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P-NUMERICAL RADIUS INEQUALITIES
FOR 2 x2 OPERATOR MATRICES

JUNLI SHEN, ERMING DING AND ALATANCANG CHEN

(Communicated by M. Krni¢)

Abstract. In this paper, we present a refinement of the triangle inequality for Schatten p-norm,
and specific example is given to compare our result with the triangle inequality for Schatten p-
norm. As an application, a new lower bound for p-numerical radius is obtained. In addition,
some bounds for p-numerical radius of 2 x 2 operator matrices are established, which extend
the results of previous studies. Moreover, Schatten p-norm equalities of 2 X 2 operator matrices
are also given.

1. Introduction and preliminaries

Let B(2#) denote the C*-algebra of all bounded linear operators on a complex
separable Hilbert space ¢ . Let Py,...,P, be a family of mutually orthogonal projec-
tions in % such that @P, =1. Given T in B(J¢), let T;; = PTP;, i,j=1,2,...,n.
Making the usual identification we can write 7 in a block-matrix form

T=[T, 1<ij<n (1)

For T € B(#¢), the adjoint, the real and imaginary parts of T are defined by T*, R(T)
and 3(T), respectively. And according to the Cartesian decomposition, T € B(5¢) can
be presented as T =R(T)+i3(T), where R(T) = 3(T+T*) and 3(T) = £ (T —T*).
Let N(.) be an arbitrary norm on B(s¢). For every T € B() and unitary
operators U,V € B(s¢), the norm N(.) is self-adjoint if N(T) = N(T*), unitarily
invariant if N(T) = N(U*TV), and weakly unitarily invariant if N(T) = N(U*TU).
A compact operator T € B(.7#) belongs to the Schatten p-class C,, for0 < p < oo

o 1
if |||, = (tr|T|p)% = ('lef(T))F < oo, where 51(T) > 52(T) > ... are the eigenval-
j=

ues of |T| = (T*T)%, and 7r(.) is the usual trace functional. Throughout this paper,
we assume T € B(#) is compact whenever T € C,, for 0 < p < 0. It is known that
C, is a two-sided ideal in B(.7Z), and C.. is the ideal of compact operators in B(.77).
For I < p<e(0<p<1), .|, defines a norm(a quasi norm) on Cy. It should be
mentioned here that for quasi norm does not satisfy the triangle inequality. For the
theory of the Schatten p-class, we refer to [8, 14, 20].

Mathematics subject classification (2020): 47B20, 47A05.
Keywords and phrases: P-numerical radius, Schatten p-norm, inequality.

© depay, Zagreb 477

Paper IMI-19-30


http://dx.doi.org/10.7153/jmi-2025-19-30

478 J. SHEN, E. DING AND A. CHEN

For 0 < p < e, define the p-numerical radius w),(.) by w,(T) = sup ’|9{(ei6T)’|p
ek

= sup ||3(eT) Hp. It can be seen that
0eR

max { IR(T)]],,, IS, } < wp(T) < T,
For 0 < p < eo,5 >0,
s . *
1AL, = AP, = A1, - 2)

Besides, if T is self-adjoint, w,(T) = |||,

For p = 2, Hilbert-Schmidt numerical radius wy(.) has been given in [1]. In
particular, it has been shown that % IT|l, < wa(T) < ||T||,, where T € C,. For more

basic information about w;(.), it is recommended that readers can see [2, 3, 5, 15, 19].

Further, it was also shown in [1] that the p-numerical radius is equivalent to the
Schatten p-norm, i.e., forevery T € C,,

1
STl < @p(T) < T, where p € [1,). 3)

The study of the numerical radius of operators has attracted a lot of interest due to
their widespread applications in many branches in mathematics and physics. In math-
ematics, the numerical radius is often used as a more reliable indicator of the conver-
gence rate of iterative methods, see [0, 11]. In physics, it has been successfully applied
to quantum computation and quantum information theory, especially in the field of
quantum error correction, see [7, 10, 18, 17]. Over the years, numerous outstanding
mathematicians have acquired various generalized numerical radius inequalities such
as wy(.) of operator. As the generalization of w;(.) of operator, it is necessary to in-
vestigate w,(.) of operator. As is known, computing the numerical radius is not easy
task. However, the operator norm computations are much easier. This urges the need
to find bounds of wp(.) in the terms of ||| ,. But, compared with ||. |, [|.||, is more
complex. Consequently, calculation problem of |||, urgently needs to be solved.

