lournal of
athematical
nequalities

Volume 19, Number 1 (2025), 371-385 doi:10.7153/jmi-2025-19-25

EXTENSION OF (m,C)-ISOMETRIC COMMUTING MULTI-OPERATORS

HADI OBAID ALSHAMMARI

(Communicated by M. Krni¢)

Abstract. This article examines the structural characteristics of a new class of so-called (ny,...,ng)-
quasi- (m,C) -isometric commuting multioperators related to a given conjugation operator C on
a Hilbert space % .

1. Introduction

Let B[#] be the set of all bounded linear operators on a separable complex
Hilbert space ¢ with inner product (. | .) and denote by 15 be the identity of Z[#/].
For an operator % € A%, we denote by % (%) its range, ker(% ) its kernel, and
2 * its adjoint. Recall from [13] that a conjugationon ¢ isamap C: % — % which
is antilinear, involutive (C? = I,). Moreover C satisfies the following properties

(Cy;|Cp) = (¢ | y) forall g,y €,
CUC e B|Y] forevery % € B|¥],
(CwC) =c#'C forall reN,
(cwc) =cuc.

See [4, 10] for properties of conjugation operators.

In this work, N ={1,2,...}, n and m € N. Let Ny = {0,1,2,...} and n =
(nl,...,nd) S Ng

During the past years, the m-isometric operators term has known a great interest
on the part of researchers in the field of operator theory, by the works that has been
published in this aspect. It should be noted that most of these works are dependent on
the following definition, which is due to Agler. An operator % € A[¥/] is said to be
m-isometric if

D (—1)"(’”)%*’”"‘%’”"‘:0, (1.1)
0<k<m k
or
Yy (—1)’<<m>||%'"—kx2=0 Vxed. (1.2)
0<k<m k
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(For more detail, see [1, 2, 3, 6, 7] about the theory of m-isometries).
As extensions of the concepts of m-isometric operators on Hilbert spaces, some
authors has introduced and study in different papers the following classes of operators.
(1) (m,C)-isometric operator that is an operator % € B[#] satisfies

3 (_1)k<’Z)%*mkc%mkcz 0, (1.3)

0<k<m

for some m € N and some conjugation C ([8, 11, 12]).
(2) n-quasi-m-isometric operator that is an operator % € A[¥] satisfies

qy*n ( 2 (_l)m—k (m) %*rn—k%m—k> Qn — 0, (14)
0<k<m k
forsome n € N and m € N ([5, 18, 22]).
(3) n-quasi- (m,C)-isometric operator that is an operator % € B[|#| satisfies

%*n< 2 (_l)mfk <’Z>%*mkc%mkc) Qyn 207 (15)

0<k<sm

for some conjugation C and some n € N and m € N ([20, 21, 24]).

It is well known that the properties of powers, products and perturbations of the
members of each of the classes cited above has been discussed ([8, 18, 22, 20, 21]).

For d € N, let /| = (%,..., %) € B[] be a tuple of commuting multioper-
ators (abbreviated c.m.0.). Let @ = (o1,...,04) € Ng (multi-indices) and set w! :=
o!...wg!. Further, define U := %" %™ ... %" where U = U;... % (w;-
times) and U* = (%}*,...,%)).

In [14] the authors extended the concept of m-isometric operators to the case of
c.m.o. on a Hilbert space %. A c.m.o. U= (%,...,%) € B|Z]¢ is called m-
isometric tuple if

D (-1)*“"(’]':) <I§|: %U*“’U“’) —0 (1.6)
w|=k "

or

D (—1)'”"(7;3) ( D %H%“ﬁc”z) =0 forall xe %. (L.7)

0<k<m |o|=k

(See [15, 16, 23] for more information about m-isometric tuples).
U= (%,...,%) is called (m,C)-isometric tuple if

T (1t (’Z) ( D k—!'U*“’CU“’C> —0. (1.8)

0<k<m o=k ©*
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2. (ny,...,ny)-quasi- (m,C)-isometric multioperators

This section is devoted to the study of a new concept of multivariable operators
and some of the properties associated with the members of this class.

