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CHARACTERIZATIONS OF LIPSCHITZ FUNCTIONS
VIA THE COMMUTATORS OF FRACTIONAL MAXIMAL
FUNCTION IN ORLICZ SPACES ON STRATIFIED LIE GROUPS

VAGIF S. GULIYEV

(Communicated by N. Elezovic)

Abstract. In this paper we obtain necessary and sufficient conditions for the boundedness of the
fractional maximal commutators M, , and the commutators of the fractional maximal operator
[b,Mg] in Orlicz spaces L®(G) on any stratified Lie group G when b belongs to Lipschitz
spaces Aﬁ (G). We obtain some new characterizations for certain subclasses of Lipschitz spaces

Ap(G).

1. Introduction

The aim of this paper is to study the boundedness of the fractional maximal com-
mutators M}, o, and the commutators of the fractional maximal operator [b,My,] in the
Orlicz spaces L®(G) on any stratified Lie group G when b belongs to Lipschitz spaces
AB (G). The commutator operators play an important role in studying the regularity of
solutions of elliptic, parabolic and ultraparabolic partial differential equations of sec-
ond order, and their boundedness can be used to characterize certain function spaces.
(see [4,7,10,16,17,21,23]).

Let G be a stratified Lie group, f € LIIOC(G) and 0 < o0 < Q, where Q is the
homogeneous dimension of G. The fractional maximal function M, f is defined by

Maf () = supl 8 [ |7(3)lay
B>x B

where the supremum is taken over all balls B C G containing x, and |B| is the Haar
measure of the G-ball B.

The fractional maximal commutator generated by b € Ll .(G) and M,, is defined
by

Mya(£)00) = sup B8 [ |b(x) = b(3) /)l
B>x B

The commutators generated by b € L. (G) and My, is defined by

loc

[, Mo f (x) = b(x)Me.f(x) — Mo (bf)(x).
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When o = 0, we simply denote by [b,M] = [b,My| and M}, = M}, y. Obviously, the
Mj, o and [b, M| operators are essentially different from each other because Mj,  is
positive and sublinear and [b, M,,] is neither positive nor sublinear.

The mapping properties of M; o and [b,My] have been studied extensively by
many authors (see, for instance, [1,2,5,9, 13, 14,28,29]). The operators M, [b,M]
and M}, , play an important role in real and harmonic analysis and applications (see, for
instance, [3,6,8,15,26,29]). In [28] Zhang and Wu studied the necessary and sufficient
condition for the boundedness of [b,M] on LP(R") spaces, see also [29]. In [18]
Janson gave some characterizations of the Lipschitz space AB (R™) via commutator
[b,T] and the author proved that b € Ag(R") if and only if [b,7] is bounded from
LP(R") to LY(R"), where 1 < p <n/B, 1/p—1/q=B/n and T is the classical
singular integral operator.

Stratified groups appear in quantum physics and many parts of mathematics, in-
cluding Fourier analysis, several complex variables, geometry, and topology [3, 8, 25].
The geometric structure of stratified Lie groups is so good that they inherit many anal-
ysis properties from the Euclidean spaces [10]. Apart from this, the difference be-
tween the geometric structures of Euclidean spaces and stratified Lie groups makes the
study of the function spaces on them more complicated. However, the study of Orlicz
spaces on stratified Lie groups is quite a few, which makes it deserve a further inves-
tigation. In [27] Zhang considered some new characterizations of the Lipschitz spaces
AB (R™) via the boundedness of maximal commutator M}, and the (nonlinear) commu-
tator [b,M] in Lebesgue spaces and Morrey spaces on Euclidean spaces. In [29] Zhang
et al gave necessary and sufficient conditions for the boundedness of the nonlinear
commutator [b,My] on Orlicz spaces when the symbol b belongs to Lipschitz spaces
AB (R™) and obtained some new characterizations of non-negative Lipschitz functions.
In [14] Guliyev et al. consider the boundedness of M, and [b,M] in Orlicz spaces
L*(R") when b belongs to the Lipschitz space Ag(R"), by which some new charac-
terizations of the Lipschitz spaces AB (R™) are given. In [12] the author recently gave
necessary and sufficient conditions for the boundedness of the fractional maximal com-
mutators in the Orlicz spaces L®(G) on any stratified Lie group G when b belongs
to BMO(G) spaces and obtained some new characterizations for certain subclasses of
BMO(G) spaces.