In this paper, we split our main results into two sections. In the first section, we
give a refinement of the triangle inequality for Schatten p-norm. As an application,
a new lower bound for p-numerical radius is obtained. In the second section, some
bounds for p-numerical radius of 2 x 2 operator matrices, which extend the results
of previous studies and obtain several new lower bound estimates about special 2 x 2
operator matrices. Two Schatten p-norm equalities of 2 X 2 operator matrices are also
given.



479

P -NUMERICAL RADIUS INEQUALITIES
2. Improvement of the triangle inequality for Schatten p-norm
LEMMA 2.1. ([12]) Ler f : [a,b] — R be a convex function. Then
a+b 1 a+3b 3a+b
< —
f( 2 >\2<f< 4 >+f< 4 ))

! a/abf(x)dx

<

b—
<%<f<a;rb>ij(cl)Jer(b)>
< f(a) + f(b)

2

Now, we give our first main result of this section, which is a refinement of the

triangle inequality for Schatten p-norm.

THEOREM 2.1. Let X,Y € Cp,, where p > 1. Then

1
IX+Y(p < Z(B3X + Y]+ [1X +3Y]],)
1
< 2/0 X + (1 —1)Y|| pdt

1
< SUX+Ylp+ X1+ I¥1l,)

< X1+ 1Y -

Proof. Let f(t) = |[tX 4+ (1 —1)Y||, for r € R. It is easy to see that the function
f(z) is convex. By taking into consideration Lemma 2.1, we see that

(53 <3 (1) ()

1
S/O f(x)dx
A (r(ly L)
fO)+/(1)

= 2
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It follows that
xogv], <5 (el a3,
Hz * Rl (M s
</ X + (1 — )Y ]| dr
1X1lp+ 1Yl
X g )
<z(lzxa7l, 3
X7y,
2
Hence,

1
IX+Y[p < Z(BX+ Y]+ X +3Y]])
1
< 2/0 X + (1 —1)Y||pdt

1
< S UXHY[p+[1X[]p + 1Y [1)
<[Xlp+1Y]lp O

REMARK 2.1. Here, we remark that our inequalities in Theorem 2.1 is a nontrivial

improvement of the triangle inequality for Schatten p-norm. Take X = ( (1) 8) , and

Y= (? 8) . Easy computations show that

IXIp =Y, =1, [X+Yll,=V2, [3X+Y],=IX+3Y|,=V10,

and

/O1 11X + (1 — 1)Y]|dr ~ 0.812.
Hence,
X 4+ Y]], ~ 1414 < (st+yu,,+ IX +37],) ~ 1.581
<2/O 11X + (1= 1)Y|| et =~ 1.624

1
< SUX Y[+ 1X[lp + Y1) ~ 1.707
<Xl + 1Y, = 2.

The following theorem provides a new lower bound for p-numerical radius of
operator.
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THEOREM 2.2. Let T € C,, where p > 2. Then

1 1
ST T TT 2 < GUBFT) + (D) o+ [9P(T) + 33T )
1
< [ I9RT) + (=) |
1
< G (I93(D) + (D)o + [T 2 + [T 2)

1 1
< SIRDIG+SISDI
< a)I%(T).

Proof. For T € Cp,, where p > 2, by calculation, we have
1 * *
|R*(T) +3*(T)| o = AN T+TT | 2. (4)
Put X = R%(T) and Y = 32(T) in Theorem 2.1, we obtain that

IRX(T) + 32T 2 < l(||39{2(T) + 33T 2+ IRH(T) +33X(T) | 2)
<2/ RA(T) + (1 —)SU(T)| ot
< E(”g{Z(T)_'_Sz(T)”p/Z_'_ IR¥(T) )| pj2+ IS*(T) 2)

AR py2 + IS (D)2

It follow from (4), we derive

ST T 4T 0 < GUBST) 4 2T 2+ IR(T) 4 35T )
<2 / R (T) + (1= )T o

< E(IIW(T) + ST 2 + IR 2+ 18T 2)
< RO+ IS
<20,(T).
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Hence,
AT 47T < 1<||3%2<T> FSAD 2 +IR(T) + 35T )
< [ I9T) + (1= )ST)]
< Z(IIW(T) + 32 D)2 + IR 2+ 1SHTD)2)
< S IR+ 5 1S3
<o(T). O
3. The p-numerical radius of 2 x 2 operator matrices

To obtain the desired results of this paper, we first introduce some well-known
lemmas. The first lemma is the convexity(concavity) inequalities.

LEMMA 3.1. ([4]) Let a,b € [0,00). Then

(1) 2771 (a? +bP) < (a+b)P <a’ +bP for 0< p< 1,
(2) @’ +bP < (a+b)P <2P7NaP +bP) for p>1

The second lemma is the basic properties of Schatten p-norm.