DEFINITION 2.1. Let U= (%,..., %) € B|#]¢ beac.m.o., n=(ny,...,ng) €
N4 and m € N. U is said to be (ny,...,n4)-quasi- (m,C)-isometric c.m.o. if

U™ ( > (-1 (’”) ( D ﬁU*“’CU‘*’C)) U" =0. 2.1
0<k<m k || =k !

When d = 1, we observe that Eq. (2.1) coincides with Eq. (1.5).

REMARK 2.1. From Definition 2.1, we make the following remarks:

(1) It % (%" c ker(?/j"j) for nin; #0,then U= (74,...,%;) isan (ni,...,ng)-
quasi- (m, C) -isometric ¢.m.o.

In fact, under the assumption, it follows that U™ = 0 and hence

Ut ( T~k (’:) ( 3 %U*%U%)) U =o.

0<k<m lo|=k ¢*

(2) If 2%4C =C% for k=1,....,d, then U= (%,..., %) is an (ny,...,ng)-
quasi- (m,C)-isometric c.m.o. if and only if U= (%4,..., %) isan (ny,...,n,)-quasi-
m-isometric c.m.o. ([9]).

(3) Itis obvious that if U is an (m,C)-isometric c.m.o., then U is an (ny,...,ny)-
quasi- (m,C)-isometric c.o.m for any (ni,...,ng) € N?. However the converse is not
true in general as shown below.

REMARK 2.2. Note that, a (1,...,1)-quasi- (m,C)-isometric c.m.o. is a quasi-
(m, C)-isometric c.m.o. and a n-quasi- (1,C)-isometric c.m.o. is n-quasi-C-isometric
¢.m.o.

REMARK 2.3. For an c.m.o. U= (%,%) € B|#]*, we make the following

observations.
(i) U is an (1,1)-quasi-C-isometric pair if

%1*%* <%1*C%1C+ %Q*C%QC— I@) U U = 0.
(ii) U is an (1, 1)-quasi-(2,C)-isometric pair if
U Uy (1@ — 29U CUNC —2U5 CUC + U > CUPC+ Uy CUC

U U CU %c) MU =0.
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In the following example we show that there is a c.m.o. which is an (ny,...,ny)-
quasi- (m, C) -isometric c.m.o., but not an (m,C)-isometric c.m.o. for some conjugation
C, (ny,...,ng) € N4 and m € N.

EXAMPLE 2.1. Let C be a conjugation given by C(z1,22,23) = (Z3,72,21)- Con-
sider U = (%1,%) € %|C?] which admit the following representations:

001 100
2 =1000 and % =(010
000 000

A simple calculation shows that
Uy CUC + U CUC— 1y 0

and
()" (%*c%c+ %l*c%lc—zg) WU = 0.

Therefore, U is a (1,1)-quasi-(1,C)-isometric c.m.o. but U is not (1,C)-isometric
c.m.o.

REMARK 2.4. From the above example, we may conclude that the class of (m,C)-
isometric c.m.o. is a proper subset of the class of (ny,...,ny)-quasi- (m,C)-isometric
c.m.o.

In the next proposition we show that the concept of (ny,...,ny)-quasi- (m,C)-
isometry forc.m.o. U= (%,...,%) is not affected by an permutation of the operators
U .

PROPOSITION 2.1. Let J; = {1,...,d} and S; be the set of all permutations
on Jg. Let U= (Uy,...,Uy) € B[] be a cmo. If U isan (ny,...,ng)-quasi-
(m,C)-isometric c.m.o. for some conjugation C on %, then for every @ € Sy, Uy :=
(Up1)s-- - Up(a)) is an (ng(1y; - s ng(q)) -quasi- (m,C) -isometric c.m.o.

Proof. By noting that 2 ..... Ua =Uy(1)--- - Up(a) > one can immediately deduce
the proof. [J

REMARK 2.5. We notice thatif U isan (ny,...,n,)-quasi- (m,C)-isometric c.m.o.,
one can easily check that U isa (ny+ry,...,ny+rq)-quasi- (m,C) -isometric c.m.o. for
every T = (ry,...,rq) € NG.