Inspired by the above literature, the purpose of this paper is to obtain the bound-
edness of the fractional maximal commutator M;, ;, (Theorems 3.8, 3.12) and the non-
linear commutator [b, M| (Theorems 4.3, 4.7) in the Orlicz spaces L¢(G) on any
stratified Lie group G when b belongs to Lipschitz spaces AB(G)' We give some new
characterizations of the Lipschitz spaces.

By A < B we mean that A < CB with some positive constant C independent of
appropriate quantities. If A < B and B < A, we write A =~ B and say that A and B are
equivalent.
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2. Notations

We first recall some preliminaries concerning stratified Lie groups (or so-called
Carnot groups). We refer the reader to the books [3, 8,24] for analysis on stratified Lie
groups. Let ¢4 be a finite-dimensional, stratified, nilpotent Lie algebra. Assume that
there is a direct sum vector space decomposition

G=V1® - DVp 2.1

so that each element of V;, 2 < j < m, is a linear combination of (j — 1)th order
commutator of elements of V;. Equivalently, (2.1) is a stratification provided [V;,V;] =
Viyj whenever i+ j <m and [V;,V;] =0 otherwise. Let X = {Xj,..., X, } be abasis for
Vi and X;;, 1 <i<kj, for V; consisting of commutators of length j. We set X;; = X;,
i=1,...,n and k; =n, and we call X;; a commutator of length 1.

If G is the simply connected Lie group associated with ¢, then the exponential
mapping is a global diffeomorphism from ¢ to G. Thus, for each g € G, there is
X = ()Cij) S RN7 1<i< kj 1<j<m, N= Y k;, such that g = exp(Exinij). A

j=1
homogeneous norm function |- | on G is defined by |g| = (¥ \xij|2"”’/j)l/(2'm!), and

m

Q = Y jkj is said to be the homogeneous dimension of G, since d(6,x) = r2dx for
j=1

r> 0. The dilation §, on G is defined by

5r(g) = exXp (Z rjx,-jX,-j) if g = exXp (ininj) .

Since G is nilpotent, the exponential map is diffeomorphism from G onto G
which takes Lebesgue measure on G to a biinvariant Haar measure dx on G. The
group identity of G will be referred to as the origin and denoted by e.

A homogenous norm on G is a continuous function x — p(x) from G to [0,°),
which is C* on G\{0} and satisfies p(x~') = p(x), p(&x) =tp(x) for all x € G,
t > 0; p(e) =0 (the group identity). Moreover, there exists a constant ¢y > 1 such
that p(xy) < co(p(x)+p(y)) for all x,y € G. With this norm, we define the ball
centered at x with radius r by B(x,r) = {y € G : p(y~'x) < r}, and we denote by
B, =B(e,r)={y€ G : p(y) <r} the open ball centered at e, the identity element of

G, with radius r. By EB(x, r) = G\ B(x,r) we denote the complement of B(x,r). One
easily recognizes that there exists ¢; = ¢;(G) such that

IB(x,r)|=ci 2, x€G, r>0.

The most basic partial differential operator in a stratified Lie group is the sub-Laplacian
associated with X is the second-order partial differential operator on G given by .£ =
S X7

First, we recall the definition of Young functions.

DEFINITION 2.1. A function @ : [0,0) — [0,0] is called a Young function if ®
is convex, left-continuous, limOCD(r) =®(0) =0 and lim ®(r) = oo.
r—-+

r—o0
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From the convexity and ®(0) = 0 it follows that any Young function is increasing.
If there exists s € (0,0) such that ®(s) = co, then ®(r) = oo for r > s. The set of Young
functions such that
0<D(r)<oo for 0<r<eoo

will be denoted by #'. If ® € &, then ® is absolutely continuous on every closed
interval in [0,0) and bijective from [0,e0) to itself.
For a Young function ®@ and 0 < s < oo, let

O (s) =inf{r>0:D(r) > s}.

If ® € 7, then ® ! is the usual inverse function of ®.
It is well known that

r<®'(nNdl(r)<2r  forr>0, (2.2)
where ®@(r) is defined by
B(r) = { sup{rs —®@(s) : s € [0,00)} , r € [0,0),

[e <] 5 | = oo,

A Young function @ is said to satisfy the A, -condition, written ® € A, , if ®(2r) <
CO(r), r>0 forsome C> 1. If ® € A, then ® € # . A Young function ® is said to
satisfy the V-condition, denoted also by @ € V,, if ®(r) < %(I)(Cr), r > 0 for some
C>1.