LEMMA 3.2. ([4]) Let A,B€ Cp,, and p € (0,%). Then

1G] =163)], -

R. Bhatia and F. Kittaneh [9] studied the relation between the norm of operator
matrix 7 and the norm of its block matrix entries 7;;. They acquired the following
result:

IIAII”+HBH” and 1Al = [1A7]] ,-

LEMMA 3.3.([9]) Let T = [T;j], where T;; € C, i,j=1,2...,n. Then

n
(1) ZHTUH ITIE<np 2 3 (|T][2 for 1 < p<2:
i,j=1 i,j=1
@ w2 3 TP <ITIZ< S [T for2<p<ee.
i,j=1 i,j=1

LEMMA 3.4.([13]) Let A € Cy,, then for 0 < p < oo, we have

2 9 2
2rwi(A) = wp (A7),
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LEMMA 3.5. ([16]) Let B,C € C,, then for 0 < p < oo,
Wp Kg gﬂ > 2%71max{wp(B+C),wp(B—C)}.
LEMMA 3.6. Let A,B € Cp, then for 0 < p < oo,

W) [<2i)] < (WI’;(A+B)+W§(A—B))%.

In particular, if A,B are self-adjoint, then

W K;}i)] = (WI(A+B)+wh(A—B))7.

—11
unitary invariance of w,(.) and [16], we have

o (52)] =l (52)7
= ("5 8))

1
< (Wh(A+B)+wh(A—B))? for 0<p<ee

Proof. Let U = % < I I) , then U is a unitary operator. So, by using weakly

In particular, if A, B are self-adjoint, then by using Lemma 3.2, we get
AB 1
w|(54)| = (hasB ua-m). o

LEMMA 3.7. Let A,B,C,D € C), then for 1 < p < oo, we have

o[ (25)] 2w [(55)]
@ |(&5)] 2w [(00)]

Proof. The proof is similar to the technique used in [19]. [

Now, we give upper and lower bound estimates for p-numerical radius of 2 x 2
operator matrices.

THEOREM 3.1. Let T = (é g), where A,B,C,D € C, and a € [0,1]. Then

(1) wp (1) <2871y [2 (@2 + (1= 00%) (3 4) 3 (0) + 1813+ I

for 1< p<2;

2wy (1) <202+ (1~ 0?) (43 (4) 493 () + BIE T3 for 2< p<om
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Proof. For 1 <p <2,

16 o0 —i0 |2
i0 A B+e °C
Hg{(e T H( Ot e ’eB* 2% (D) ) )

< <m 2t 2 )| )

% eio 16 EK i0 e—io * 2
<5<H<w mu P o))

(by using the convexity of the function f(t) = t* on [0, +o0))

<257 (o ([ + o ) 1)

42573 ((2(1—a))2 ("%(eieA)Hi+“%(eieD)“i> +z||c§) (by Lemma 3.3)

_ 22 {2(0(24—(1 —a)?) ("%(eieA)Hi—f— Hgi(eiep)Hj) + 18Il + Ci} :

Therefore, by taking supremum to both sides of the above inequality over all real
numbers 6, we have

wp (1) <2571 2024 (1= ) (43 () + 3 () +1BIE + I

Similarly, for 2 < p < e, we have

wp (1) < \[2(02 + (1~ @) (43 4) 43 (D)) + B2 + IR, O

REMARK 3.1. By taking o = % in Theorem 3.1, we obtain

e ( )] 2072 (4) +3 (D) +1BI + ICI, for 1< p<2:

@w|(25)] < ¢w,2,<A>+w,%<D>+ IBE+|CIE for2<p<e

Taking o = % and p =2 in Theorem 3.1, we derive

w|(25)] < VB @30+ I3+ el

which has been given in [3].




P-NUMERICAL RADIUS INEQUALITIES 485

THEOREM 3.2. Let T = (é g), where A,B,C,D € C, and a € [0,1]. Then

(1) wy (T) <252 /202 (w3 (4) + w3 (D)) + | B2
/201 - a2 (w3 (A) +w2 (D)) + [CI] for1<p<2:
(2) wp (T) <272 [/ 202 (w3 (4) + w3 (D)) + [ BI13

/21— )2 (w3 (4) +w3 (D)) + [[CI2] for2< p<ee.