Recall from [21] that if % is an n-quasi- (m,C)-isometric single operator such
that [% CU C] =0, then % is an n-quasi- (k,C)-isometric operator for all integer
k>m.

The following proposition extended this result to the multidimensional case.
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PROPOSITION 2.2. Let U= (%4,...,%;) bean (ny,...,ng)-quasi- (m,C) -isome-
tric c.m.o. If [C%Cﬂ/l] =0 forall jl=1,...,d, then U is an (ny,...,ng)-quasi-
(m+ k,C)-isometric c.m.o. for any positive integer k.

Proof. This follows immediately from the identity

2ni1(U,C) = Y, % 2,(U,C)(C%C) — 2, (U,C),

1<j<d

(see [19, Proposition 2.1]) and the conditions [C%,C,%] =0 for j,l=1,....d. U

In the next proposition, we present some conditions for which a (ny,...,n;)-quasi-
(m,C)-isometric c.m.o. becomes (m,C)-isometric c.m.o.

PROPOSITION 2.3. Let U= (%,..., %) € B[¥ ] bean ﬁ quasi- (m,C) -isome-
tric cm.o. for = (ny,...,ng) € N and m € N. If ker%; = {0} for some jj €
{1,...,d}, then U is an (m,C)-isometric c.m.o.

Proof. According to the fact that U is an n-quasi- (m,C)-isometric c.m.o., it fol-

lows that
n k(M k! o o n
ooy (- Y, —U*cu’c |ut =0.
0<k<m k) o @!
Since ker U*“) ﬂ ker(U; ) Cker(%;;) and % jo* is injective it follows that the

1<j<d
above equation becomes

k! =
( 2 (_1>m—k (m) 2 _'U*a)CUa)C) u” = O,
0<k<m kJ o @!

and so that

U*ﬁ< 3 (—1)’"—"(’]’;) 3 %U*“’CU“’C) —0.

0<k<m || =k
By using the item ker (U*") = {0}, we get
0<k< k <, 0! '
<ksim |o|=k
We may conclude that U satisfies the identity (1.8). [
THEOREM 2.1. Let U = (%,..., %) € B[#]? is a n-quasi-(m,C)-isometric
)

c.m.o. for some conjugation C on % . Ifker(%jz = ker(%jgz) forsome joe{l,....,d},
then u is an quasi- (m,C)-isometric c.m.o.
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Proof. From the condition that ker(%;;) = ker(%; *2) for some jo € {1,...,d}, it

follows that ker(%;) = ker(%j0 ") and however ker(% ™) = ker( 1<1_[<d% . Since
j<

U is a n-quasi- (m,C) -isometric ¢.m.o., we have
K grocyec IT %" =0
! I

1<j<d

(e s

1<j<d 0<k<m o=k ©

From the fact that ker(U*") = ker( ] ?/j*) , which yields
I<j<p

* m—k [ k! * nj
H %( > (=1 <k> D 5U“’CU“’C) H U =0.
1<j<d 0<k<m |w|=k 1<j<d
Applying the adjoint operation, we obtain
*1j m—k [T k! *0 ®
I1 # Y (-1 f ZJU cu’c) ] % =o.
1<j<d 0<k<m o=k ©* 1<j<d

Similarly, we have

k!

(| o (}) £ Sueewe) 11 % -0
1<j<d 0<k<m k o=k @

1<j<d

Therefore U is an quasi- (m,C)-isometric c.m.o. [

COROLLARY 2.1. If U= (%,..., %) € B|¥]? be an n-quasi- (m,C) -isometric
c.m.o. for some conjugation C. Assume that there exists jo € {1,...,d} such that %,
is idempotent, then U is a quasi- (m,C)-isometric c¢.m.o.

