

minimizer. We studied the fine properties of the minimizer and the fundamental so-
lutions of the ODE — %1 + V(x)u = 0. It enabled us to derive new necessary and

2
sufficient conditions foixthe local minimality in the second minimization step (Theo-
rem 5.2). Furthermore, as applications of our estimates, we constructed some concrete
examples of the inhomogeneous potential V (x) for which the best constant and function
of the Sobolev-type embedding is exactly identified.

Since our approach provides a new tool to study the fine properties of the best
constant and function of the Sobolev-type embedding with an inhomogeneous poten-
tial term, further extension of our strategies is expected in future work. For example,
the case the potential V(x) is a periodic function is interested in connection with the pe-
riodic crystal lattice, e.g., Kronig-Penney potential [9]. Extention of the Bloch theorem
[8] for general periodic potentials in our framework is also a challenging and worthy
topic.

Another interesting application is the stable stationary state of a biological popu-
lation model in an inhomogeneous environment. In a population model where u is the
population density, the carrying capacity m > 0 is often set and the condition 0 < u < m
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is imposed. The stationary state is determined by the inhomogeneity of the environment
expressed by the potential term V (x), the effect of diffusion, and the limitation of the
carrying capacity. When m = 1, the stationary state corresponds to the minimizer in
M(V) considered in this paper. The analysis of the stationary state of the population
density determined by the balance between the diffusion and inhomogeneous carrying
capacity has been investigated using the diffusive logistic equation, for example, in
[5, 10, 11].

On the other hand, the H!-Sobolev function is bounded only in the one-dimensional
case, so the Sobolev inequality framework does not lend itself to multidimensional ex-
tension. However, it is expected to be useful for variational problems under the L™ -
constraints mentioned above, especially for applications to multidimensional popula-
tion models. In fact, we successfully extended our approach to the L™ -constraint one-
dimensional variational problems with indefinite potentials [1]. We are also currently
planning to discuss applications of our method to multidimensional population models
in our forthcoming paper. Our approach in this paper is the first step toward that end.
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