2R (eieA) OB+ e~ 0C*
e9C+e " 2R (D)

20 geieA) e'B
e 9B ZOtET{(eieD) ,

(2(1 —a)R (4) e 0c* )

fC 21— )% (D)
= [\/2052 w3 (4) +3 (D)) + 1]

/201 @)2(w (4) + w3 (D)) + 2]
(by Lemma 3.3).

p

Similarly, for 2 < p < o, we have

wp (T) <27 [\/mz W3 (A)+ w3 (D)) + |1BI2

/200 @R(w3 (4) +w3 (D) +[CI2]. O

REMARK 3.2. By taking o = % in Theorem 3.2, we have

(1) w Kégﬂ 2572 [\/w (D) +21BI: + /w3 (4) %;(D)+2||C§]

for 1 <p<2;
2)w, K/é g)} < % [\/wg, (A)+ w3 (D) +2 (B + /w2 (4) + w3 (D) +2 cnf,]

for 2 < p oo

REMARK 3.3. Using the concavity of the function (1) = 12 on [0,0), it follows

that Remark 3.2 is a refinement of Remark 3.1.
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REMARK 3.4. By taking p =2 in Theorem 3.2, we can derive

v (& 5)] <y 0+ + 5 1o

1
- apesa) o) + 21k
which has been given in [2].

THEOREM 3.3. Let A,B,C,D € Cp, then for 1 < p < oo, we have

Wwp Kg g)] > 25" max {w,(A+ D), wp(A— D), wp(B+C),wp(B—C)}.

Proof.

W”[(g 3)} " ben (%(eéeA) %(e%m) .

=su R(ePA)||P + || R(eOD)||P
sup {/ [ (04) ]+ (e D)

> 25 sup (Hsﬁ(ef@A)H +“9i(ei6D)H ) (by Lemma 3.1(a))
0eR p p
> 20w, (A+ D).

Similarly, we get

Wp Kg g)] >2"wy(A—D).

Hence,
A0 1
wp [(O D)] >27" max {wy(A+D),wy(A—D)}.
Finally, by using Lemma 3.5, Lemma 3.7 and the above inequality,

o (€))7 mes e [ (3 )] o [(29)]}

> 25" max {w,(A+ D), wy(A—D),wy(B+C),wy(B—C)}. O
REMARK 3.5. By taking p =2 in Theorem 3.3, we can obtain

w2

(é g)} = 273 max {wy (A +D),wp(A— D),wa(B+C),wr(B—C)},

which has been given in [2].
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In what follows, we obtain several new lower bound estimates for special 2 x 2
operator matrices.

THEOREM 3.4. Let A,B € Cy, be such that AB,BA are self-adjoint. Then for
0 < p < oo, we have

> (0A _2 /2 /2 2
w2 KB 0)] >0 (wﬁ/z(AB)erﬁ/z(BA))’ .

Proof. Let T = (g 18) , then by using Lemma 3.2 and Lemma 3.4, we have

2
20w (T) > Wp/2(T2)

()

2
2 2 P
= (wh3aB) +wr3(B)) ",

thus we obtain the desired result. [

THEOREM 3.5. Let A,B € C,, be such that A? —B?, AB— BA are self-adjoint.
Then for 0 < p < o, we have

==

Wwp K_AB _BA)] >270 (WA= B)(A+B) +w5((A+B)A-B))) .

A B

Proof. Let T = (—B A

) , by using Lemma 3.4 and Lemma 3.6, we have

2 9 2
2’)Wp(T) 2Wp/Z(T )
B A2 —B?> AB—BA
~Yp/2 |\ AB - BA A2 - B2

= (W(A=B)A+B) +wh(A+B)A-B)

=

thus we obtain

==

wpK_AB _BA)]22_%<w£ﬁ((A—B)(A+B))—i—wi%((A—i—B)(A—B))) . O

Next results are Schatten p-norm equalities of 2 x 2 operator matrices.
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COROLLARY 3.1. Let A,B € Cp, then

1
= (el 1a-B1g)

oI5
@) H(_AB _BA>2

A B
—B —A

= (la-Bya+B);+@A+B)Aa-BI)".
P

Proof. Let T = ( ) ,by Lemma 3.6 and (2), we get

2 _ *
1T, =TT,/
—wpa(TTY)

AA* 4+ BB* —AB* — BA*
— "2 K—AB*—BA* AA* + BB* )}
= (W (A= B)A—B)) w2 (A+B)(A+B)"))”
= (Il(a=B)YA—BYI73+ A+ B)(A+B)[7)3)

= (la-Bp+lIA+B)IL)".

A B
—B —A
Similarly,

(55)

Thus,

1
— p _ PP
= (Ila+BI+Ia—B|P)".
p

==

= (la=Ba+B)p+IA+B)A-B)P)". D

p
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