DEFINITION 2.2. (Orlicz Space). For a Young function @, the set
L%(G) = {f €Ll (G): / D(k|f (x)|)dax < oo for some k > 0 }
G

is called Orlicz space. The space LfgC(G) is defined as the set of all functions f such

that fx, € L*(G) forall balls BC G.

L®(G) is a Banach space with respect to the norm

1Al (e =inf{a 0: [ oLy 1}.

If ®(r)=r",1< p<oo,then L*(G) =LP(G). If ®(r) =0, 0<r<1 and
®(r) =0, r> 1, then L?(G) = L™(G).

For a measurable set D C G, a measurable function f and z >0, let m(D, f, t) =
{x € D:|f(x)] >t}|. Inthe case D = G, we shortly denote it by m(f, ).

DEFINITION 2.3. The weak Orlicz space
WL?(G) = {f € Lige(G) : [|fllwro < =}

is defined by the norm

1 £ 11w e :inf{)L >0 : sup@(t)m(%, t) < 1},

t>0
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We note that || flly e < |fllze. [|fllzem) = £ 2l e and [|fllwiemp) = 1/ % lwre -
Let us define the ®-average of f over a ball B of G by

1
”fQBZin{)L >0: g/Bd)(VELx))dxé 1}.

The following analogue of the Holder’s inequality is well known (see, for example,
[22]).

LEMMA 2.4. Let D C G be ameasurable set and f,g be measurable functions on
D. For a Young function ® and its complementary function ®, the following inequality
is valid

[ 1£00800)ldx <21l gl (23)
By elementary calculations we have the following property.

LEMMA 2.5. Let ® be a Young function and D be a set in G with finite Haar

measure. Then .

12 122y = 120 lwio @) = ST
By Lemmas 2.4, 2.5 and (2.2) we get the following estimate.

LEMMA 2.6. For a Young function ® and any ball B, the following inequality is
valid:

10y < 21BI0 () 1o 24)

3. Characterization of Lipschitz spaces via commutators

For a given ball B and 0 < o < Q, we define the following maximal function:

Manf(x)= sup [B]8 [ |7(lay,

BDB'>x

where the supremum is taken over all balls B’ such that x € B' C B. Moreover, we
denote by Mp = My p when o = 0.

LEMMA 3.1. [12,28] Let 0 < a < Q, f:G — R be alocally integrable function
and B is a ball on G. Then for every x € BC G

Mo (f 18) (x) = Mo (f) (%),
Mo (25) (x) = Mo (15) (x) = |B| 2.

The following result completely characterizes the boundedness of My, in Orlicz
spaces.
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THEOREM 3.2. [12] Let 0 < o < Q, D,V be Young functions and ® € % . The
condition
e () <y (r9) (3.1)

for all r >0, where C > 0 does not depend on r, is necessary and sufficient for the
boundedness of My, from L*(G) to WL¥ (G). Moreover, if ® € V5, then the condition
(3.1) is necessary and sufficient for the boundedness of My, from L®(G) to LY (G).

REMARK 3.3. Note that in the case G = R", Theorem 3.2 was proved in [14].

In this section, as an application of Theorem 3.2 we consider the boundedness
of My ¢ in Orlicz spaces when b belongs to the Lipschitz space, we give some new
characterizations of the Lipschitz spaces.

Next we give the definition of the Lipschitz spaces on G, and state some basic
properties and useful lemmas.

DEFINITION 3.4. (Lipschitz-type spaces on G)
(1) [19] Let 0 < B < 1, we say a function b belongs to the Lipschitz space
Apg(G) if there exists a constant C such that for all x,y € G,

|b(x) = b(y)| < Cp(y~'x)P.

The smallest such constant C is called the Ag(G) norm of b and is denoted by ||| Ag(G)-

(2) [20] Let 0 < B < 1. The space Lipg(G) is defined to be the set of all locally
integrable functions b, i.e., there exists a positive constant C, such that

1
— - <
sup |B|1+B/Q/B|b(x) bsldx < C,

where the supremum is taken over every ball B C G containing x and bp = |11T\ Jpb()dy.
The smallest such constant C is called the Lipg(G) norm of b and is denoted by
181 Lipg () -

Since stratified Lie groups can be regarded as a special case of spaces of homo-
geneous type in the sense of Coifman-Weiss, hence, the following characterization of
Lipschitz space (see [20]).