Proof. Since %jﬁ = Uj, it follows that %;; *2 = %;; and therefore ker(%;’) =

2 .
ker(%;"). Using Theorem 2.1 we may see that U is an qua51 (m,C)-isometric c.m. %

For the next result, we need the following lemma.

LEMMA 2.1. ([19]) Ler U= (%,..., %) € B|¥ andA:(;th...,;zfd)G
B be c.m.o. such that [%*7CMC] [%j,d] [ C?/,-C] =0 forall j,k.
Then the identity holds:

2(U0-AC)=Y Y (11) ((];)U*“’Qlk(U,C))CU“’C I 2o (#4.C). 22)

0<k<! |o|=k 1<i<d
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THEOREM 2.2. Let U= (%,..., %) € B|Y | and A = (A, ...,;) € BY)
be c.m.o. such that

[y CohC) = [%5,4) = [ CUC) = [, CUC] = [ CotiC] =0 all .

Let n=(ny,...,nq),p = (p1,---,pa) € NI and (my,...,myg) € N*. If U is a n-quasi-

(m,C)-isometric c.m.o. and each < is a py-quasi (my,C)-isometric operator for
k=1,...,d. Then U-A isa (n+p)-quasi- (m—|— Z my, —d7C) -isometric c.m.o.

1<k<d
Proof. Tt is enough to show that
*ﬁJrﬁ
CVRRLER

1<k<d

i — q(UAC) (UA)P =0,

Indeed, set r = 2 my and [ = m+r—d. Following Lemma 2.1 and the conditions
1<k<d

[%,CU;C| = |, Ca/;,C| =0 all jk, we get
(UA)™® 2,(UA,C) (UA)" P

- (UA)*E+E<O§’<ZQ,2;;< <1l<> (Z )U*“’,@l_k(uc))CU“’C 1 2. (Ai7C)) (UA)™P

1<i<d
-y ¥ <l> <k>U*w(U)*ﬁ+ﬁo@;k(U,C))CU“’C(U)ﬁﬂN’
0<%l ook \K/ \@
X H di*niﬂ?ie@wi (M,C)szinﬁpi
1<i<d

<l> ( ¢ ) U (U)™P g, (U,c)UMPcueC
5%t ok \K/ \@

% H di*niﬂ?ie@wi (JZZ',C) JZ{ini'i‘Pi.

1<i<d

Thus, we can deduce from the previous relations that for k € {0,...,r —d}, then
| —k>m and so U"P2,_(U,C)U™P = 0 by Proposition 2.2.

However, if k > r —d, then one of the w; satisfies w; > m; since |w| =k and
therefore, 7" 9, (#,C) /" =0 for i =1,...,d by [21, Proposition 2.1].

Finally, (UA) P g (UA,C)(UA) "P _ 0 gives the result. [J

Now, we proceed to the computation of the tensor product of two c.m.o. Let
U= (Uy,...,Uy) € BIZ) and A = (A,...,9) € B|Z]¢ be c.m.o. Note that

U®RA = (%1@4271,...,?41@%)

- ((%®z><1w1>,...,<%®z><z®%>).
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Then we can write U® 1= (% ®1,...,%; ®1I) and
I9A=(I® ..., 10 9;).

COROLLARY 2.2. Let U= (%,..., %) € BX ]! and A = (o,..., ) € B
be c.m.o. and C be a conjugation on % . Assume that

|}, CahC| = U, CUC) = |,CetiC| =0 forall jk.

Let n = (ny,...,ng) and p = (p1,---,pa) ENS and m,my,...,mg € N. If U is an

(n1,...,nq)-quasi-(m,C)-isometric c.m.o. and each </; is an py-quasi- (my,C) -isome-
tric operator for k=1,...,d. Then U® A is an (n+p)-quasi- (m+ 2 m—d,C®
1<k<d

C ) -isometric c.m.o.