LEMMA 3.5. Let 0< B <1 and b€ L, .(G), then

loc

1611 Ay (@) = 1B]]Lipg (©)-

LEMMA 3.6. Let 0<B <1, 0<a<Q, 0<a+B <Q and b € Ag(G), then
the following pointwise estimate holds:

My o f (¥) < CIbl| 5 () Mot p S (¥)-
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Proof. If b € Ag(G), then
My 1)) = sup B8 [ 1b(x) b ILF(3)
Box B

_144B
S ClIbllA,)sup Bl @ /\f(y)Idy
B>x B

= ClIbll 5y (6) Maspf (%) O

LEMMA 3.7. If be L} (G) and By := B(xo, o), then

loc

|Bo| 2 |b(x) — bp,| < Mp o xB,(x) forevery x € By.

Proof. For x € By, we get
Myat5, () = sup B 6 [ 1b() ~ b0 25, 1)y
B2
=sup B8 [ )~ by > B0l [ (b()—b(w)lay
B>x BNBy BopNBy

> |80l 180l [ (bx) —b(3))dy| = 1Bl p(x) ). O

The following theorem is valid.

THEOREM 3.8. Let 0<f<1,0<0<Q,0<a+B<Q, beLl (G), &,V
be Young functions and ® € %' .
1. If ® € V, and the condition

_otp

oo () <CcY () (3.2)

holds for all t > 0, where C > 0 does not depend on t, then the condition b € Aﬁ(G)
is sufficient for the boundedness of My, o from L®(G) to LY (G).
2. If the condition

1 1y, — 5P
Y (1) SCO (1)t ¢ (3.3)
holds for all t > 0, where C > 0 does not depend on t, then the condition b € AB(G)
is necessary for the boundedness of My, o from L®(G) to LY (G).

atp .
3. If®eV,y and Y1) = (I)_l(t)t_%, then the condition b € Ag(G) is
necessary and sufficient for the boundedness of My, o, from L®(G) 1o L¥(G).

Proof. (1) The first statement of the theorem follows from Theorem 3.2 and Lemma
3.6.



428 V. S. GULIYEV

(2) We shall now prove the second part. Suppose that ¥~ 1(r) < &1 (r)r~(*+B)/C
and M, o, is bounded from L®(G) to L¥(G). Choose any ball B in G, by Lemmas 2.5
and 2.6

1 1 1
7 [ 1b0) =baldy = ——— [ | —— [ (b(s) ~ b(z))dz]ay
|B|1+Q B |B|1+T B ‘B‘ 0 JB
1

W A b,a(%g)(}’)dy
B 1
< % My )l
c v (8™
< <C.
‘B‘M o-1(|B]71)

Thus by Lemma 3.5 we get b € Ag(G).
(3) The third statement of the theorem follows from the first and second parts of
the theorem. [

If we take or = 0 at Theorem 3.8, we have the following result.

COROLLARY 3.9. Let 0 < B < 1, b€ L. (G), ®,¥ be Young functions and
dcy.

1. If ® € V, and the condition ® ' (t)t=P/C <W~1(¢) holds, then the condition
b € Ag(G) is sufficient for the boundedness of My, from L®(G) to L*(G).

2. If ¥ ' (t) SO (1)t P/Q, then the condition b e Ag(G) is necessary for the
boundedness of My, from L®(G) to LY (G).

3. If ® eV, and ¥~ (t) = O (1)t P/Q, then the condition b € Ag(G) is nec-
essary and sufficient for the boundedness of My, from L®(G) to LY (G).

If we take ®@(¢) =7 and W(r) =19 with 1 < p <eo and 1 < oo at Theorem
3.8, we have the following result.

COROLLARY 3.10. Let 0<B<1,0<a<Q 0<a+B<Q, bell (G),
1< p<qg<e and 11—7 - 5 = OCEB. Then the condition b € Ag(G) is necessary and
sufficient for the boundedness of My, o from LP(G) to L1(G).

REMARK 3.11. Note that in the case G = R", Theorem 3.8 was proved in [14].

The following theorem is valid.

THEOREM 3.12. Let 0<f<1,0<a<Q,0<a+B<Q, belLl (G), ®,¥
be Young functions and ® € %' .
1. If condition (3.2) holds, then the condition b € Ag(G) is sufficient for the

boundedness of My, from L®(G) to WLY (G).
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2. If condition (3.3) holds and {}1,% is almost decreasing for some € > 0, then
the condition b € Ag(G) is necessary for the boundedness of My o from L*(G) to
WL (G).
3. FY ()= d).’l (1)t~ (@+P)/C and {}1,% is almost decreasing for some € >0,
then the condition b € Ag(G) is necessary and sufficient for the boundedness of My g
from L®(G) to WLY(G).

Proof. (1) The first statement of the theorem follows from Theorem 3.2 and Lemma
3.6.

(2) For any fixed ball By such that x € By by Lemma 3.7 we have |Bo|*/2|b(x) —
bg,| < My axs,(x). This together with the boundedness of M, from L®(G) to
WLY(G) and Lemma 2.5

[{x € Bo: 1Bo|“/@1b(x) — by | > A} < | {x € Bo: Myt (x) > A}

1 1
g =

¥ (emars) ¥ ()

Let # > 0 be a constant to be determined later, then

[ 166~ baglax = Bol /@ [ |{x € By p(x) ~ sy | > [Bol /A } a2
Bo 0
1
- \Bora/Q/ {x € By : |b(x) — b, | > | Bo|*/@A}|dA
0
+ \Bo\‘o‘/Q/ {x € Bo: b(x) — bay| > |Bo|"“/A}|dA
t

. w0 [ 1
<1Bol '€+ |Bo| “/Q/t W
C

|Bo| /9t

\If(@*l(gorl)) ’

. I+e .
where we use almost decreasingness of fW in the last step.

St|Bo|' 2+

atf .
Set t =C|By| 2 in the above estimate, we have
[ 1660 = bagldx < |Bo| 2.
By

Thus by Lemma 3.5 we get b € Ag(G) since By is an arbitrary ball in G.
(3) The third statement of the theorem follows from the first and second parts of
the theorem. [

If we take ov = 0 at Theorem 3.12, we have the following result.
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COROLLARY 3.13. [11] Let 0< B <1, be LIIOC(G), DY be Young functions
and ® € ¥ .

1. If the condition ®'(t)t=P/C <¥~1(¢) holds, then the condition b € Ag(G)
is sufficient for the boundedness of My, from L*(G) to WLY (G).

2. If ¥ (1) S (1) B2 and L" is almost decreasing for some € > 0,

zll’(t)
then the condition b € Ag(G) is necessary for the boundedness of My, from L*(G) to
WL (G).

3. I (t) = @ (1) P/Q and fll,% is almost decreasing for some € > 0, then
the condition b € Aﬁ (G) is necessary and sufficient for the boundedness of My, from
L?(G) to WLY(G).

If we take @(¢) =? and W(r) =14 with 1 < p <o and 1 < g < e at Theorem
3.12, we have the following result.

COROLLARY 3.14. Let 0< B <1, 0<a<Q, 0<a+B <0, belLl (G),

loc
I1<p<g< e and 11—7 - é = %. Then the condition b € Ag(G) is necessary and

sufficient for the boundedness of My, o from LP(G) to WLI(G).

REMARK 3.15. Note that in the case G = R", Theorem 3.12 was proved in [14].

4. Commutators of fractional maximal function in Orlicz spaces

For a function b defined on G, we denote

L Joo it =0
b7 ) {b(x)|, ifb(x) <0

and bT(x) := |b(x)| — b~ (x). Obviously, b (x) — b~ (x) = b(x).

The following relations between [b,M] and M}, ,, are valid.

Let b be any non-negative locally integrable function. Then for all f € Llloc((G)
and x € G the following inequality is valid

|[b,Ma]f (x)| = |b(x)Ma.f (x) — Ma(bf)(x)|
= | Mo (b(x))(x) = Ma(bf) ()]
< M ([b(x) = b|f) (x) = Mp o (f) (x)-

If b is any locally integrable function on G, then
b, Mo] f(x)] < Mp,o.(f)(x) +2b7 (x)Mef(x),  x€G (4.1)

holds for all f € L\ (G) (see, for example, [6,29]).

loc
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LEMMA 4.1. Let 0< B <1, b€ LlOC(G) and ® be a Young function. Then the
following statements are equivalent:

1. beAg(G) and b>0.

2. Forall ® we have

_B _
Sl;p\Bl o' (1B [[b(-) = Ma(b) ()|l o () < C- (4.2)
3. There exists ® such that (4.2) is valid.