Proof. Since UQ A = ((%1@1)(1@%),...,(%@1)(1@%)) = UA, where

U= (% ®1,...,% ®]I) and A= (I®d,...,1® ;). According to the conditions
[}, CHC| = [U,CUC) = |,Cat;C| =0 forall j,k, one can check that U and
A satisfying the required conditions in Theorem 2.2 and we easily find that U-A isan

(n+p)-quasi- (m + 2 my—d,C® C) -c.m.o. Hence the desired assertion follows
1<k<d

since we have U9 A=U-A. O

Let U= (%,..., %) € B|#]¢ be ac.m.o., we say that U is g-nilpotent, g >0,
it U2 =2 ... %" =0 forall ® = (w,...,0,) € Ng such that |@| = g.

For 0 = (wy,...,0,4), o = (w;,...,w[,l) € Ng, we will say that

0 >0 o, >, forall k=1,....d.

For the next result, we need the following lemma.

LEMMA 2.2. ([19]) Let U= (%,...,%) € B¥]? and A = (A, ..., ) €
B be two c.m.o. such that [<;, %] =0 for all j,k and let C be a conjugation
on % . Then the following identity holds:

2,U+A)= Y ( " k)(U+A)*“’-A*“~Qk(U)~CU“C-CA“’C, (2.3)
|+l +h=n \O>H>

h n _ n!
RN o k) T olptk!”

THEOREM 2.3. Let U := (?,..., %) € BY)!, A= (A,...,9) € B
be c.m.o. Assume that [?/,,42{]] = [%,C%,C] =0 forall ji. If Uis (ny,...,ng)-
quasi- (m,C)-isometric c.m.o. and A is nilpotent of order q, then U+ A is (n) +
q, .- ng+q)-quasi-(m+2q — 2,C) -isometric c.m.o.
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Proof. Let{=m+2q—2and m= (n;+gq, ...,ng+q) =n+(q,...,q). We have
to prove that

(U+A)™2,(U+A.C)(U+A)" =

By Lemma 2.3, we can write,

(U+A)™2,(U+A,C)(U+A)"

-(2.0)em )
>

") (U+A) A 2(U)-CUHC-CA®C
\w\+|m+k n O HK

(2, () )

In view of the above, if max{|w/|,|u|} > ¢, then A** =0 or A® =0 and therefore,
(U+A)™2,(U+A,C)(U+A)" =

Similarly, if max{|o|,|u|} < g—1, then we have m+2q—2 = ||+ |u|+k <2 —
2+ k and so k > m. In view of Proposition 2.2, it holds

U™ 2, (U,C)UmP = 0, for (11,...,74) and (B1, .., Ba) € {0,...,q}".

However, if (y1,...,Y4) and (By,...,Bs) which satisfy one of the following conditions
(’}/17...,’}/d) S {07...,6]}[1

(Blw”vﬁd) S {q—f—l,...,nd—f—q}d,

i {(m..,w)e{q+1,...,nd+q}d
(Bl7'”7ﬁd> S {O,...,q}d

®

or

(iii) { (V1seeesva) € {Q+1,...,nd+q}d
(Bi,...,Ba) € {q+1,...,nd+q}d,

it then follows A*Y =0 or AP =0 and therefore
A ((U+A)*“’ LA D (N) ~CU“C-CA“’C) AP =o.

By considering the different cases discuss above we can conclude the result of the
theorem. [

A particularly interesting consequence of Theorem 2.3 is the following corollary.



380 H. O. ALSHAMMARI

COROLLARY 2.3. Let U= (%,..., %) € B[¥]! bean (ny,...,ng)-quasi-(m,C)-
isometric c.m.o. for some conjugation C and let A = (..., ;) € BIY)¢ be a
q-nilpotent c.m.o. If [%7C%C] =0 forall i,j, then UQI+I®A:= (/L QI+I®
Dy UgQI+HIR ) isan (n1+q,...,ng+q)-quasi-(m+2q —2,CRC) -isometric
c.m.o.

__ Proof. Using similar notations to that used in the proof of Corollary 2.2 for U and
A It can be shown that

U @112 ;] = %, (CRC) (%) (CRC)| =0V ij=1....d.