Proof. (1) = (2): Let b be any non-negative locally integrable function. Then
|[b,Mq]f(x)] < Mh,a(f)(x)a xeG (4.3)
holds for all f €L (G).
By Lemmas 3.1 and 3.6, for all x € B, we have

[10:Me) () )] < 13, M1 (1) ) < [, BC (4.4

and

|[0.M] () ()] < 11614, Mp () () < 1161, 86, 4.5)

For any fixed ball B,

B0 % (BI7) [1b() — Ma(B)() s

_B _ _a
< 1810w (817 [b0) — 1B EMes ), (4.6)

+ 1B 0w (18 |5 0)) — 1B EMap®))] = iR

For I;. By Lemma 3.1, for any x € B,

b(x) — |B| O Me.5(b)(x) = [B| 0 (b(x)|B|& — Mq.5(b)(x))

= |B|" ¢ (b(x)Map (%) (x) — Ma (b2,) () = |B| € [b,Ma) (2,) (x).

Therefore, from (4.4) we obtain

=|B|" oy (1B [16(-) — |B] € Mo (b YOlw s)

IBI’* B b( )Mo (x8) () = Ma(bxs) ()| v ()
— 1B (1B b, Mo (28 ||Lw 4.7)
<\B\’* (i 1)HbHA B0 IIXBHL\P<IIbIIAﬁ
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Next, we estimate /. By Lemma 3.1, for any x € B, we have

||BI™ ¢ M, 5(b) (x) — M(b) (x)| = B~ €M 5(b) (x) — |B|E Mp(b) (x)|
= B8 |Ma (b1,) (%) Mam)() (bxy) ()]
< B €My (b 2,) (x) = [b(6) Mo (2,) ()]
+[B]7C|b(x)Me (1, ) ( > Mo (%) (x)M (b)) (x)]
()M

= |B|7 0| Mo (b2,) (x) — b(x)Mo (%) (x)] (4.8)
+ Bl Mo (1) (6) )M (1) (x) — M (b,) (x)]
= B~ [b, M) (x,) ()| + | [b.M) (x )<>|

From (4.8) we obtain, for any x € B,

1B Ma,5(b) (x) — Mp(b) (x)] < B2 |[b,Ma] (x,) ()| + [, M] (1) ()]
Then, it follows from Lemma 2.5 and (4.4), (4.5) that
b= B0 ¥ (1B |1B] & M) ()~ Ma(8) ()
<1872 (181181 0.Ma ()| v )
1B 0w (181 [15,M) () s (+9)
< 16, B0 ¥ (1B 181D e

B ety i B
+[BI e |1l 3, (1BI7Y) B2 sl o < 11814, -

By (4.6), (4.7) and (4.9), we get
_B
B0 (1B [[60) — Ms(b) )| e ) < Nl

which leads us to (4.2) since B is arbitrary.
(3) = (1): Now, letus prove b € Ag(G) and b > 0. For any ball B, let E = {y €
B:b(y)<bp} and F ={y € B:b(y) > bg}. The following equality is true (see [2, page

3331)):
[ 163) ~ baldy = [ 16() ~ baldy.
E F
Since b(y) < bp < |bp| < |B|7%Ma,3(b)(y) for any y € E, we obtain

|b(y) — bp| < [b(y) — |B| ¢ Mas(b)(y)], y € E.
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Then from Lemma 2.6 and (4.2) we have

1 2
o / ) ~baldy = [ 1b() —balay
Bl "¢ Bl "¢

< w% [ 160) = 181 Maa(6)0)
[

A |B|1+E /B |b(y) — |B|_%Ma,B(b)(y)|dy
0

<C.

<aiB| 0w (1817 o)~ B EMas )0

Thus by Lemma 3.5 we get b € Ag(G).
In order to prove b > 0, it suffices to show b~ = 0. Observe that 0 < b™(y) <
|b(y)| < Mp(b)(y) for y € B, therefore, for any y € B, there holds

0<b™(y) <Mp(b)(y) —b*(y)+ b (v) = Mp(b)(y) — b(y).

Then for any ball B, we have

ﬁ /B b~ (y)dy < ﬁ / (Mg (b)(y) — b(y))dy
‘B‘/}b (v)|dy

BQ
=l /|b (v)|dy < C|B]e.
‘B‘l-‘rﬁ

Let |B| — 0 with x € B. Lebesgue’s differentiation theorem assures that

0<bh (x) / v)dy =0.
|B\H0 [B]

Thus b € Ag(G) and b > 0. The proof of Lemma 4.1 is completed. [

Similar to the proof of Lemma 4.1, the following lemma can be proved.