However we easily see that U is an (n,...,ng)-quasi- (m,C ®C)-isometric c.m.o. and
Aisa nilpotent c.m.o. of order g. We conclude that Uand A satisfy the conditions of
Theorem 2.3. This, in turn, implies that URQI+I® A is an (n; +gq,...,ns + q)-quasi-
(m+2¢—2,C®C)-cmo. O

3. Spectral properties of (ny,...,n,)-quasi-m-isometries

Since the spectral properties of (ny,...,n,)-quasi-m-isometric c.m.o. have not
yet received any previous study as far as we know, we devoted this section to the
study of these properties. However the question relating to the spectral properties of
(n1,...,nq)-quasi- (m,C)-isometric c.m.o. will be examined in future work.

DEFINITION 3.1. ([17]) Let U= (%,...,%;) be ac.m.o. on ¥ .
(1) A point p = (uy,...,Us) € C? is called a joint point eigenvalue of U if there
exists a non zero vector x € % such that

(% — il ))x=0 for j=1,....d.

Or equivalently if

N ker(%; - ) # {0).

1< j<d
The joint point spectrum, denoted by 6;,(U) is the set of all joint eigenvalues of U.
(2) u=(u1,...,1q) € C? is in the joint approximate point spectrum 64, (U) if
and only if there exists a sequence of unit vector (x;)z such that
Tim (% = w)xl =0 j=1,....d.

The following theorem generalize [22, Theorem 2.2].

THEOREM 3.1. Let U= (74,..., %) € B¢ beac.m.o. If Uisan (ny,...,ng)-
quasi- m-isometric c.m.o., then

5un0) € {1 = (et €€ L= (3 ) =130l

1<i<d
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where

0] :=={(u1,....ua) €C?: ] mi=0}.

1<i<d

Proof. Let pt = (U1,...,1a) € Ojap(U), we want to show that [] ui =0 or
1<i<d

Si<ica|i)? = 1. Tt is well known that there exists a sequence (xx)i>1 C %, with

[Ixc|| = 1 such that (% — wl)xy — 0 for all i =1,...,d and we find klim (U -

1) x; = 0. According to that U is an (ny,...,ny)-quasi-m-isometric c.m.o., it follows
that

Y (—1)’"—f'<"7> ( D w'U“’“'xz) =0 forall xc %,
0<j<m 17 \jo|=j

and we find

0= Og‘ém(_l)mfj (’;’) (l%j ({')" H (Uw+ﬁ _Hw+ﬁ+“w+ﬁ)xk2>
= 3 (") 3 Zfiwer e

0<j<m 1/ o= @

+2Re<(Uw+ﬁ—,uw+ﬁ)xk | “w+ﬁxk> n Hl«lw+ﬁxk|‘2}

-y (_l)m—j<".l) 2 {”( UeH _ w+ﬁ)xk”2

0<j<m 1/ o= @
+2Re<(Uw+ﬁ—uw+ﬁ)xk | ,uw+ﬁxk> n (|“}2)w+ﬁ}.

By taking the limit as k — oo we find

0= % (7)) 3 Zup

0<j<m |o|=j
_ 2\ ymej (M ko 2ve
= (w3 D ( ].) 3 il
_ 2\n 1— 2 m.

(kPP(1- 3 mf)

In this case, we still have

[T wj=00r ¥ |yf=1. O

1<j<d 1<j<d

The authors S. Mecheri et al. has proved in [22, Theorem 2.3] that if A _75 0 is an
approximate eigenvalue of a n-quasi-m-isometric single operator U, then A —U* is
not bounded from below. In the next theorem, we extend this result to multidimensional
case.
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THEOREM 3.2. Let U= (74,..., %) € BIY )¢ bean (ny,...,ng)-quasi-m-isome-
tric c.m.o. If p=(U1,...,Uq) € Gjap(U)\ [O] , then Z ,ui(m— 52/1*) is not bounded

1<i<d

from below. In particular if u = (ur,...,uq) € 0j,(U)\ [O] ,then Z Wi (E— 52/1*)
1<i<d
is not bounded from below.