LEMMA 4.2. Let 0<f<1,0<a<Q, be LIIOC(G) and ® be a Young function.
Then the following statements are equivalent:

1. beAg(G) and b>0.

2. Forall ® we have

<C. (4.10)

,é —1 —1 N _o .
sup 870 @' (18] ") o) ~ |88 Mas (),

3. There exists ® such that (4.10) is valid.

The following theorem is valid.
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THEOREM 4.3. Let 0<f <1, 0<a <0, 0<a+f < Q and b be a locally
integrable function. Suppose that ®,¥ be Young functions, ® € % NV, and ¥~ (1) =~

P! (t)t_% . Then the following statements are equivalent:
1. beAg(G) and b>0.
2. [b,My)] is bounded from L®(G) to LY (G).
3. There exists a constant C > 0 such that

_B . _ _ _a
sup B2 ¥ (1B1™) [[b() ~ |BI™2 Meus (8) ()| e ) < C- (4.11)
4. There exists a constant C > 0 such that
_1-B _a
sup 5] 0 6() — 1B 2 Mas(B) ()| ) < C- (4.12)
Proof. Part “(1) < (3)” and part “(1) < (4)” follows from Lemma 4.2.
(1) = (2): It follows from (4.3) and Theorem 3.8 that [b,M,] is bounded from
L*(G) to LY(G) since b € Ag(G) and b > 0.
(2) = (3): For any fixed ball B C G and all x € B, we have (see [12, pp. 13]).
Ma(xs)(x) = [B|*/  and Mo (bys)(x) = Ma,5(b)(x).
Since [b,M,] is bounded from L®(G) to LY (G), then
_B _ _g
[BI72 ¥ (1BI7Y)116() — B2 Map(5) ()| v 5)
_etB _
=[B]" ¢ ¥ (IBI7)16(-)Ma (x8) () — Ma(bx5) ()l v ()
— 2B 1 p-1
= |B" 2 ¥ (IB] ) |I[6,Ma] (x) | ¥ ) (4.13)
_aip
<ClBl ¥ (BT sl e <C

which implies (3) since the ball B C G is arbitrary.
(3) = (4). We deduce (4.12) from (4.11). Assume (4.11) holds, then for any fixed
ball B, it follows from Lemma 2.4 and (4.11) that

B0 [[o() ~ B8 Me s (5)()|

LY(B)
_B_ _ _a
<2(BI72 ¥ (1B])[[b() — [BI7E Moy (B)() | e ) < €
where the constant C is independent of B. So we obtain (4.12).
The proof of Theorem 4.3 is completed. [J

If we take ov = 0 in Theorem 4.3, we have the following result.

COROLLARY 4.4. [11] Let 0 < B < 1 and b be a locally integrable function.

B
Suppose that ®,¥ be Young functions, ® € % NV, and Y~ (t) =~ @' (t)t" ¢. Then
the following statements are equivalent:
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—_

beAg(G) and b > 0.
[b,M] is bounded from L*(G) to L¥ (G).
. There exists a constant C > 0 such that

w

SIJ_;plBI_g (1B [[B() = Mp(B) ()| gy < €

4. There exists a constant C > 0 such that

sup| B~ 5 b() ~ Ma(B)()] 1) < €

If we take ®(r) =+? and W(r) =19 with 1 < p <eo and 1 < g < o0 in Theorem
4.3, we have the following result.

COROLLARY 4.5. Let 0 < B <1, 0< ax < Q, 0<a+B<Q belLl (G), b

be a locally integrable function, 1 < p < g < e and }—7 — 5 = %. Then the following
statements are equivalent:

1. beAg(G) and b>0.

2. [b,My] is bounded from LP(G) to L1(G).

3. There exists a constant C > 0 such that

o 1/q
sup —— (B/|b BQMmB(b)(x)de) <C.
B \B\Q

4. There exists a constant C > 0 such that

7 [ b0 = 1B EMaa(b))|ax < C.
B ‘B‘l*’r

REMARK 4.6. Note that Theorem in the case G =R", 4.3 was proved in [14].