Proof. Consider t = (H1,...,1a) € 6jap(U)\[0]. It is well known that there
exists a sequence (xx)i>1 C %, with ||x|| = 1 such that (%; — ujly)x, — 0 for
all j=1,...,d and we find ]}im (U” —u®)xe =0. If Uis an (ny,...,ng)-quasi-m-

isometric c.m.o. we can write
n —j[m ] 0y10 n__
U*n( z (=)™ J(j)( z w'U* U )Un_O
0<j<m |o|=j
Thus we have

0= U*ﬁ( (_l)mfj (m J U*w>U(D+ﬁxk
0<j<m J

[anrﬁ _ “w+ﬁ+‘uw+ﬁ} X%

[anrﬁ _ ‘uw+ﬁ} X

By letting k — o we find,

m
U*“(l— D u,-%ﬁ) xe — 0.

1<i<d
m
If (1— 2 ui%;") is bounded from below so is (l— Z Hi%i*) and therefore
1<i<d 1<i<d

(1= X w2') sl =M« Vxew,

1<i<d

for some M > 0. This implies that

jun(1- 3 war) wl > mlots),

1<i<d

By letting k — oo we find, U*"x; — 0. By observing that
<U X |xk> <xk | Unxk> <xk | (Uﬁ —MH+HE>Xk>
= (o] (0 ) B )
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we obtain ] ,u;'-’ = 0 which is impossible since u ¢ [0].
1<j<d
Consequently, (1 — Z ,uj%j*) is not bounded from below.
1<j<d
Taking into account the hypothesis that = (ly,. .., ) € 0jap(U)\[0], if fol-
low from Theorem 3.1 that )} |u;|* = 1. This implies

1<5<d
=Y wzi=Y W= Y wu =Y wm-%)
1$5d 1<% 1<5<d 1<$7<d

and the proof is complete. []

In [5], the authors has proved that if %/ is an quasi-m-isometric operator and
A,u € 0p(N) such that At # 1, then

ker (% — L) Lker (% — ).

PROPOSITION 3.1. Let U= (%,..., %) € B[#]? be an (ny,...,ng))-quasi-
m-isometric c.m.o. The following statements are true.

(1) If)L = ()Ll,...,ld) S O'jp(U)\ [O] and U = (M],...,Hd) S O'jp(U)\ [O] such
that 2 WiAj # 1,then

1<j<d

M ker (% - )L () ker(% ).

I<j<d I<j<d

(2) Let A = (A1,..., Aq) and p = (Wi,...,Uq) € 6jap(U)\ [0] suchthat Y, A
1<j<d
# 1. If {x; }x and {y }x are two sequences of unit vectors in % for which klglolc (% —

Aj)xil| = ;}EEOH(%_H/)WH =0,forall j=1,...,d, then ]{15‘130<xk| i) = 0.

Proof. (1) Let x€ () ker(%; —u;) and y € () ker(%;—4;), it follows
1<j<d 1<j<d
that
Ujx = wjx and %y = Ay, j=1,....d.

Since N is an (ny,...,ny)-quasi-m-isometric c.m.o. we have

0 Z(_ww%%)<zi%CW4wa%>

0<j<m VAN

YOS <—1>’"—f'(”7) Y K am© iy

0<j<m J

-G (1= 3 mh) ),

1<j<d
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where A. L = (M0y,...,Aqlly)-

Then from A, ¢ [0] and 1— Y T;A; # 0 we obtain (x| y) = 0.
1<5<d
By observing that

<Uw+ﬁxk | Uw+ﬁyk>

_ <(Uco+ﬁ _Aﬁ)kar/lﬁxk | (Uw+ﬁ _Hﬁ)yk+uﬁyk>,

and using similar argument as in the proof of the statement (1) we can infer that

(/lﬁ)ﬁ<1— > H_j/lj)m]}g{}o(xk | y&) = 0.

1<j<d

Following the conditions A, u ¢ [0] and 1 — Y TIjA; # 0, it follows that

1<j<d

Jim (x| yi) = 0.

This completes the proof. [l
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