The following theorem is valid.
THEOREM 4.7. Let 0 < B <1, 0<a<Q, 0<a+f < Q and b be a locally
integrable function. Suppose that ®,¥ be Young functions, ® € # NV, and ¥~ (1) ~

d! (t)f% . Then the following statements are equivalent:
1. beAg(G) and b>0.
2. [b,My] is bounded from L*(G) to LY (G).
3. There exists a constant C > 0 such that

_b
sup|B|~ 0¥ (B 1) [[6() — Mp(6)()| gy < C- (4.14)

4. There exists a constant C > 0 such that

N

_1-B
sup|B|™2 [[b(-) = Ma(b)(") 1 5) < €. (4.15)
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Proof. Part “(1) < (2)” follows from Theorem 4.3 and part “(1) < (4)” follows
from Lemma 4.1.

(2) = (3): We divide the proof into two cases according to the range of o.

Case 1. Assume o = 0. For any fixed ball B and x € B, we have

b(x) — Mp(b)(x) = b(x)M (%) (x) = M (b, ) (x) = [b,M] (%) (x)-

Since in this case we assume ¥~ (r~¢) = P @1 (r2) and [b,M] is bounded
from L®(G) to LY(G), then by Lemma 2.5, we have

B2 (1) [5() ~ Ma(®)()] v
= 1B 2 ¥ (1B)|5.M) () O v

B il
< Bl ew(|B17)

~1,

||%B||L¢(G)

which implies (4.14).
Case 2. Assume 0 < o < Q. For any fixed ball B,

B0 W (BI7) [1b() — Ma(B)() v s

. |B|_g‘{,_1(|3|—1) Hb(.) - |B|_%Ma,B(b)(')HL\y(B)

] -0
+|B| Q‘P_l(|B|_l)HMB(b)(')—|B| QMO‘vB(b)(')HL‘l’(B)
— (4.16)

For I; . From the definition of My 3., it is not difficult to check that My 5(%,) (x) =

B|2 forall x € B.
Note that, for any x € B, My (by,)(x) = Mep(b)(x) (see, for example, [12, pp.

13]) and then My (x,) (x) = Mo 5 (x,) (x) = |B| € .
Then, for any x € B,
b(x) — |B| O Me.5(b)(x) = [B| 0 (b(x)|B| — Mq.5(b)(x))
= B2 (b(x)Map (1) () — Ma(by,) (x)) = B2 [b,Mq] (,) (x).

Since [b,M] is bounded from L*(G) to LY (G), then
_B _ _g
n= 182w (B o)~ B EMas®))| ,

= 1B 2w (1B 188 [ 10.Ma) (2,) | v

_ofp _
S BB o sy < 1 (4.17)
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where in the last step we have applied Lemma 2.5 and the hypothesis ¥~ (r72) ~
ro B p-1 (r9).

Next, we estimate I,

Note that b € Ag(G) implies |b| € Ag(G).

From (4.8) we obtain, for any x € B,

1B ¢ Mo 5 (b) (x) — Mi(b) (x)] < |BI¢[1b], Ma] (x,) ()] + [[1B], M) (1,) (x)].
Then, it follows from Lemma 2.5 that
b =B 2 (181|116 Macs(6) ()~ Ms ()] s
<1810 % (1B B8 161 Ma] (2,) | v
1B (B 151M) () s (4.18)
<04, B0 (BI) 1, 0
1B 5], (BI7) L < ol

By (4.6), (4.7) and (4.9), we get

|B|—gqu(|3|*1) [6¢) = Mp(B) ()| o ) < 16114

which leads us to (4.14) since B is arbitrary.
(3) = (4): We deduce (4.15) from (4.14). Assume (4.14) holds, then for any fixed
ball B, it follows from Lemma 2.4 and (4.14) that

B
|B| "o Hb(')—bBHLl(B)
B
<2[B" e (IB7)|b() — b | v ) < C

where the constant C is independent of B. So we obtain (4.15). [

If we take ®(¢) =¢? and W () =19 with 1 < p < oo and 1 < g < o in Theorem
4.7, we have the following result.

COROLLARY 4.8. Let 0< B <1,0<a<Q,0<a+B<Q, belLl (G), b

loc
be a locally integrable function, 1 < p < g < e and }—7 — é = %. Then the following
statements are equivalent:

1. beAg(G) and b>0.

2. [b,My] is bounded from LP(G) to L1(G).

3. There exists a constant C > 0 such that

() - my) )
e (151, ot - mntoycoax)  <c.
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4. There exists a constant C > 0 such that

1
sup —— / |b(x) — M(b) (x)|dx < C.
B |B|1+Q B

REMARK 4.9. Note that in the case G = R” theorem 4.7 is a combination of

results in [14] and [29].
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